CAMHRIIK'.E UNIXERSITY J'RESS 
C. F. ( Maxackr 
I.<t\l>ON : FETTER EANEl. K.( . * 



lONXX'IN • H K I KWJS ANP V 'i , 
itA Cnfi^rr 5Nlre«t. W C * 
l.UNDON WIl I lAM WKSI FY ANp soN. 

»8 Fs%ifx SirMMi. W ? 

VKW YORK : THE M ACM 1 1 I AN i P 
BOMBAY \ 

CALCUTTA t MACMILLAN ANlM <) , l,,„ 
MADRA< I 

TORONTO : THE MA* MILLaN VU "I 
CANAlM. Lt«> 

Tokyo marl'zen kakushiki Kaisha 


Al.( RKSRRVED 



THE mathematical THEORY 

f)F 

ELECTRICITY AND MAGNETISM 


j. H. IKANS, M.A., F.R.S., 

j OKVLI oKh- 1 I K^ k XPFl.lM) M v | H i M a 1 j HI L\i \ h KHI \ OS C WIBRlDt.I ; 

OMillMf- Fk<jn MM HI MATU . j\ I'klSCMOS LMMRITV 


FOURTH EDITION 


CAMBRIDGE 

AT THE UNIVERSITY TRESS 

1 920 



S>t**'i**f F'i’tkni* MU I 
Third Fhh.^o MU:. 
t’\*h'’tii t'dltnih 



preface: 


[TO THE FIRST EOITjj>.N] 

rf'^HERE is a cri'l.aiii wfll-dcfined range in Effectroiiiagneiic . i neory, wiiicn 
every student of jjhysics may ho expected to ha\e coveretl, 
or leas of thoroiighneas, before pna-eeding to the study of^^icial o^nMcf! 
of developnieuts of the suljject The preseJit bo>ik is intJMed To give 
luathoinatical thefiry of^ this range of electroniagnolisiii/ rolrethcr with tfl 
niatheinatical analysis reipiired in its treatment. 

The range is very approximately that of Maxwell’s original Treatise, but 
the present bofik is in many re.s|M‘cts more elementary than that of Maxwell. 
Maxweir.s Treatise w.is written for the fully-eijuipjied mathematician; the 
jireseiit book is written more esyieeiallv for the student, awl for the physicist 
of limited mathi’matie.al attainments 


The <|ueht.ion.s of matin m.il teal analysis which .in' tieated in the text 
have betui in.serteil in the jilaces wheie the\ are first needed for the 
development of the physical theory, in the belief th.at, in many cases, the 
mathiunatieal and physical tht'ories illuniiimte one another by being studied 
simultaneously. For exauijile, brief sketches of the theories of spherical, zonal 
and elliyisoidal harmonics are given in the chapter on Spt>cial Problems in 
Eh'etrostJitics, interwoven with the study of harmonic potentials and electrical 
.i{)[>!icatiotis: Stokes’ Theorem is similarly given in connection with the 
niagnetie lector-potmitial, an<i on. One result of this arrangement is to 
destroy, at lejcst in iipyie.ir.uice, the bal.inci' of the amounts of sjiace allotted 
to the (iifferent jiarts of the subject. For insUince. more than half thi‘ book 
.ippears to be devoted to Eh'Ctrost.itic-', but this space will jierhap, not seem 
e.xce.ssive when it is uoticetl how manv of the pages in the Electrostatic part 
of the book .ire devoted to non-electrical subjects in applied mathematics 
( [wteiitial-t heory theory of .stres-', etc.), or in pure niathematic-s (Green’s 
'I'heoi-em. harmonic analysis, complex variable, Fourier’s series, conjugate 
functions, curvilinear coonlinates, etc.) _ 

A number ol exaiiniles. nikeii m.iinli from the usual Cambridge examina- 
tion papers, are inserted. The.se may provide problems fur the mathematical 
.student, but it is ^.oyx'd that they may alsi) form a sort of coinjx-ndium of 
ri'sults for the plivsieist. shewing what types of prohleui admit of exact 
nmfheniatical solution. 


It is again a pleasure to reconI uiy thanks to the ofBeial.s of the University 
Pn'ss for their unfailing vigilance and helji during the printing of the btxik. 


Frincktos, 

Dfct'inber, liKiT. 


,1. H. JEANS. 
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[TO THE SECOND EDITION] 


The second Edition will be found to differ only very slightly from the 
first in all except the last few chapters. The chapter on Electromagnetic 
Theory of Light has, however, been largely rewritten and considerably 
amplified, and two new chapters appear in the present edition, on the Motion 
of Electrons and on the General Equations of the Electromagnetic Field. 
These last chapters attempt to give an introduction to the more recent 
developments of the subject. They do not aim at anything like completeness 
of treatment, even in the small parts of the subjects with which they deal, 
but it is hoped they will form a useful introduction to more complete and 
specialised works and monograph.s. 

.1, H. JEANS. 


Cambkiuos, 

August, 1911. 


[TO THE THIRD EDITION] 

In preparing a third Edition I have made only a few changes in the latter 
chapters, which were necessary to bring the book uj) tt) date. 


London, 

AfoKcmber, 19U. 


J. H. JEANS. 


[TO THE FOURTH EDITION] 

It will be found that the main changes in the fourth Edition consist in 
a rearrangement of the later chapters and the addition of a whollv new 
cliapter on the Theory of Relativity. It need hardly be said that no aUeinpl 
is made to give a full account of the Theory; I have tried to present its 
broad outlines in the simplest possible way, and in striving after simplicity 
I. have intentionally omitted all elaboration and detail. It i.s hope.1 that 
the new chapter will provide a suitable introduction to the Theory of 
Relativity for the student who approaches the subject for the first time 
'equipped with such knowledge of general electrical theory lu, can be rained 
firom the rest of the book. 

Doerino, 

Beeemher, 1919. 


J. H. JEAN.S. 
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INTRODUCTION 


THE THREE DIVISIONS OF ELECTROMAGNETISM 

1. The fact that a piece of amber, on being mbbed, attracted to itself 
other small bodies, was known to the Greeks, the discovery of this fiicl being 
attributed to Thales of Miletus (640-548 B.C.)- A second fact, namely, that 
a certain mineral ore (lodestone) possessed the property of attracting iron, 
is mentioned by Lucretius. These two facts have formed the basis from 
which the modem science of Electromagnetism has grown. It has been 
found that the two phenomena are not isolated, but are insignificant units in 
a vast and intricate series of phenomena. To study, and as far as possible 
interpret, these phenomena is the province of Electromagnetism. And the 
mathematical development of the subject must aim at bringing as laige 
a number of the phenomena as possible within the power of exact mathe- 
matical treatment 

2. The first great branch of the science of Electromagnetism is known 
as Electrostatics. The second branch is commonly spoken of as Magnetism, 
but is more accurately described as Magndfostatics. We may say that 
Electrostatics has been developed from the single property of amber already 
mentioned, and that Magnetostatics has been developed from the single 
property of the lodestone. These two branches of Electromagnetism deal 
solely with states of rest, not with motion or changes of state, and are 
therefore concerned only with phenomena which can be described as statical. 
The developments of the two static^ branches of Electromagnetism, namely 
Electrostatics and Magnetostatics, are entirely independent of one another. 
The science of Electrostatics a>uld have been developed if the properti^ of 
the lodestone had never been discovered, and similarly the science of 
Magnetostatics could have been developed without any knowledge of the 
properties of amber. 

The third branch of Electromagnetism, namely, Ellectrodynamics, deals 
with the motion of electricity and magnetism, and it is in the development 
of this branch that we first find that the two groups of phenomena of 
electricity and magnetism are related to one another. The lelatUHi is 

1 


j. 



2 Introduction 

a reciprocal relation: it is found that magnets in motion jwoduoe the same 
effects as electricity at rest, while electricity in motion produces the same 
effects as magnets at rest. The third division of Eleotromagnetism, then, 
connects the two former divisions of Electrostatics and Magnetostatics, and 
is in a sense symmetrically placed with regard to them. Perha^ps we may 
comjmre the whole structure of Electromagnetism to an arch made of three 
stones. The two side stones can be placed in position independently, neither 
in any way resting on the other, but the third cannot be placed in position 
until the two side stones are securely fixed. The third atone rests equally 
on the two other stones and forms a connection between them. 

3. In the present book, these three divisions will be developed in the 
order in which they have been mentioned. In the earlier chapters, the 
mathematical theory will be based upon the physical ideas adopted by 
Maxwell in his Treatise on Electricity and Magnetism, and in his various 
published papers. The principal peculiarity which distinguished Maxwell’s 
mathematical treatment from that of all writers who had preceded him, was 
his insistence on Faraday’s conception of the energj' as residing in the 
medium. On this view, the forces acting on electrified or magnetised bodies 
do not form the whole system of forces in action, but serve only to reveal 
to us the presence of a vastly more intricate system of forces, which act 
at every point of the ether by which the material bodies are surrounded. 
It is only through the presence of matter that such a system of forces can 
become perceptible to human observation, so that we have to try to 
construct the wliole system of forces from no data except those given by the 
resultant effect of the forces on matter, where matter is jiresent. As might 
be expected, these data are not sufficient to give us fall and doHnite knowledge 
of the system of ethereal Cftces; a great uumlier of systems of ethereal 
forces could be constructed, each of which would produce the same effects on 
matter as are observed. Of these systems, however, a single one seems ho 
very much more probable than any of the otliers, that it was unhesitatingly 
adopted both by Maxwell and by Faraday, and has been followed by all 
subsequent workers at the subject. 

4 . As soon as the step is once made of attributing the mechanical 
forces acting on matter to a system of forces acting throughout the whole 
ether, a further physical development is made not only possible but also 
necessaiy. A stress in the ether may be supposed to represent either an 
electric or a magnetic force, but cannot be both. Faraday supposed a stress 
in the ether to be identical with electrostatic force, and the accuracy of this 
view hM been confirmed by all subsequent investigations. There is now 
no possibility, in this scheme of the universe, of regarding magnetostatic 
fiwees as evidence of simple stresses in the ether. 
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It baa, however, been said that magnetostatic forces are found to be 
produced by the motion of electric charges. Now if electric charges at rest 
produce simple stresses in the ether, the motion of electric charges must be 
accompanied by chmgea in the stresses in the ether. It is now possible to 
identify magnetostatic force with change in the system of stresses in the 
ether. This interpretation of magnetic force forms an essential part of 
Maxwell's theory. If we compare the ether to an elastic material medium, 
we may say that the electric forces must be interpreted as the statical 
pressures and strains in the medium, which accompany the compression, 
dilatation or displacement of the medium, while magnetic forces must be 
interpreted as the pressures and strains in the medium caused by the motion 
and momentum of the medium. Thus electrostatic energy must be regarded 
as the potential energy of the medium, while magnetic energy is regarded as 
kinetic energy. Maxwell shewed that the whole series of known electrostatic 
and magnetostatic phenomena might be consistently interpreted as phenomena 
produced by the stresses and ihotion of a medium, this motion being in con- 
formity with the laws of dynamics. This hypothesis is examined in the 
earlier chapters of the book, an alternative possibility being considered in the 
last chapter. 

The question now arises: If magnetostatic forces are interpreted as 
motion of the medium, what properties are we to assign to the magnetic 
bodies from which these magnetostatic forces originate > An answer sug- 
gested by Ampere and Weber needs but little modification to represent the 
answer to which modem investigations have led. Recent experimental 
researches shew that all matter must be supposed to consist, either partially 
or entirely, of electric charges. This being sj), the kinetic theory of matter 
tells us that these charges will possess a certain amount of motion. Every- 
thing leads us to suppose that all magnetic phenomena can be explained by 
the motion of these charges. If the motion of the charges is governed by a 
regularity of a certain kind, the body as a whole will shew magnetic pro- 
perties. If this regularity does not obtain, the magnetic forces produced by 
the motions of the individual charges will on the whole neutralise one 
another, and the body will appear to be nou-magnetic. Thus on this view 
the electricity and magnetism which at first sight appeared to exist inde- 
pendently in the universe, are resolved into electricity alone — electricity 
and magnetism become electricity at rest and electricity in motion. 

This discovery of the ultimate identity of electricity and magnetism is 
by no means the last word of the science of Electromagnetism. As back 
as the time of Maxwell and Faraday, it was recognised that the forces at 
woric in chemical phenomena must be regarded largely if not entirely, as 
electrical forcea. Later, Maxwell shewed light to he an electromagnetic 
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phenomenon, oo that the whole science of Optics became a branch of 
Bilectromagnetism. There is now a general conviction that all physical forces, 
with the possible exception of Gravitation, will prove to be ultimately of 
Electromagnetic origin. 

At the end of the nineteenth century most scientists believed that the 
science of Electromagnetism would advance along the road opened out by 
Maxwell until the whole, physical universe had been explained in the terms of 
electromagnetic theory. Recently this belief has experienced two very severe 
checks. 

If, as Maxwell believed, the ultimate scat of electromagnetic and optical 
phenomena is the ether, it ought to be possible to find out something about th(' 
ether by electromagnetic and optical means. It ought, for instance, at least 
to be possible to determine the velocity with which we move through the 
ether. A series of experiments devised to this end have one and all failed to 
disclose this velocity. To every experimental enquir}'. Nature seems to givi- 
the answer either that there is no ether or that natural phenomena go on 
exactly as if there were no ether. If this view is finally accepted, Maxwell’s 
theory of the electromagnetic ether will fall out of .science; it will have sei-ved 
its purpose as a scaffolding which will have enabled the structure of electro- 
magnetic theory to have been built in perfect form, but it will not be ywrt of 
that structure. Nevertheless the time for deciding how much of Maxwell’s 
theory is scaffolding and how much is part of the final structure has not yet 
come, and in the present book w'e shall first develop tin* theory along the 
general lines initiated by Jlaxrvell, and then shall devote a chapter to discuss- 
ing the question of how' far the existence of an ether is essential to electro- 
magnetic theory. 

The second check to Maxwell’s theory has originated from the study of 
radiation and the ultimate electrical structure of matter; phenomena of 
primary importance have been found not to be reconcileable with Maxwell’s 
original theory. But the new facts hardly cut at the roots of the theory; they 
must rather be thought of as restricting the spread of the branches. There is 
no question that the electrical phenomena of everyday life, thunderstonns, 
telephones and dynamos, are all governed by Maxwell’s laws; it is only when 
we pass to the phenomena arising from the most intimate electrical structure 
of matter that Maxwell’s laws appear to be inadequate. 



CHAPTER I 


PIIVSICAL PRINCIPLES 

The Fundamental Conceptions of Electrostatics 

I. state of Electrification of a Body. 

6. We proceed to a discussion of the fundamental conceptions which 
form the basis of Electrostatics. The first of these is that of a state of 
electrification of a body. When a piece of amber has been rubbed so that it 
attracts small bodies to itself, we sfiy that it is in a state of electrification — 
or, more shortly, tliat it is electrified. 

Other bcxlies besides umber possess the power of attracting small bodies 
after being rubbed, and are therefore susceptible of electrification. Indeed 
it is found that all bodies possess this property, although it is less easily 
recogiiised in the case of most bodies, than in the case of amber. For 
instance a bra.s.s rod with a glass handle, if rubbed on a piece of silk or cloth, 
will shew the power tA) a marked degree. The electrification here resides in 
the brass ; as will be e.xplained immediately, the interposition of glass or 
some similar substance between the brass and the hand is necess;rrv in order 
that the brass may retain its power for a sufficient time to enable us to 
observe it. If we hold the instrument by the brass rod and rub the glass 
handle we find that the same power is acquired by the glass. 

II. Conductors and Insulators. 

^'6. I^et us now suppose that we hold the electrified brass rod in one hand 
by its glass handle, and that we touch it with the other hand. We find that 
after touching it its power of attracting small bodies will have completely 
disappeai-ed. If we immerse it in a stream of water or pass it tbixmgh a 
flame we find the same result. If on the other hand we touch it with 
a piece of silk or a itkI of glass, or stand it in a current of air, we find 
that its power of attracting small Iwdies remains unimpaired, at any rate 
for a time. It appears therefore that the human body, a flame or water 
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have th© power of destroying the electrification of the brass rod when placed 
in contact with it, while silk and glass and air do not possess this property. 
It is for this reason that in handling the electrified braffl rod, the substance 
in direct contact with the brass has been 'supposed to be glass and not the 
hand. 

In this way we arrive at the idea of dividing all substances into two 
classes according as they do or do not remove the electrification when touch- 
ing the electrified body. The class which remove the electrification are 
called conductors, for as we shall see later, they conduct the electrification 
away firom the electrified body rather than destroy it altogether j the class 
which allow the electrified body to retain its electrification are called non- 
conductors or insulators. The classification of bodies into conductors and 
insulators appears to have been first discovered by Stephen Qray (1690- 
1736). 

At the same time it must be explained that the difference between 
insulators and conductors is one of degree only. If our electrified brass rod 
were left standing for a week in contact only with the air surrounding it and 
the glass of its handle, we should find it hard to detect traces of electrifica- 
tion after this time — the electrification would have been conducte<l away by 
the air and the glass. So also if we had been able to immerse the rod in a 
fiame for a billionth of a second only, we might have found that it retained 
considerable traces of electrification. It is therefore more logical to speak of 
good conductors and bad conductors than to speak of conductors and insula- 
tors. Nevertheless the difference between a good and a bad conductor is so 
enormous, that for our present purpose we need haidly take into account the 
feeble conducting power of a bad conductor, and may without serious incon- 
sistency, speak of a bad conductor as an insulator. There is, of course, nothing 
to prevent us imagining an ideal substance which has no conducting power 
at alL It will often simplify the argument to imagine such a substance, 
although we cannot realise it in nature. 

It may be mentioned here that of all substances the metals are by very 
much the best conductors. Next come solutions of salts and acids, and lastly 
as very bad conductors (and therefore as good insulators) come oils, waxes, 
silk, glass and such substances as sealing wax, shellac, indiarubber. Gases 
under ordinary conditions are good insulators. Indeed it is worth noticing 
that if this had not been so, we should probably never have become acquaint^ 
with electric phenomena at all, for all electricity would be carried away by 
conduction through the air as soon as it was generated. Flames, however, 
conduct well, and, for reasons which will be explained later, all gases become 
good conductors when in the presence of radium or of so-called radio-active 
substances. Distilled water is an almost perfect insulator, but any other 
sample of water will contain impurities which generally cause it to conduct 
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tolerably well, and hence a wet body is generally a bad insulator. So also an 
electrified body suspended in air loses its electrification much more rapidly in 
damp weather than in dry, owing to conduction by water-particles in the air. 

When the body is in contabt with insulators only, it is said to be 
“insulated.” The insulation is said to be good when the electrified body 
retains its electrification for a long interval of time, and is said to be poor 
when the electrification disappears rapidly. Good insulation will enable a 
body to retain most of its electrification for some days, while with poor insula- 
tion the electrification will last only for a few minutes or seconds. 

m. Quantity of Electricity. 

7 We pass next to the conception of a definite quantity of electricity, 
this quantity measuring the degree of electrification of the body with which 
it is associated. It is found that the quantity of electricity associated with 
any body remains constant except in so far as it is conducted away by con- 
ductors. To illustrate, and to some extent to prove this law, we may use 
an instrument known as the gold-leaf electroscope. This consists of a glass 
vessel, through the top of which a metal rod is passed, supporting at its lower 
end two gold-leaves which under normal conditions hang flat side by side, 
touching one another throughout their lenj^h. When an electnfied body 
touches or is brought near to the brass rod, the two gold-leaves are seen to 
sepaiate, for reasons which wHl become clear later (§ 21), so that the instru- 
ment can be used to examine whether or not a body is electrified. 

Ijet 118 fix a metal vessel on the top of the brass rod, the vessel being 
closed but having a lid through which bodies can be in- 
serted. The lid must be supplied with an insulating 
handle for its manipulation. Suppose that we have 
electrified some piece of matter — to make the picture 
definite, suppiose that we have electrified a small brass 
rod by rubbing it on silk — and let ns suspend this body 
inside the vessel by an insulating thread in such s 
manner that it does not touch the sides of the vessel. 

Let us close the lid of the vessel, so that the vessel 
entirely surrounds the electrified body, and note the 
amount of separation of the gold-leaves of the electro- 
scope. Let us try the experiment any number of times, 
placing the electrified body in different positions inside 
the closed vessel, taking care only that it does not come 
into contact with the sides of the vessel or with any 
other conductors. We shall find that in every case the separation of the 
^old-leaves is exactly the same. 
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In this way then, we get the idea of a definite quantity of electrification 
associated with the brass rod, this quantity being independent of the portion 
of the rod inside the closed vessel of the electroscope. We find, further, that 
the divergence of the gold-leaves is not only independent of the position of 
the rod inside the vessel, but is independent of any changes of state which 
the rod may have experienced between successive insertions in the vessel, 
provided only that it has not been touched by conducting bodies. We 
might for instance heat the rod, or, if it was sufficiently thin, we might 
bend it into a different shape, and on replacing it inside the vessel we 
should find that it produced exactly the same deviation of the gold-leaves 
as before. We may, then, regard the electrical properties of the rod as being 
due to a quantity of electricity associated with the rod, this quantity rtunaining 
permanently the same, except in so far as the original charge is lessened by 
comtact with conductors, or increased by a fresh supply. 

W 8. We can regard the electroscope as giving an indication of the magni- 
tude of a quantity of electricity, two charges being equal when they produce 
the same divergence of the leaves of the electroscope. 

In the same way we can regaid a spring-balance as giving an indication 
of the magnitude of a weight, two weights being equal when they produce 
the same extension of the spring. 

The question of the actual quantitative measurement of a quantity of 
electricity as a multiple of a specified unit has not yet been touched. We 
can, however, easily devise means for the e.x.act quantitative measuroment 
of electricity in terms of a unit. We cjin chargi’ a brass rod to any di'gree 
we please, and agree that the charge on this rod is to be taken to be the 
standard unit charge. Uy rubbing a number of rods unlil each produces 
exactly the same divergence of the electroscope as the storidard charge, w’e 
can prepare a number of unit charges, and wc can now say that a charge is 
equal to n units, if it produces the same deviation of the electroscojw as 
would be produced by n units all inserted in the vessel of the electroscope 
at once. This method of measuring an electric charge is of course not one 
that any rational being would apply in practice, but the object of the 
present explanation is to elucidate the fundamental principles, and not to 

r j an account of practical methods. 

9. Positive and Neyative Electricity. Jjet us suppose that we insert in 
vessel of the electroscope the piece of silk on which one of the brass 
rods has been supposed to have been rubbed in order to produce its unit 
charge. We shall find that the silk produces a divergence of the leaves of 
the electroscojie, and further that this divergence is exactly equal to that 
which is produced by inserting the brass rod alone into the vessel of the 
electroscope. If, however, we insert the brass rod and the silk together into 
the electroscope, no deviation of the leaves can be detected. 
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Again, let ub suppose that we charge a brass rod A with a charge which 
the divergence of the leaves shews to be n units. Let us rub a second brass 
rod B with a piece of silk C until it has a charge, as indicated by the electro^ 
scope, of m units, m being smaller than n. If we insert the two brass rods 
together, the electroscope will, as already explained, give a divergence corre- 
sponding to n-fm units. If, however, we insert the rod A and the silk C 
together, the deviation will be found to correspond to n — m units. 

In this way it is found that a charge of electricity must be supposed to 
have sign as well as magnitude. As a matter of convention, we agree to 
speak of the m units of charge on the silk as m positive units, or more briefly 
as a cha?'ge + m, while we speak of the charge on the biuss as m, negative 
units, or a charge — m. 

' 10. Generation of ElecUicity. It is found to be a geneni! law that, on 
rubbing two bodies which arc initially uncharged, equal quantities of positive 
and negative electricit}' are produced on the two bodies, so that the total 
charge generated, measured algebraically, is nil. 

We have seen that the electroscope does not determine the sign of the 
charge placed inside the closed vessel, but only its magnitude. We can, 
however, determine both the sign and magnitude by two observations. Let 
us first insert the charged body alone into the vessel. Then if the divergence 
of the leaves corresponds to m units, we know that the charge is either -f m 
or — m, and if we now insert the bo<iy in company with another charged body, 
of which the charge is known to be -(-n. then the charge we are attempting 
to measure will be -hwi or —m according as the divergence of the leaves 
indicates n+m or a m units. With more elaborate instruments to be 
described later (electrometers) it is possible to determine both the magnitude 
and sign of a charge by one observation. 

11. If we had rubbed a rod of glass, instead of one of brass, on the silk, 
we should have found that the silk bad a negative charge, and the glass of 
course an equal ch arge. It therefore appears that the sign of the 

charge produced on abody by friction depends not only on the nature of the 
body itself, but also on the nature of the body with which it has been 
rubbed. 

The following is found to be a general law : If rubbing a substance A on 
a second substance B charges A positively and B negatively, and if rubbing 
the substance B on & third substance C charges B po-sitively and G negatively, 
then rubbing the substance A on the .substance G will charge A positively 
and G negatively. 

It is therefore possible to arrange any number of substances in a list such 
that a substance is charged with positive or negative electricity when rubbed 
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wi<* a aeoond substance, according as the first substance stands atove or 
below the second substance on the list The following is a list of this kind, 
which includes some of the most important substances; 

Cra’s skin, Glass. Ivory, Silk, Rock crystal. The Hand. Wood, Sulphur, 
Flannel, Cotton, Shellac, Caoutchouc, Resins. Guttapercha, Metals, Guncotton. 

A substance is said to be electropositive or electronegative to a second 
substance according as it stands above or below it on a list of this kind. 
Thus of any pair of substances one is always electropositive to the other, the 
other being electronegative to the first. Two sulwtances, although chemically 
the same, must be regarded as distinct for the purposes of a list such as the 
above, if their physical conditions are different ; for. instance, it is found that 
a hot body must be placed lower on the list than a cold body of the same 
chemical composition. 

IV. Attraction and Repulsion of Electric Charges. 

12. A small ball of pith, or some similarly light substance, coated with 
gold-leaf and suspended by an insulating thread, forms a convenient instru- 
ment for investigating the forces, if any, which are brought into play by the 
presence of electric charges. Let us electrify a pith ball of thi.s kind positively 
and suspend it from a fixed point. We shall find that when we bring a 
second small body charged with positive electricity near to this first body 
the two bodies tend to repel one another, whereas if we bring a negatively 
charged body near to it. the two bodies tend to attract one another. From 
this and similar experiments it is found that two small bodies chaxged with 
electricity of the same sign repel one another, and that two small bodies 
charged with electricity of different signs attract one another. 

This law can be well illustrated by tying together a few light silk threads 
by their ends, so that they form a tassel, and allowing the threads to hang 
vertically. If we now stroke the threads with the hand, or brush them with 
a brush of any kind, the threads all become positively electrified, and there- 
fore repel one another. They consequently no longer hang vert.ically but 
spread themselves out into a cone. A similar phenontenon can often be 
noticed on brushing the hair in dry weather. The hairs become positively 
qlectrified and so tend to stand out from the head. 

18. On shaking up a mixture of powdered red lead and yellow sulphur, 
the particles of red lead will become positively electrified, and those of the 
sulphur will become negatively electrified, as the result of the friction which 
has occurred between the two sets of particles in the shaking. If some of 
this powder is now dusted on to a positively electrified body, the particles of 
sulphur will be attracted and those of red lead repelled. The red lead will 
therefore fall off, or be easily removed by a breath of air, while the sulphur 
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particles will be retained. The positively electrified body will therefore 
assume a yellow colour on being dusted with the powder, and similarly a 
negatively electrified body would become red. It may sometimes be con- 
venient to use this method of determining whether the electrification of a 
body is positive or negative. 

14. The attraction and repulsion of two charged bodies is in many 
respects different from the force between one charged and one uncharged 
body. The latter force, as we have explained, was known to the Greeks : it 
must be attributed, as we shall see, to what is known as “electric induction,” 
and is invariably attractive. The forces between two bodies both of which 
are charged, forces which may be either attractive or repulsive, seem hardly 
to have been noticed until the eighteenth century. 

The observations of Robert Symmer (1759) on the attractions and 
repulsions of charged bodies are at least amusing He was in the habit 
of wearing two pairs of stockings simultaneously, a worsted pair for comfort 
and a silk pair for appearance. In pulling off his stockings he noticed that 
they gave a crackling noise, and sometimes that they even emitted sparks 
when taken off in the dark. On taking the two stockings off together from 
the foot and then drawing the one from inside the other, he found that both 
became inflated so as to reproduce the shape of the foot, and exhibited 
attractions and repulsions at a distance of as much as a foot and a half. 

“When this experiment is performed with two black stockings in one 
hand, and two white in the other, it exhibits a very curions spectacle ; the 
repulsion of those of the same colour, and the attraction of those of different 
colours, throws them into an agitation that is not unentertaining, and 
makes them catch each at that of its opposite colour, and at a greater 
distance than one would expect. When allowed to come together they all 
unite in one mass. When separated, they resume their former appearance, 
and admit of the repetition of the experiment as often as you please, till 
their electricity, gradually wasting, stands in need of being recruited." 

Ths Law of Force between charged Particles. 

16. Torsion Balance. Coulomb (1785) devised an instrument known 
as the Torsion Balance, which enabled him not only to verify the laws of 
attraction and repulsion qualitatively, but also to form an estimate of the 
actual magnitude of these forces. 

The apparatus consists essentially of two light balls A. O, fixed at the two 
ends of a rod which is suspended at its middle point B by a very fine thread 
of silver, quartz or other material. The upper end of the thread is fastened 
to a movable head i>, so that the thread and the md can be made to 
rotate by screwing the head. If the rod is acted on- only by its weight, the 



12 Mectromtics^Phyaical PHneipleH [oh. l 


condition for equilibrium is obviously that there shall be no torsion in 
the thread. If. however, we fix a third small ball E in the same plane as 

the other two, and if the three balls are elec- 
trified, the forces between the fixed ball and 
the movable one-s will exert a couple on the 
moving rod, and the condition for equilibrium 
is that this couple shall exactly balance that 
due to the torsion. Coulomb found that the 
couple exerted by the torsion of the thread 
was exactly proportional to the angle through 
which one end of the thread had been turned 
relatively to the other, and in this way wa.-, 
enabled to measure his electric forces. In 
Coulomb's experiments one only of the two 
movable balls was electrified, the second serv- 
ing merely as a counterpoise, and the fixed 
ball was at the same distance from the torsion 
thread as the two niovable balls. 



Suppose that the head of the thread is 
turned to such a position that the balls when uncharged rest in equilibrium, 
just touching one another without pressure. Let the balls receive charge.s 
e, e\ and let the repulsion between them result in the bar turning through 
an angle 6. The couple exerted on the bar by the torsion of the thread 
is proportional to 6, and may therefore be taken, to be If o is tin- 
radius of the circle described by the movable ball, we may regaid the coujile 
acting on the rod from the electric forces as made up of a force F, etjmil 
to the force of repulsion between the two balls, multiplied by u cos 
the arm of the moment. The condition for equilibrium is accordingly 


aF cos ^6= K0. 

Let us now suppose that the torsion head is turned through an angle ^ 
in such a direction as to make the two charged balls approach each other ; 
after the turning has ceased, let us suppose that the balls an- allowed to 
come to rest. In the new position of equilibrium, let us suppose that the 
two charged balls subtend an angle O' at the centre, instead of the former 
angle 6. The couple exerted by the torsion thread is now k(& + so that 
if F' is the new force of repulsion we must have 

aF' cos iff' = K (ff' + <f>) 


By observing the value of <f> required to give definite values to ^ we can 
calculate values of F' corresponding to any series of values of From a 
series of experiments of this kind it is found that so long as the charges on 
the two balls remain the same, F' is proportional to cosec- from which 
it is easily seen to follow that the force of repulsion varies inversely os the 
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sqaare of the distance. And when the charges on the two balls are varied 
it is found that the force varies as the product of the two charges, so long as 
their distance apart remains the same. As the result of a series of experi- 
ments conducted in this way Coulomb was able to enunciate the law : 

'The force hettveen two small charged bodies is proportional to the proditct 
of their charges, and is inversely proportional to the square of their distance 
apart, the force being one of repulsion or attraction according as the two 
charges are of the same or of opposite kinds. 

16. In mathematical language we may say that there is a force of repul- 
sion of amount 



where e, e' are the charges, r their distance apart, and c i.s a positive 
constant 

If e, e are of of)positc signs the product ee' is negative, and a negative 
repulsion must be interjjreted as an attraction. 

Although this law was first published by Coulomb, it subsequently 
appeared that it had been discovered at an earlier date by Cavendish, 
whose c.\poriments were much more refined than those of Coulomb. Caven- 
dish was able to satisfy himself that the law was certainly intermediate 
between the inverse 2 — ^^jth power of the distance (see below, 

§§ 46 — 48). Unfortunately his researches remained unknown until his 
manuscripts were published in 1879 by Clerk Maxwell. 

The experiments of Coulomb and Cavendish, it need hardly be said, 
were vejy rough compared with those which are rendered possible by modem 
refinements of theory and practice, so that these experiments are no longer 
the justific/vtion for using the law expressed by fonuula (1) as the basis of 
the Mathematical Theory of Electricity. More delicate experiments with the 
apparatus used by Cavendish, which will be explained later, have, however, 
been found to give a complete confirnmtion of Coulomb’s Law, so long as 
the charged bodies may both be regarded as infinitely small compared with 
their distance apart. Any deviation from the law of Coulomb must accord- 
ingly be attributed to the finite sizes of the bodies which carry the charges. 
As it is only in the case of infinitely small bodies that the symbol r of 
formula (1) has had any meaning assigned to it, we may regard the law (1) 
as absolutely true, at any rate so long as r is large enough to be a measurable 
quantity. 
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The Unit of Electricity. 

17. The law of Coulomb Bupplies us with a convenient unit in which 
to measure electric charges. 

The unit of mass, the pound or gramme, is a purely arbitrary unit, and 
all quantities of mass are measured simply by comparison with this unit. 
The same ie true of the unit of space. If it were possible to keep a charge 
of electricity unimpaired through all time we might take an arbitrary charge 
of electricity as standard, and measure all charges by comparison with this 
one standard charge, in the way suggested in § 8. As it is not possible to do 
this, we find it convenient to measure electricity with reference to the units 
of mass, length and time of which we are already in possession, and Coulomb's 
Law enables us to do this. We define as the unit charge a charge such that 
when two unit charges are placed one on each of two small particles at 
a distance of a centimetre apart, the force of repulsion between the particles 
is one dyne. With this definition it is clear that the quantity c in the 
formula (1) becomes equal to unity, so long as the c.Ois, system of unite 
is used. 

In a similar way, if the mass of a body did not remain constant, we might 
have to define the unit of mass with lefcrence to those of time and length 
by saying that a mass is a unit mass provided that two such masses, placed 
at a unit distance apart, produce m each other by their mutual gravitational 
attraction an acceleration of a centimetre per second per second. In this 
case we should have the gravitational acceleration / given by ap equation 
of the form 



and this equation would determine the unit of mass. 


18. Physiud aiinensiwus. If the unit of mass were determined by 
equation (2), m would appear to have the dimensions of an acceleration 
multiplied by the squaie of a distance, and therefore dimensions 

L*T-\ 

^ a matter of fact, however, we know that mass is something entirely apart 
rom length and time except in so far as it is connected with them 
the law of gravitation. The complete gravitational acceleretion ia given by 


/= 


m 


where y ,'b the en-called “ pwvitation wnetant." 

By oer projBwed d.lb.itioa ,t 

T .«m»,«Ily e,„.l to todty ; b„. iw, phy,h»U “ 
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V. Electrification by Induction, 

19 > Let ns suspend a metal rod by insulating supports. Suppose that 
the rod is originally uncharged, and that we bring a small body charged 
with electricity near to one end of the rod, without allowing the two bodies 
to touch. We shall find on sprinkling the rod with electrified powder of the 
kind previously described (§ 13), that the rod is now electrified, the signs of 
the charges at the two ends being different. This electrification is known as 
electrification by induction. We speak of the electricity on the rod as an 
induced charge, and that on the originally electrified body as the inducing or 
exciting charge. We find that the induced charge at the end of the rod 
nearest to the inducing charge is of sign opposite to that of the inducing 
charge, that at the further end of the rod being of the same sign as the 
inducing charge. If the inducing charge is removed to a great distance 
from the rod, we find that the induced charges disappear completely, the rod 
resuming its original unelcctrified state. 

If the rod is arranged so that it can be divided into two parts, we can 
separate the two parts before removing the inducing charge, and in this way 
can retiiin the two parts of the induced charge for further examination. 

If we insert the two induced charges into the vessel of the electroscope, 
we find that the total electrification is nil-, in generating electricity by 
induction, as in generating it by friction, we can only generate equal 
quantities of positive and negative electricity; we cannot alter the algebraic 
total charge. Thus the generation of electricity by induction is in no way 
i violation of the law that the totol charge on a body remains unaltered 
3xcept in so far as it is removed by conduction. 

20. If the inducing charge is placed on a sufficiently light conductor, wo 
lotice a violent attraction between it and the rod which carries the induced 
■harge. This, however, as we shall now shew, is only in accordance with 
^ulomb’s Law. Let us, for the sake of argument, suppose that the 
nducitig charge is a positive charge e. Let us divide up that part of the 


ABC C B A’ 

( . 7 ■ ZD 

Fia. 3. 

od which is negatively charged into small parts AB, BC, ... , beginning from 
|ie end A which is nearest to the inducing charge I, in such a way that each 
)art contains the same small charge — e, of negative electricity. Let ua 
^ilarly divide up the part of the rod which is positively charged into- 
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« mere number, so that we cannot neglect the factor 7 when equating 
physical dimensions on the two sides of the equation. 

So also in the formula 



we can and do choose our unit of charge in such a way that the mmet-teal 
value of c is unity, so that the numerical equation becomes 



but we must remember that the fiwtor c still retains its physical dimensions. 
Electricity is something entirely apart from mass, length and time, and it 
■follows that we ought to treat the dimensions of equation (3), by introducing 
a new unit of electricity E and saying that o is of the dimensions of a force 
<3ivided by £*/r* and therefore of dimensions 

ML>E-*T-*. 

If, however, we compare dimensions in equation (4), neglecting to take 
account of the physical dimensions of the suppressed lactor c, it appears as 
though a charge of electricity can be expressed in terms of the units of 
mass, length and time, just as it might appear from equation (2) as though 
a mass could be expressed in terms of the units of length and time. The 
apparent dimensions of a charge of electricity are now 

(,->). 

It will be readily understood that these dimensions are merely apparent 
and not in any way real, when it is stated that other systems of units are 
also in use, and that the apparent physical dimensions of a charge of 
electricity are found to be different in the different systems of units. The 
system which we have just described, in which the unit is defined as 
the charge which makes c numerically equal to unity in equation (3), is 
known as the Electrostatic system of units. 

There will be different electrostatic systems of units corresponding to 
■different units of length, mass and time. In the c.G.s. system these units 
are taken to be the centimetre, gramme and second. In passing from one 
system of units to another the unit of electricity will change as if it were 
a physical quantity having dimensions so long as we hold to the 

agreement that equation (4) is to be numerically true, t.c. so long as the 
units remain electrostatic. This gives a certain importance to the apparent 
dimensions of the unit of electricity, as expressed in formula (5). 
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sections A'B', B'C , , beginning from the fiirther end, and such that each of 
these parts contains a charge +e of positive electricity. Since the total 
induced charge is zero, the number of positively charged sections A'B', 
B'C', ... must be exactly equal to the number of negatively charged sections 
AB, BC, .... The whole series of sections can therefore be divided into a 
series of pairs 

AB and A'B ' ; BC and B'C ; etc. 

such that the two sections of any pair contain equal and opposite charges. 
The charge on A 'B' being of the same sign as the inducing charge e, repels 
the body I which carries this charge, while the charge on AB, being of the 
same sign as the charge on /.attracts /. Since AB is nearer to / than A'B', 
it follows from Coulomb’s Law that the attractive force eejr^ between AB 
and I is numerically greater than the repulsive force ee/ri* between A'B' and 
I, so that the resultant action of the pair of sections AB, A'B' upon I is an 
attraction. Obviously a similar result is true for every other pair of sections, 
so that we arrive at the result that the whole force between the two bodies 
is attractive. 

This result fully accounts for the fundamental property of a charged body 
to attract small bodies to which no charge has been given. The proxunity of 
the charged body induces charges of different signs on those parts of the body 
which are nearer to, and further away from, the inducing charge, and although 
the total induced charge is zero, yet the attractions will always outweigh the 
repiilsions, so that the resultant force is always one of attraction. 

21. The same conceptions explain the divergence of the gold-leaves of 
the electroscope which occurs when a charged body is brought near to the 
plate of the electroscope or introduced into a closed vessel standing on this 
plate. All the conducting parts of the electroscope — gold-leaves, rod, plate 
and vessel if any — may be regarded as a single conductor, and of this the 
gold- leaves form the part furthest removed from the charged body. The 
leaves accordingly become charged by' induction with electricity of the same 
sign as that of the charged body, and as the charges on the two gold-leaves 
are of similar sign, they rgE,e] pne.anotliEr.^ 

22. On separating the two parts of a conductor while an induced charge 
is on it, and then removing both from the influence of the induced charge, 
we gain two charges of electricity without any diminution of the inducing 
charge. We can store or utilise these charges in any way and on replacing 
the two parts of the conductor in position, we shall again obtain an induced 
charge. This again may be utilised or stored, and so on indefinitely. There 
is therefore no limit to the magnitude of the charges which can be obtained 
from a small initial charge by repeating the process of induction. 

This principle underlies the action of the Electrophorua A cake of resin 
is electrified by friction, and for convenience is placed with its electrified 

j. a 
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surfiioe uppermost on a horizontal table. A metal disc is held by an insulating 
handle parallel to the cake of resin and at a slight distance above it. The 
operator then touches the upper surface of the disc with his finger. When 
the process has reached this stage, the metal disc, the body of the operator 
and the earth itself form one conductor. The negative electricity on the resin 
induces a positive charge on the nearer parts of this conductor — ^primarily 
on the metal disc — and a negative charge on the more remote parts of the 
conductor — the further region of the earth. When the operator removes 
his finger, the disc is left insulated and in possession of a positive charge. 
As already explained, this charge may be used and the process repeated 
indefinitely. 

In all its essentials, the principle utilised in the generation of electricity 
by the “ influence machines” of Voss, Holtz, Wimshurst and others is identical 
with that of the electrophorus. The machines are arranged so that by the 
turning of a handle, the various stages of the process are repeated cyclically 
time after time. 

23. Electric Equilibrium. Returning to the apparatus illustrated in 
fig. 3, p. 16, it is found that if we remove the inducing charge without 
allowing the conducting rod to come into contact with other conductors, 
the charge on the rod disappears gradually as the inducing charge recedes, 
positive and negative electricity combining in equal quantities and neutral- 
ising one another. This shews that the inducing charge must be supposed 
to act upon the electricity of the induced charge, rather than upon the 
matter of the conductor. Upon the same principle, the various parts of the 
mduced charge must be supposed to act directly upon one another. Moreover, 
in a conductor charged with electricity at rest, there is no reaction between 
matter and electricity tending to prevent the passage of electricity through 
the conductor. For if there were, it would be possible for parte of the induct 
chaige to be retained, after the inducing charge had been removed, the parts 
of the induced charge being retained in position by their reaction with the 
matter of the conductor. Nothing of this kind is observed to occur. We 
conclude then that the elements of electrical charge on a conductor are each 
in equilibrium under the influence solely of the forces exerted by the remaining 
eleihents of charge. 

SA. An exception occurs when the electricity is actually at the sur&ce 
of the conductor. Here there is an obvious reaction between matter and 
^ectricity — the reaction which prevents the electricity from leaving the 
surface of the conductor. Clearly this reaction will be normal to the surface, 
so that the forces acting upon the electricity in directions which lie in the 
tangent plane to the surface must be entirely forces from other charges of 
electricity, mid these must be in equilibrium. To balance the action of the 
matter on the electricity there most be an equal and opposite reaction of 
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electricity on matter. This, then, will act normally outwards at the surface of 
the conductor. Experimentally it is best put in evidence by the electrification 
of soap-bubbles. A soap-bubble when electrified is observed to expand, the 
normal reaction between electricity and matter at its surface driving the 
surface outwards until equilibrium is reestablished (see below, § 94). 

26. Also when two conductors of different material are placed in con- 
tact, electric phenomena are found to occur which have been explained by 
Helmholtz as the result of the operation of reactions between electricity and 
matter at the surfaces of the conductors. Thus, although electricity can pass 
quite freely over the different parts of the same conductor, it is not strictly 
true to say that electricity can pass freely from one conductor to another of 
different material with which it is in contact. Compared, however, with the 
forces with which we shall in general be dealing in electrostatics, it will be 
legitimate to disregard entirely any forces of the kind just described. We 
shall therefore neglect the difference between the materials of different con- 
ductors, so that any number of conductors placed in contact may be regarded 
as a single conductor. 

Theokies to explain Electrical Phenomena. 

One-fluid Theory. Franklin, as far back as 1751, tried to include 
all the electrical phenomena with which he was acquainted in one simple 
explanation. He suggested that all these phenomena could be explained by 
supposing the existence of an indestructible “ electric fluid,” which could be 
associated with matter in different degrees. Corresponding to the normal 
state of matter, in which no electrical properties are exhibited, there is 
a definite normal amount of “ electric fluid.” When a body was charged 
with positive electricity, Franklin explained that there was an excess of 
“ electric fluid ” above the normal amount, and similarly a charge of negative 
electricity represented a deficiency of electric fluid. The generation of equal 
quantities of positive and negative electricity was now explained: for instance, 
in rubbing two bodies together we simply transfer “ electric fluid” from one 
to the other. To explain the attractions and repulsions of electrified bodies, 
Franklin supposed that the particles of ordinary matter repelled one another, 
while attracting the " electric fluid.” In the normal state of matter the 
quantities of “ electric fluid ” and onlinary matter were just balanced, so that 
there was neither attraction nor repulsion between bodies in the normal state. 
According to a later modification of the theory the attractions just out-balanced 
the repulsions in the normal sUte, the residual force accounting for gravitation. 

27. Two-flu^ Theory. A further attempt to explain electric phenomena 
was tnn/lA by the two-flu id theory. In this there were three things concerned, 
ordinary matter and two electric fluids — positive and negative. The degree 
of electrification was supposed to be the measure of the excess of positive 

2—2 
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electricity over negative, or of negative over positive, according to the sign 
of the electrification. The two kinds of electricity attracted and repelled, 
electricities of the same kind repelling, and of opposite kinds attracting, and 
in this way the observed attractions and repulsions of electrified bodies were 
explained without having recourse to systems of forces between electricity 
and ordinary matter. It is, however, obvious that the two-fluid theory w'as 
too elaborate for the facts. On this theory ordinary matter devoid of both 
kinds of electricity would be physically different from mattei’ possessiiig 
equal quantities of the two kinds of electricity, although both bodies would 
equally shew an absence of electrification. There is no evidence that it is 
possible to establish any physical difference of this kind between totally 
uneleotrified bodies, so that the two-fluid theory must be dismissed as 
explaining more than there is to be explainefl. 

28. Modem view of Electricity. The two theories which have just been 
mentioned rested on no experimental evidence except such as is required 
to establish the phenomena with which they are directly concerned The 
modem view of electricity, on the other hand, is based on an enormous mass 
of experimental evidence, to which contributions are made, not only by the 
phenomena of electrostatics, but also by the phenomena of almost every 
branch of physics and chemistry. The modem explanation of electricity is 
found to bear a very close resemblance to the older explanation of the one- 
fluid theory — so much so that it will be convenient to explain the modern 
view of electricity simply by making the appropriate modifications of the 
one-fluid theory. 

We suppose the “electric-fluid” of the one-fluid theory replaced bv a 

crowd of small particles — “ electrons,” it will be convenient to call them all 

exactly similar, and each having exactly the same charg<‘ of negntive electricity 
permanently attached to it. According to the best recent determinations, the 
amount of this charge is 4774 x 10-«> electrostatic units, while the m.iss of 
each electron is 9 00 x 10“® grammes. These determinations, which are due 
to Millikan and Bucherer, are probably accurate to about one part in a thou- 
sand. To a lower degree of accuracy the radjus of the electron is probably 
about 2 X 10““ cms. We can form some conception of the intense concentra- 
tion of mass and electrification in the electron by noticing that a gramme of 
electrons, crammed together in cubical piling, would occupy only 7x 10~“ 
cubic centimetres, while two grammes of electrons placed at a distance of a 
metre apart would rejjel one another with a force equal to the weight of 
3 X 10“ tons. The electric force of repulsion outweighs the gravitational force 
of attraction in the ratio of 4-2 x 10" to one. 

A piece of ordinary matter in its unelectrified state contains a certain 
number of electrons of this kind, and this number is just such that two 
pieces of matter each in this state exert no electrical forces on one another 
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this condition in lact defines the unelectrified state. A piece of matter 
ap{)ear8 to be charged with negative or positive electricity according as the 
number of negatively-charged electrons it possesses is in excess or defect of 
the number it would possess in its unelectrified state. 

Three important consequences follow from these facts. 

In the first place it is clear that we cannot go on dividing a charge of 
electricity indefinitely — a natural limit is imposed as soon as we come to the 
charge of one electron, just as in chemistry we suppose a natural limit to be 
imposed on the divisibility of matter as soon as we come to the mass of an 
atom. The modern view of electricity may then be justly described as an 
“atomic” view. And of all the •exj»erimental evidence which supports this 
view none is more striking than the circumstance that these “atoms” 
continually reappear in experiments of the most varied kinds, and that the 
atomic charge of electricity appears always to be precisely the same. 

In the second i)lace, the process of charging an ordinary piece of matter 
with positive electricity consists simply in removing some of its electrons. 
Thus matter without electrons must possess the properties of positive charges 
of ch'ctricity, but it is not at present knowm how these properties are to be 
accounted for. The origin of negative electric forces (r.e., forces which repel 
a negatively-charged particle) must be looked for in electrons, but the origin 
of'positive electric forces remains unknown. 

In the third place, in charging a body with electricity we either add to or 
subtract from its ma.ss according as we charge it with negative electricity 
(I'.e., add to it a number of electrons), or charge it with positive electricity 
(i.e., remove from it a number of electrons). Since the mass of an electron is 
so minute in comparison with the charge it carries, it will readily be seen 
that the change in its mass is very much too small to be perceptible by any 
methods of measurement which are at our disposal. Maxwell mentions, as 
an example of a body possessing an electric charge large compared with its 
mass, the case of a gramme of gold, which may be beaten into a gold-leaf one 
square metre in area, and can, in this state, hold a charge of 60,000 electro- 
static units of negative electricity. The mass of the number of negatively 
electrified electrons necessary to carry this charge will be found, as the result 
of a brief calculation from the data already given, to be about grammes. 
The change of weight by electrification is therefore one which it is far beyond 
the power of the most sensitive balance to detect. 

On this view of electricity, the electrons must repel one another, and 
must be attracted by matter which is devoid of electrons, or in w'hich there is 
a deficiency of electrons. The electrons move about freely through conductors, 
but not through insulators. The reactions which, as we have seen, must be 
supposed to occur at the surface of charged conductors between ? matter and 
electricity,” can now be interpreted simply as systems of forces between the 
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electrons and the remainder of the matter. Up to a certain extent these 
forces will restrain the electrons from leaving the conductor, but if the electric 
forces acting on the ^edrons exceed a certain limit, they will overcome the 
forces acting between the electrons and the remainder of the conductor, and 
an electric discharge takes place from the surface of the conductor. 

Thus an essential feature of the modem view of electricity is that it 
regards the flow of electricity as a material flow of charged electrons. Good 
conductors and good insulators are now seen to mean simply substances in 
which the electrons move with extreme ease and extreme difficulty re- 
spectively. The law that equal quantities of positive and negative electricity 
are generated simultaneously means that electrons may flow about, but 
cannot be created or annihilated. 

The modem view enables ns also to give a simple physical interpretation 
to the phenomenon of induction. A positive charge placed near a conductor 
will attract the electrons in the conductor, and these will flow through the 
conductor towards the charge until electrical equilibrium is established. 
There will be then an excess of negative electrons in the regions near the 
positive charge, and this excess will appear as an induced negative charge. 
The deficiency of electrons in the more remote parts of the conductor will 
appear as an induced positive charge. If the inducing charge is negative, 
the flow of electrons will be in the opposite direction, so that the signs of the 
induced charges will be reversed. In an insulator, no flow of electrons can 
take place, so that the phenomenon of electrification by induction does not 
occur. 

On this view of electricity, negative electricity is essentially different in 
its nature from positive electricity : the difference is something more funda- 
mental than a mere difference of sign. Experimental proof of this difference 
is not wanting, e.g., a sharply pointed conductor can hold a greater charge of 
positive than of negative electricity before reaching the limit at which a 
discharge begins to take place from its surface. But until we come to those 
parts of electric theory in which the flow of electricity has to be definitely 
regarded as a flow of electrons, this essential difference between positive and 
negative electricity will not appear, and the difference between the two will 
be adequately represented by a difference of sign. 

SUMMAUY. 

29. It will be useful to conclude the chapter by a summary of the 
results which are arrived at by experiment, independently of all hypotheses 
as to the nature of electricity. 

These have been stated by Maxwell in the form of laws, as follows : 

Law /. The total electrification of a body, or system of bodies, 
remains always the same, except in so for as it receives electrification 
fiwm or gives electrification to other bodies. 
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Law II. When one body electrifies another by conduction, the 
total electrification of the two bodies remains the same ; that is, the 
one loses as much positive or gains as much negative electrification as 
the other gains of positive or loses of negative electrification. 

Law III. When electrification is produced by friction, or by any 
other known method, equal quantities of positive and negative electrifi- 
cation are produced. 

Definition. The electrostatic unit of electricity is that quantity of 
positive electricity which, when placed at unit distance fi:om an equal 
quantity, repels it with unit of force. 

Law IV. The repulsion between two small bodies charged respect- 
ively with e and e' units of electricity is numerically equal to the 
product of the charges divided by the square of the distance. 

These are the forms in which the laws are given by Maxwell. Law I, it 
will be seen, includes II and III. As regards the Definition and Law IV, 
it is necessary to specify the medium in which the small bodies are placed, 
since, as we shall see later, the force is different when the bodies are in air, 
or in a vacuum, or surrounded by other non-conducting media. It is usual 
to assume, for puqjoses of the Definition and Law IV, that the bodies are in 
air. For strict scientific exactness, we ought further to specify the density, 
the temperature, and the exact chemical composition of the air. Also we 
have seen that when the electricity is not insulated on small bodies, but is 
free to move on conductors, the forces of Law IV must be regarded as acting 
on the charges of electricity themselves. When the electricity is not free to 
move, there is an action and reaction between the electricity and matter, so 
that the forces which really act on the electricity appear to act on the bodies 
themselves which carry the charges. 
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THE ELECTROSTATIC FIELD OF FORCE 

CoNCEI'TlONS USED IN THE SURVEY OF A FlELU OF FoRCE 
I. The Intensity at a point. 

30. The space in the neighbourhood of charges of electricity, considered 
with reference to the electric phenomena occurring in this space, is spoken of 
as the electric field. 

A new charge of electricity, placed at any point 0 in an electric field, 
will experience attractions or repulsions from all the charges in the field. 
The introduction of a new charge will in general disturb the arrangement 
of the charges on all the conductors in the field by a proce&s of induction. 
If, however, the new charge is supposed to be infinitesimal, the effects of 
induction will be negligible, so that the forces acting on the new charge may 
be supposed to arise from the charges of the original field. 

Let us suppose that we introduce an infinitesimal charge e on an infinitely 
small conductor. Any charge in the field at a distance j'i from the point () 
will repel the charge with a force ee,lr{‘. The charge e will experience a 
similar repulsion from every charge in the field, so that each repulsion will be 
proportional to e. 

The resultant of these forces, obtained by the usual rules for the com- 
position of forces, will be a force proportional to e — say a force Me in some 
direction OP. We define the electric intensity at 0 to be a force of which 
the magnitude is R, and the direction is OP. Thus 

The electric intensity at any point is given, in magnitude and direction, by 
the force per unit charge which would act on a charged particle picked at this 
point, the charge on the particle being supposed so small that the distribution 
of electricity on the conductors in the field is not affected by its presence. 

The electric intensity at 0, defined in this way, depends only the 
permanent field of force, and has nothing to do with the charge, or twsize, 
or even the existence of the small conductor which has been used to ffimi&in 
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the meaning of the electric intensity. There will be a definite intensity at 
eveiy point of the electric field, quite independently of the presence of small 
charged bodies. 

A small chaiged body might, however, conveniently be used for exploring 
the electric field and determining experimentally the direction of the electric 
intensity at any point in the field. For if we suppose the body carrying a 
charge e to be held by an insulating thread, both the body and thread being 
so light that their weights may be neglected, then clearly all the forces 
acting on the charged body may be reduced to two; — 

(i) A force Re in the direction of the electric intensity at the point 
occupied by e, 

(ii) the tension of the thread acting along the thread. 

For equilibrium these two forces must be equal and opposite. Hence the 
direction of the intensity at the point occupied by the small charged body is 
obtained at once by producing the direction of the thread through the charged 
body. And if we tie the other end of the thread to a delicate spring balance, 
we can measure the tension of the spring, and since this is numerically equal 
to Re, we should be able to determine if if e were known. We might in 
thi.s way determine the magnitude and direction of the electric intensity at 
any point in the field. 

In a similar war, a flf)at at the end of a fishing-line might be used to determine the 
strength and direction of tiie current at any jioint on a small lake. And, just as with the 
electric intensity, we should only get the true direction of the current by Bupi)osing the 
float to be of infinitesimal size. We could not imagine the direction of the current 
obtained by anclioring a battlc-ship in the lake, because the presence of the ship would 
disturb the whole system of curients. 

II. Lines of Force. 

31. Let us start at any point 0 in the electric field, and move a short 
distance OP in the direction of the electric intensity at 0. Starting from P 
let us move a short distance PQ in the direction of the intensity at P, 



and so on. In this way we obtain a broken path OPQR... hrmei ot 
a number of small rectilinear elements. Let us now pass to the limiting 
Le in which each of the elements OP. PQ. QR. 

The broken path becomes a continuous curve, and it has the 

at every poison it the electric intensity is m the direction of the tangent 
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to l^e curve et that point. Such a curve is called a Lone of Force. Wc 
maj therefore define a line of force as follows: — • 

' A Une of force is a cttrve in the dectrio field, swsk that the tangent at evet'y 
point is in tfte direction of the electric intensity at that point 

If we euppoee the motion of a charged particle to be eo much retarded by fHotional 
reeietance that it cannot acquire amy appreciable momentum, then a charged particle set 
free in the electric field would trace out a line of force, In the same way, we should hare 
lines of current on the snrfooe of a lake, such that the tangent to a Ime of current at any 
point coincided with the direoti<« of the current, and a small float set fine on the lake 
would describe a current-line. 


82. The resultant of a number of known forces has a definite direction, 
so that there is a single direction for the electric intensity at every point of 
the field. It follows that two lines of force can never intersect ; for if they 
did there would be two directions for the electric intensity at the point of 
intersection (namely, the two tangents to the lines of force at this point) so 
that the resultant of a number of known forces would be acting in two 
directions at once. An exception occurs, as we shall see, when the resultant 
intensity vanishes at any point. 

The intensity R may be regarded as compounded of three components 
X, Y, Z, parallel to three rectangular axes Ox, Oy, Os. 

The magnitude of the electric intensity is then given ly 

and the direction cosines of ito direction are 

X Y Z 
R’ R' R‘ 


These, therefore, are also the direction cosines of the tangent at x, y, t 
to the line of force through the point. The differential equation of the 
systeta. of lines of force is accordingly 


dx dy ds 


III. The Potential. 

83. In moving the small test-charge e about in the field, we may either 
have to do work against electric forces, or we may find that these forces 
will do work for us. A small charged particle which has been plaoed at a 
point 0 in the electric field may be regarded as a store of energy, this 
energy bmng equal to the work (positive or negative) which has been done 
in taking the charge to 0 in opposition to the repulsions and attractions of 
the iteld. The energy can be reckdmed ly allowing the particle to retrace 
its |lath. Assume the charge* on the moving partide to be so small that 
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the distribution of electricity on the conductore in the field is not affected 
by it. Then the work done in bringing the charge e to a point 0 is pro- 
portional to e, and may be taken to be Ve. The amount of work done will 
of course depend on the position firom which the charged particle started. 
It is convenient, in measuring Ve, to suppose that the particle started at a 
point outside the field altogether, t.c. fi-om a point so fiu" removed from all 
the charges of the field that their effect at this point is inappreciable — for 
brevity, we may say the point at infinity. We now define F to be the 
potential at the point 0. Thus 

The potenticU at any point in the field is the work per unit charge which 
hoe to be done on a charged pcvrtide to bring it to that point, the charge on the 
particle being suppoeed so small that the distribution of electricity on the 
conductors in the Jield is not affected by its presence. 

In moving the small charge e from x, y, z to x + dx, y + dy, z + dz, we 
shall have to perform an amount of work 

— (Xdx + Tdy + Zdz) e, 

so that in bringing the charge e into position at x, y, z fixim outside the field 
altogether, we do an amount of work 

— ej(Xdx+ Ydy + Zdz), 

where the integral is taken along the path followed by e. 

Denoting the work done on the charge e in bringing it to any point 
X, y, z va the electric field by Fe, we clearly have 

F t* — f {Xdx + Ydy + Zdz) (6), 

no 

giving a mathematical expression for the potential at the point x, y, z. 

The same result can be put in a different form. If ds is any element of 
the path, and if the intensity R at the extremity of this element makes an 
angle 6 with ds, then the component of the force acting on e when moving 
along ds, resolv^ in the direction of motion of c, is Re cos 6, Th© work 
done in moving e along the element ds is accordingly 

-Re cos Bds, 

so that the whole work in bringing e from infinity to x, y, z ia 

c*, r» 

— c I cos 

J OB 

and since this is equal, by definition, to Fe, we must have 

f*. t , « 


F 


R cos 6ds 


(7). 
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We see at once that the two expressions (6) and (7) jiist obtained for V 
are identical, on noticing that B is the angle between two lines of which the • 
direction cosines are respectively 

X Y z o ^ ^ 

R’ R 5i’ ds' 

We therefore have = + + 

R ds Rds Rds 

so that R cos 6ds = Xdx + Ydy + Zdz, 

and the identity of the two expressions becomes obvious. 

^ If the Theorem of the Conservation of Energy is true in the Electro- 
static Field, the work done in bringing a small charge e from infinity to any 
point P must be the same whatever path to P we choose. For if the 
_ amounts of work were different on two different paths, let these amounts 
be 1^6 and Vp'e, and let the former be the greater. Then by taking the 
charge from P to infinity by the former path and bringing it back by the 
latter, we should gain an amount of work {Vp - Vp) e, which would be 
contrary to the Conservation of Energy. Thus Vp and Vp must be equal, 
and the potential at P is the same, no matter by what path we reach P. 
The potential at P will accordingly depend only on the coordinates x, y, z 
of P, 

As soon as we introduce the special law of the inverse square, we shall 
find that the potential must be a single-valued function of x, y, z, as a 
consequence of this law (§ 39), and hence shall be able to prove that the 
Theorem of Conservation of Energy is true in an Electrostatic field. For 
the moment, however, we assume this. 

34. Let us denote by W the work done in moving a charge e from P 
to Q. In bringing the charge from infinity to P, we do an amount of woik 
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which by definition is equal to Vpe where Vp denotes the value of V at the 
point P. Hence in taking it from infinity to Q, we do a total amount of 
work T5> « + This, however, is also equal by definition to e. Hence 
we have 


or 


Vpe+ 

F = {Fq-Fp)s 


( 8 ). 
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36. Definition. A surface in the electric field such that at every point 
on it the potential has the same value, is called an Equipotential Surface. 

In discussing the phenomena of the electrostatic field, it is convenient to think of tiie 
whole field as mapped out by systems of equipotential surfaces and lines of force, just as 
in geography we think of the earth’s surface as divided up by parallels of latitude and of 
longitude. A more exact parallel is obtained if we think of the earth’s surface as mapped 
out by “contour-lines" of equal height above sea-level, and by lines of greatest elope. 
These reproduce all the properties of cquipotentials and lines of force, for in point of fact 
they are actual equipotentials and lines of force for the gravitational field of force. 

Theorem. Equipotential surfaces cut lines (f force at right angles. 

Let P be any point in the electric field, and let Q be an adjacent point 
on the same equipotential as P. Then, by definition, Vp = Vq, so that by 
equation (8) IF = 0, being the amount of work done in moving a charge e 
from P to Q. If R is the intensity at Q. and 6 the angle which its direction 
makes with QP, the amount of this work must be — Rt cos d x PQ, so that 

Re cos 0 = 0. 

Hence cos 0 = 0, so that the line of force cuts the equipotential at right 
angles. As in a former theorem, an exception has to be made in favour of 
the case in which R = 0. 


V 36. Instead of P, Q being on the same equipotential, let them now be 
on a lino parallel to the axis of x, their coordinates being x, y, z and x + dx, 
y. z respectively. In moving the charge e from P to Q the work done is 
- Xedx, and by equation (8j it is also (Fq — Fpje. Hence 

-Xdx=V,i-Vp. 

Since Q and P are adjacent, we have, from the definition of a differential 
coefficient, 

dV_V^-Vp_ 

dx dx 


hence we have the relations 

dV 


Y ’ XT o 


•( 9 ). 


results which are of course obvious on differentiating equation (6) with 
respect to x, y and z respectively. 

Similarly, if we imagine P, Q to be two points on the same line of force 
we obtain 

dV 


R = - 


ds’ 


where ^ denotes differentiation along a line of force. Since R is necessarily 

Oo 

dV 

positive, it follows that is negative, Y decreases as s increases, or tfaft 
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mieasity ia in the direction of V decreasing. Thus the lines of force run 
fitnu h^her to lower values of F, and, as we have already seen, out all 
equipotentials at right angles. 

37. At a point which is occupied by conducting material, the electric 
<diaiges, as has already been said, must be in equilibrium under the action of 
the forces from all the other charges in the field. The resultant force from 
all these charges on any element of charge e is however Re, so that we must 
have i? = 0 . Hence X = Y=Z — 0 , so that 

da; dy dz 

In other words, V must be constant throughout a conductor for electro- 
static equilibrium to be possible. And in particular the surface of a 
conductor must be an equipotential surface, or part of one. The equi- 
potential of which the surface of a conductor is part has the peculiarity 
of being three-dimensional instead of two-dimensional, for it occupies the 
whole interior as well as the surface of the conductor. 

lu the same way, in oousidwing the anal<^oua arrangement of contour-lines and lines 
of greatest slope on a map of the earth’s aurfaoe, we find that the edge of a lahe or sea 
most be a contour-line, but that in strictness this particular contour must be regarded as 
two-dimensional rather than one-dimensional, since it coincides with the whole surface of 
the lake or sea. 

If F is not constant in any conductor, the intensity is in the direction of 
V decreasing. Hence positive electricity tends to flow in the direction of V 
-decreasing, and negative electricity in the direction of F increasing. If two 
conductors in which the potential has different values are joined by a third 
conductor, the intensity in the third conductor will be in direction frnm 
the conductor at higher potential to that at lower potential. Electricity will 
flow through this conductor, and will continue to flow until the redistribution 
of potential cansed by the transfer of this electricity is such that the potential 
is the same at all points of the conductors, which may now be regarded as 
forming one single conductor. 

Thus although the potential has been defined only with reference to 
single points, it is possible to speak of the potential of a whole conductor. 
In fact, the mathematical expression of the condition that equilibrium shall 
be possible for a given system of charges is simply that the potential shall 
be constant throughout each conductor. And when electric contact is 
established between two conductors, either by joining them by a wire or by 
other means, the new condition for equilibrium which ia made necesaaiy by 
the new physical condition introduced, is simply that the potentials of the 
f;wo conductors shall be equal. 
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The earth is a conductor, and is therefore at the same potential through- 
out, In all practical applications of electrostatics, it will be legitimate to 
regard the potential of the earth as zero, a distant point on the earth’s 
surface replacing the imaginary point at infinity, with reference to which 
potentials have so far been measured. Thus any conductor can be reduced 
to potential zero by joining it by a metallic wire to the earth. 


Mathematical expressions of the Law of the Inverse Square, 

I, Values of Potential and Intensity. 

88. We now discuss the values of the potential and components of 
electric intensity when the space between the conductors Ls air, so that 
the electric forces are determined by Coulomb’s Law. 

If we have a single point charge Ci at a point P, the value of R, the 
resultant intensity at any point 0, is 

PO>' 

and its direction is that of PO. Hence if d is the angle between OP and 
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0&, the line joining 0 to an ac^acent point O', the work done in moving a 
charge e from 0 to 0' 

= eR cos ff . 00' 

•meR(pP-O'P) 

■■ — eRdr, 


where OP^r, 0'P = r + dr, Hence the work done against the repulsion 
of the charge in bringing e from infinity to O' by any path is 

— e 

where r, » O’P. 


fr~(/P fr 

I Rdr = — e| 
Jr-« J r‘ 


r=cyp , 


^-^dr 

?•» 


eei 

rx' 


If there are other charges St, Ci, ••• the work done against all the 
repulsions in bringing a charge e to O' will be the sum of terms such as the 


above^ snj 


rf^+5+5 

Vi »■. **• 
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■where r,, r„ are the distances from O' to e,, 63 , so that by definition 

7 = f»4.!2+^4. (10). 

n »■» n 


89. It is now clear that the potential at apy point depends only on the 
coordinates of the point, so that the work done in bringing a small charge 
from infinity to a point P is always the same, no matter what path we 
choose, the result assumed in § 33. 

It follows that we cannot alter the amount of energy in the field by 
moving charges about in such a way that the final state of the field is the 
same as the original state. In other words, the Conservation of Energy is 
true of the EHectrostatic Field. 


40. Analytically, let us suppose that the charge e, is at r,, y,, e, at 
4 ^, and so on. The repulsion on a small charge e at x, y, z resulUng 

from the presence of ei at r,, y,, r, is 



(x - Xyf + (y - .Vi)* + (« - r,)*' 

and the direction-cosines of the direction in which this force acts on the 
charge e, are 

g-ag V - 


[(x - r,)’ + (y - y,)’ -f- (r - ^i)’] * ’ t(® - + (i/ “ yi)* + (« - 

Hence the component parallel to the axis of a; is 

c,e (x — Xt) 


, etc. 


[(r - a;,)’ + (y - y,)“ + (a - 

By adding all such components, we obtain as the component of the 
electric intensity at x, y, z, 

e, (x - Xj) 


X = 2 

[(® -h (y - yi)’ + (z- Zi)‘>}^ 

and there are similar equations for Y and Z. 

We have as the value of V at x, y, z, by equation (6), 

V= — f (Xdx -f- Fdy + Zdz) 

J to ^ 

= _ l(x-x,)dx + (y-~ yi) dv + (z ~ z,) dz} 

J » [(» - x^y + (y- yiT + {z- 4!,)']* 


•( 11 ). 


giving the same result as equation ( 10 ). 
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41. If the electric distribution is not confined to points, we can imagine 
it divided into small elements which may be treated as point charges. For 
instance if the electricity is spread throughout a volume, let the charge on 
any element of volume dcc'dy'dz' be pdx dy'dz' so that p may be spoken of as 
the “ density ” of electricity at x, y', s!. Then in formula (11) jve can replace 
e, by pda^ dy'dz', and x,, yi, Zi, by x, y', z'. Instead of summing the charges 
e, , ... we of course integrate pdx dy'dz' through all those parts of the space 
which contain electrical charges. In this way we obtain 


X 



p{x — x') dx dy'dz 

- * )* + (y - y'y + (* - 


, etc., 


and 



pdx'dy'dz' 

x-x'y+(y- y'y + (z- 



These equations are one form of mathematical expression of the law of 
the inverse square of the distance. An attempt to perform the integration, 
in even a few simple cases, will speedily convince the student that the form 
is not one which lends itself to rapid progress. A second form of mathe- 
matical expression of the law of the inverse square is supplied by a Theorem 
of Gauss which we shall now prove, and it is this expression of the law which 
will form the basis of our development of electrostatical theory. 


II. Gattsi’ Theorem. 

42. Theorem. 1/ any closed surface is taken in the electric field, and 
if N denotes the component of the electric intensity at any point of this surface 
in the direction of the outward noimal, then 

jlxdS=iirE, 

where the integration extends over the whole of the surface, and E is the total 
charge enclosed by the surface. 

Let us suppose the charges in the field, both inside and outside the closed 
surface, to be c. at 7?, e, at H, and so on. The intensity at any point is 
the resultant of the intensities due to the charges separately, so that at any 
point of the surface, we may wnte 

+ (^ 2 ), 

where Nu N„ ... are the normal components of intensity due to e,. e,, ... 
separately. 

Instead of attempting to calculate jjNdS directly, we shall calculate 

separately the values of JfN^dS, jfx^dS, .... The value of JjEdS will, 
by equation (12), be the sum of these integrals. 

3 
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Let us any small element d8 of the closed surface in the neighbour- 
hood of a point Q on the surface and join each point of its boundary to the 
point Let the small cone so formed cut off an element of area dv from 



a sphere drawn through Q with 1} as centre, and an element of area du from 
a sphere of unit radius drawn about as centre. Let the normal to the 
closed surface at Q in the direction away from make an angle 0 with JJQ. 

The intensity at Q due to the charge s, at i? is e,/??Q* in the direction 
I^Q, so that the component of the intensity along the normal to the surface 
in the direction away from 1} is 


Cl A 

j^ooe^. 


The contribution to JJ^^dS from the element of surface is accordingly 

± ^,cos^dS, 


the + or — sign being taken according as the normal at Q in the direction 
away from ^ is the outward or inward normal to the surface 


Now cos ^ d<S is equal to da, the projection of dS on the sphere through Q 
having as centre, for the two normals to dS and da are inclined at an 
angle 0. Also da « For da, du are the areas cut off by the same 

cone on spheres of radii J^Q and unity respectively. Henoe 

^jCOB 0dS = = e,d». 

If Z? is inside the closed surface, a line from J? to any point on the unit 
sphere surrounding ^ may either cut the closed sur&ce only once as at 
Q (fig. 8) — in which case the normal to the surface at Q in the direction 
ocsoy from ^ is the outward normal to the surface — or it may cot three 
tinaes, as at O', Q", Qf " — in which case two of the normals away from li (those 
at Q, Q^' in fig. 8) are outward normals to the surface, while the third norma] 
away from I* (that at Q" in the figure) is ato inward normal — or it may 
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cut five, seven, or any odd number of times. Thus a cone through a small 
element of area da on a unit sphere about li may cut the closed surface any 
odd number of times. However many times it cuts, the first small area cut 

off will contribute eida to ffj^^dS, the second and third small areas if they 



occur will contribute —ejda and +e,da respectively, the fourth and fifth if 
they occur will contribute -e^da and +e^da respectively, and so on. The 
total contribution from the cone surrounding da is, in every case, +eida. 



Summing over all cones which can be drawn in this way through i? we obtain 

the whole value of j which is thus seen to be simply e, multiplied by 

the totd surface area of the unit sphere round i?, and therefore 47re,. 

3—2 
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On the other hand if ^ is outside the closed surface, as in fig. 9, the 
cone through any element of area dw on the unit sphere may either not cut 
the closed surface at all, or may cut twice, or four, six or any even number 
of times. If the cone through dto intersects the surface at all, the first pair 
of elements of surface which are cut off by the cone contribute — Bidu and 

+eidw respectively to J llT^dS The second pair, if they occur, make a similar 

contribution and so on. In every case the total contribution from any small 
cone through is nil. By summing over all such cones we shall include 
the contributions from all parts of the closed surface, so that if is outside 

the sur&ce Jjj^idS is equal to zero. 

We h^ve now seen that jjN^dS is equal to 4ire, when the charge c, is 

inside the closed surface, and is equal to zero when the charge Sj is outside 
the closed surface. Hence 


jjNdS^ jjN,dS + jjN,dS+ ... 

4w X (the sum of all the charges inside the surface) 
no AnrE, 

which proves the theorem. 


Obviously the theorem is true also when there is a continuous distribution 
of electricity in addition to a number of point charges. For clearly we can 
divide up the continuous distribution into a number of small elements and 
treat each as a point charge. 

dV 

Since N, the normal component of intensity, is equal by § 36 to — ^ , 

g 

where ^ denotes differentiation along the outward normal, it appears that 

TO 

we can also express Gauss’ Theorem in the form 

% 

Gauss’ theorem forms the most convenient method at our disposed, of 
expressing the law of the inverse square. 


We can obtain a preliminary conception of the physical meaning under- 
lying the theorem by noticing that if the surface contains no charge at all, 
the theorem expresses that the average normal intensity is nil If there i» 
a negative charge inside the sur&ce, the theorem shews that the average 
normal intensity is negative, so that a positively charged particle placed at 
a point on the imaginary surface will be likely to experience an attraction to 
the interior of the surface rather than a repulsion away from it, and vice 
vend if the surface contains a positive charge. 
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Corollaries to Oauaa' Theorem. 

48. Theorem. If a closed surface be drawn, such that every point on it 
is occupied by conducting material, the total charge inside it is nil. 

We have seen that at any point occupied by conducting material, the 
lelectrio intensity must vanish. Hence at every point of the closed surface, 

W = 0, so that ^ ®nid therefore, by Gauss’ Theorem, the total charge 

inside the closed surface must vanish. 

The two following special cases of this theorem are of the greatest 
importance. 

44. Theorem. There is no charge at any point which is occupied by con- 
ducting material, unless this point is on the surface of a conductor. 

For if the point is not on the surface, it will be possible to surround the 
point by a small sphere, such that every point of this sphere is inside the 
conductor. By the preceding theorem the charge inside this sphere is nil, 
hence there is no charge at the point in question. 

This theorem is often stated by saying : — 

The charge of a conductor resides on its surface. 

46. Theorem. If we have a hollow closed conductor, and place any 
number of charged bodies inside it, the charge on its inner surface will he equal 
in magnitude hut opposite in sign, to the total charge on the bodies inside. 

For we can draw a closed surface entirely inside the material of the 
conductor, and by the theorem of § 43, the whole charge inside this surface 
must be nil. This whole charge is, however, the sum of (i) the charge on the 
inner surface of the conductor, and (ii) the charges on the bodies inside the 
conductor. Hence these two must be equal and opposite. 

This result explains the property of the electroscope which led us to the 
conception of a definite quantity of electricity. The vessel placed on the 
plate of the electroscope formed a hollow closed conductor. The charge on 
the inner surface of this conductor, we now see, must be equal and opposite 
to the total charge inside, and since the total charge on this conductor is nU, 
the charge on its outer surface must be equal and opposite to that on the 
inner surface, and therefore exactly equal to the sum of the charges placed 
inside, independently of the position of these charges. 

The Cavendish Proof of the Law of the Inverse Square. 

46. We have deduced from the law of the inverse square, that the 
charge inside a closed conductor is zero. We shall now shew that the 
converse theorem is also true. Hence, in the known fact, revealed by the 
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observations of Cavendish and Maxwell, that the charge inside a dosed 
conductor is aero, we have experimental proof of the law of the inverse 
square which admits of much greater accuracy than the experimental proof 
of Coulomb. 

Hie theorem that if there is no chai^ inside a spherical conductor the 
law of force must be that of the inverse square is due to Laplace. We need 
consider this converse theorem only in its application to a spherical conductor, 
this being the actual form of conductor used by CavendisL The apparatus 
illustrated in fig. 10 is not that used by Cavendish, but is an improved 
form designed by Maxwell, who repeated Cavendish’s experiment in a more 
delicate form. 

Two spherical shells are fixed by a ring of ebonite so as to be concentric 
with one another, and insulated firom one another. 
Electrical contact can be established between the two 
by letting down the small trap-door B through which 
a wire passes, the wire being of such a length as just 
to establish contact when the trap-door is closed. The 
experiment is conducted by electrifying the outer 
shell, opening the trap-door by an insulating thread 
without discharging the conductor, afterwards dis- 
charging the outer conductor and testing whether any 
charge is to be found on the inner shell by placing it 
in electrical contact with a delicate electroscope by 
means of a conducting wire inserted through the trap- 
door. It is found that there are no traces of a charge 
on the inner sphere. 

47 . Suppose we start to find the law of electric 
force such that there shall be no charge on the inner 
sphere. Let us assume a law of force such that the repulsion between two 
charges e, e' at distance r apart is ee'<p(r). The potential, calculated as 
explained in § 33, is 

lej^tf>(r)dr (13), 

where the summation extends over all the charges in the field. 

Let us calculate the potential at a point inside the sphere doe to a charge 
F spread entirely over the surface of the sphere. If the sphere is of radius a, 
the area of its surface is 4m-a’, so that the amount of charge per unit area is 
JSj4f!ra*, and the expression for the potential becomes 

^ ^ If (J^ -.(W), 

the sammatioQ of expression (13) being now replaced by an intcigntioa which 
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extends over the whole sphere. In this expression r is the distance from the 
point at which the potential is evaluated, to the element a^sinddOd^ of 
spherical surface. 

If we agree to evaluate the potential at a point situated on the axis 0=0 
at a distance c from the centre, we may write 

r® = a* + c* — 2ac cos 0. 


Since c is a constant, we obtain as the relation between dr and dd, by 
differentiation of this last equation, 

rdr = ac sin 0d0 (15). 

If we integrate expression (14) with respect to <f>, the limits being of 
course <f) — 0 aud <f>=:2ir, we obtain 


'=^Ej ^ (r) drj sin 0 d0, 


or, on changing the variable from 6 to r, by the help of relation (15) 
^ / r . , . ,\rdr 




If we introduce a new function / (r), defined by 


/(^) = ^ (»■) 


we obtain as the value of V, 




If the inner and outer spheres are in electrical contact, their potentials 
are the same ; and if, as experiment shews to be the case, there is no charge 
on the inner sphere, then the whole potential must be that just found. This 
expression must, accordingly, have the same value whether c represents the 
radius of the outer sphere or that of the inner. Since this is true whatever 
the radius of the inner sphere may be, the expression must be the same for 
all values of c. We must accordingly have 

—£ =/(“ + c) -/ (« - c), 

where V is the same for all values of c. Differentiating this equation twice 
with respect to c, we obtain 

0=/"(a + c)-/"(a-c). 

Since by definition, y(r) depends only on the law of force, and not on a or o, 
it follows from the relation 

/"(rt + c) =/"(a-o), 
that y" (r) must be a constant, say C. 
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f(f) A + Br + ^CV*, 
fir) = J(/^ ^ (»•) 


Hence 

and by definition 

so that on equating the two values 

B + Cr = rj ^(r)dr. 

r* B 

Tlierefore J <f>(r)dr = C+- , 


or 




so that the law of force is that of the inverse square. 


48 . Maxwell has examined what charge would be produced on the inner 
sphere if, instead of the law of force being accurately B/r^, it were of the 
form Bfr*'*'^, where q is some small quantity. In this way he found that if q 
were even so great as , the charge on the inner sphere would have been 
too great to escape observation. As we have seen, the limit which Cavendish 
was able to assign to q was 

It may be urged that the form Bjt^'^i is not a sufficiently general 
law of force to assume. To this Maxwell has replied that it is the must 
general law under which conductors which are of different sizes but geometri- 
cally similar can be electrified similarly, while experiment shews that in point 
of feet geometrically similar conductors are electrified similarly. We may 
say then with confidence that the error in the law of the inverse square, if 
any, is extremely small. It should, however, be clearly understood that 
experiment has only proved the law jB/r* for values of r which are great 
enough to admit of observation. The law of force between two electric 
charges which are at very small distances from one another still remains 
entirely unknown to us. 


49 . 
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IXL The Equations of Poisson and Laplace. 

There is still a third way of expressing the law of the inverse 
square, and this can be deduced most readily from 
Gauss’ Theorem. 

Let us examine the small rectangular parallel- 
epiped, of volume dxdyds, which is bounded by 
the six plane faces 

fl: = f±Jcfe:, y=‘V±\dy, x = fijdr. 

We shall suppose that this element does not con- 
* tain any point charges of electricity, or part of 
any charged surface, but for the sake of generality 
we shall suppose that the whole space is charged 
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with a continuous distribution of electricity, the volume-density of electrifi- 
cation in the neighbourhood of the small element under consideration being 
p. The whole charge contained by the element of volume is accordingly 
pdxdydz, so that Gauss’ Theorem assumes the form 


I l^^dS = Asirpdxdydz (16), 


The surface integral is the sum of six contributions, one from each face of 
the parallelepiped. The contribution from that face which lies in the plane 
X3s^ — ^dx is equal to dydz, the area of the face, multiplied by the mean 
value of N over this face. To a sufficient approximation, this may be 
supposed to be the value of N at the centre of the face, i.e. at the point 
f — ^dx, 1 }, f, and this again may be written 

so that the contribution to JJ^dS from this face is 

Similarly the contribution from the opposite face is 

( + idx,v,S- 

the sign being different because the outward normal is now the positive axis 
of X, whereas formerly it was the negative axis. The sum of the contributions 
from the two faces perpendicular to the axis of x is therefore 

im 


im the 0 
- dydz 


— dydz 


KdxJ^ ,, {SxJ , ) 


.(17). 


aF 


The expression inside curled brackets is the increment in the function 

when X undergoes a small increment dx. 
that expression (17) can be put in the form 

S>F 


This we know is dx ^ 


— dxdydz. 


The whole value of is accordingly 

and equation (16) now assumes the form 

0>F a«F 0*F 
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This is known as Poisson’s Equation ; clearly if we know the value of the 
potential at every point, it enables us to find the charges by which this 
potential is produced. 


50. In free space, where there are no electric charges, the equation 
assumes the form 


8»F 9*7 

0a!* 9y» ^ ' 


.(19), 


and this is known as Laplace’s Equation. We shall denote the operator 

^ ^ ^ 

da^ 0y* 0a* 

1:^ V*, so that Laplace’s equation may be written in the abbreviated form 

V*F=0 (20). 


Equations (18) and (20) express the same fact as Gauss’ Theorem, but 
express it in the form of a differential equation. Equation (20) shews that 
in a region in which no charges exist, the potential satisfies a differential 
equation which is independent of the charges outside this region by which 
the potential is produced. It will easily be verified by direct differentiation 
that the value of V given in equation (10) is a solution of equation (20). 

We can obtain an idea of the physical meaning of this differential 
equation as follows. 


Let us take any point 0 and construct a sphere of radius r about this 
point. The mean value of V averaged over the surface of the sphere is 


> ^ JJf sin dddd^, 


where r, $, ^ are polar coordinates, having 0 as origin. If we change the 
radius of this sphere from r to r + dr, the rate of change of F is 


dV^ 

dr 



= 0, by Gauss' Theorem, 

shewing that 7 is independent of the radius r of the sphere. Taking r«»0, 
the value of F is seen to be equal to the potential at the origin 0. 

This gives the following interpretation of the differential equation ; 

V varies from point to point in such a way that the average valwe of V 
taken over any sphere surrounding any point 0 is equal to the value of V at 0. 
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Deductions fbom Law of Inverse Square. 

61 . Theorem. The potential cannot have a tnaximum or a minimum 
value at any point in apace which ia not occupied by an electric charge. 

For if the potential is to be a maximum at any point 0, the potential at 
every point on a sphere of small radius r surrounding 0 must ^ less than 
that at 0. Hence the average value of the potential on a small sphere 
surrounding 0 must be less than the value at 0, a result in opposition to 
that of the last section. 

A similar proof shews that the value of V cannot be a minimum. 


62 . A second proof of this theorem is obtained at once from Laplace’s 
equation. Regarding V simply as a function of x, y, z, a necessary condition 

for V to have a maximum value at any point is that — and — shall 

oar oy az'‘ 

each be negative at the point in question, a condition which is inconsistent 
with Laplace’s equation 

yF 0°F 
"ba? ^ by^ ^ bz^ 

So also for F to be a minimum, the three differential coefficients would 
have to be all positive, and this again would be inconsistent with Laplace’s 
equation. 


63. If F is a maximum at any point 0, which as we have just seen 

bV^ 
br 
dV 


must be occupied by an electric charge, then the value of ^ must be 


ffbV 

negative as we cross a sphere of small radius r. Thus j -^dS w negative 


where the integration is taken over a small sphere surrounding 0, and by 
Gauss’ Theorem the value of the surface integral is — 47re, where e is the 
total charge inside the sphere. Thus e must be positive, and similarly if F 
is a minimum, e must be negative. Thus : 


IfViaa maximum at any point, the point must he occupied by a positive 
charge, and if V is a minimum at any point, the point must be occupied by a 
negative charge. 


54 . We have seen (§ 36) that in moving along a line of force we are 
moving, at every point, from higher to lower potential, so that the potential 
continually decreases as we move along a line of force. Hence a line of 
force can end only at a point at which the potential is a minimum, and 
similarly by tracing a line of force backwards, we see that it can begin only 
at a point of which the potential is a maximum. Combining this result 
with that of the previous theorem, it follows that : 

Lines of force can begin only on positive charges, and can end only on 
negative charges. 
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It is of course possible for a line of force to begin on a positive charge, 
and go to infinity, the potential decreasing all the way, in which case the 
line of force has, strictly speaking, no end at all. So also, a line of force may 
come fixtm infinity, and end on a negative charge. 

Obviously a line of force cannot begin and end on 'the same conductor, 
for if it did so, the potential at its two ends would be the same. Hence there 
can be no lines of force in the interior of a hollow conductor which contains 
no chaiges ; consequently there can be no charges on its inner surface. 


Tvhea of Force. 

66. Let us select any small area dS in the field, and let us draw the 
lines of force through every point of the boundary of this small area. If 
dS is taken sufficiently small, we can suppose the electric intensity to be the 
same in magnitude and direction at every point of dS, so that the directions 
of the lines of force at all the points on the boundary will be approximately 
all parallel. By drawing the lines of force, then, we shall obtain a “ tubular ” 
surface — t.e., a surface such that in the neighbourhood of any point the 
surface may be regarded as cylindrical The surface obtained in this way 
is called a “ tube of force.” A normal croas-section of a " tube of force ” is a 
section which cuts all the lines of force through its boundary at right angles. 
It therefore forms part of an equipotential surface. 


56. Theokebl 1/ «i, be the areas of two normal cross-sections of the 
same tube of force, and Ri, i2, the intensities at these sections, then 

R’lWi — 

Consider the closed surface formed by the two cross-sections of areas 

a),, «», and of the part of the tube of force 
joining them. There is no charge inside this 

surface, so that by Gauss’ theorem, jJlf^dS = 0. 

If the direction of the lines of force is from 
to then the outward normal intensity 
over a>, is Rg, so that the contribution from this 
area to the surfoce integral is So also 

over a>, the outward normal intensity is — JR„ so that gives a contribution 
— Ritoi. Over the rest of the surface, the outward normal is perpendicular to 
the electric intensity, so that and this part of the surface contributes 

nothing NdS. The whole value of this integral, then, is 

RgWg — RgfOi, 

and sinee this, as we have seen, must vanish, the theorem is proved. 
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67. CouiX)Mi?’s Law. If R is the outward intensity at a point just 

outside a conductor, then R = 4irff, where a is the surface density of electri- 

fication on the conductor. 

We have already seen that the whole electrification of a conductor must 
reside on the surface. Therefore we no longer deal with a volume density 
of electrification p, such that the charge in the element of volume dxdydz is 
p dxdydz, but with a surface-density of electrification a such that the charge 
on an element dS of the surface of the conductor is adS. 

The surface of the conductor, as we have seen, is an equipotential, so that 
by the theorem of p. 29, the intensity is in a direction normal to the 

surface. Let us draw perpendiculars to the surface at every 

point on the boundary of a small element of area dS, these per- 
pendiculars each extending a small distance into the conductor 
in one direction and a small distance away from the conductor 
in the other direction. We can close the cylindrical surface so 
formed, by two small plane areas, each equal and parallel to the 
original element of area dS. Let us now apply Gauss’ Theorem 
to this closed surface. The normal intensity is zero over every 
part of this surface except over the cap of area dS which is 
outside the conductor. Over this cap the outward normal in- 
tensity is R, so that the value of the surface integi*al of normal 
intensity taken over the closed surface, consists of the single term RdS. 
The total charge inside the surface is odS, so that by Gauss’ Theorem, 

RdS = 4arodS (21), 

and Coulomb’s Law follows on dividing by dS. 

68. Let us draw the complete tube of force which is formed by the 
lines of force starting from points on the boundary of the element dS of the 
surface of the conductor. Let us suppose that the surface density on this 
element is positive, so that the area dS forms the normal cross-section at 
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the positive end, or beginning, of the tube of force. Let us suppose that at 
the n^ative end of the tube of force, the normal cross-section is dS', that 
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the snrfaoe density of eleotrificfttion is or, a' being of course negative, and 
that the intensity in the direction of the lines of force is Bf. Then, as in 
equation (21), 

^ R’dS’^-Am-a'dS', 


since the outward intensity is now — R'. 

Since R, R are the intensities at two points in the same tube of force 
at which the normal cross-sections are dS, dS', it follows from the theorem 
of I 56, that 

RdS = R’dS' 


and hence, on comparing the values just found for RdS and RdS', that 

ffdS^-a'dS’. 


Since adS and adS' are respectively the charges of electricity from which 
the tube begins and on which it terminates, we see that : 

The negative charge of electricity on which a tube of force terminates is 
numerically equal to the positive charge from which it starts. 


If we close the ends of the tube of force by two small caps inside the 
oonductors, as in fig. 14, we have a closed surface such that the normal 
intensity vanishes at eveiy point. Thus, by Gauss’ Theorem, the total 
charge inside must vanish, giving the result at once. 


69 . The numerical value of either of the charges at the ends of a 
tube of force may conveniently be spoken of as the strength of the tube. A 
tube of unit strength is spoken of by many writers as a unit lube of fwrce. 

The strength of a tube of force is adS in the notation already used, and 

this, by Coulomb’s Law, is equal to ^ RdS where R is the intensity at the 

end dS of the tube. By the theorem of § 56, RdS is equal to £,(», where 
Ri, 01 are the intensity and cross-section at any point of the tube. Hence 
= 47r times the strength of the tube. It follows that : 

The intensity at any point is equal to times the aggregate strength per 
unit area of the tubes which cross a plane drawn at right angles to the 
Erection of the intensity. 

•A" 

In terms of unit tubes of force, we may say that the intensity is 47r 
times the number of unit tubes per unit area which cross a plane drawn at 
right angles to the intensity. 

The conception of tubes of force is due to Faraday: indeed it formed 
almost his only instrument for picturing to himself the phenomena of the 
filei^ac Field. It will be found that a number of theorems connected with 
eiecteic field become almost obvious when interpreted with the help of 
jtlm cwmeption of tubes of foroe. For instance we proved on p. 87 that 
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irben a number of charged bodies are placed inside a hollow conductor, they 
induce on its inner surface a charge equal and opposite to the sum of all 
their charges. This may now be regarded as a special case of the obvious 
theorem that the total charge associated with the beginnings and termi- 
nations of any number of tubes df force, none of which pass to mhnity, must 
be nil. 


Examples of Fields of Force. 

60. It will be of advantage to study a few particular fields of electric 
force by means of drawing their lines of force and equipotential surfaces. 


L Two Equal Point Charges. 


61. Let A, B he two equal point charges, say at the points « = — a, +a 
The equations of the Imes of force which are in the plane of x, y are 
easily fisund to be 


dx X 




where P is the point <r, y. 


This equation admits of integration in the form 


IE -t- a 

Ta 


x — a 

-h = cons. 


( 22 ), 





From this equation the lines of force can be drawn, and will be found to lie 
as in fig. 15. 


62 There are, however, only a few cases in which the diSierential 
equations of the lines of force can be integrated, and it is frequently simplest 
to obtain the properties of the lines of force directly from the differential 
equation. The followmg treatment illustrates the method of treating lines 
of force without integrating the difierential equation 

From equation (22) we see that obvious lines of force are 

(i) y«=0, ^^ = 0, giving the axis AB, 

osc 

(ii) a; = 0. PA^PB, ^ = oo, givmg the line which bisects jIB at 

OX 

right angles. 

These lines intersect at C, the middle point of AB. At this point, then, 
^ has two values, and since = it follows that we must have Z = 0, 

F- 0, In other words, the point (7 is a point of equilibrium, as is otherwise 
•obvioua 
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The same result can be seen in another way. If we start from A and 
draw a small tube surrounding the line AB, it is clear that the cross-section 
of the tube, no matter how email it was initially, will have become infinite 
by the time it reaches the plane which bisects 45 at right angles — in fact 
the cross-section is identical with the infinite plane. Since the product of 
the cross-section and the normal intensity is constant throughout a tube, it 
follows that at the point C, the intensity must vanish. 



At a great distance 5 from the points A and 5, the fraction 

P5* - PA* 

PB* + PA* 

vanish^ to the order of 1 /R, so that 

V 7 

da:~X’ 

except for terms of the order of 1/5*. Thus at infinity the lines of force 
become asjmaptotic to straight lines passing through the origin. 

Let ns suppose that a line of force starts from A making an angle 6 with 
BA produced, and is asymptotic at infinity to a line through C which makes 
an angle ^ with BA produced. By rotating this line of force about the 
axis AB we obtain a surface which may be regarded as the boundary of 
a bundle of tubes of force. This surface cuts off an area 

2‘ir (1 — cos $) 1 * 
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from ft small sphere of radius r drawn about A, and ftt every point of 
this sphere the intensity is c/r* normal to the sphere. The surface again 
cuts off an area 

2Tr (1 - cos <^) jB* 

from a sphere of very great radius R drawn about C, and at every point 
of this sphere the intensity is 2e/iJ’. Hence, applying Gau.ss’ Theorem 
to the part of the field enclosed by the two spheres of radii r and iJ. 
and the surface formed by the’ revolution of the line of force about AB, 
we obtain 

27r (1 — cos tf) »•* X ^ — 2Tr (1 — cos <f>) R' X ^ = 0, 

from which follows the relation 

sin J 5 sin ^ <f>. 

In fsirticular, the line of force which loaves d. in a direction jierpcndicular 
to .di? is bent through an angle of 30° before it reaches its asymptote at 
infinity. 

The sections of the equipotentials made by the plane of for this case 
are shown in fig. 16 which is drawn on the same scale as fig. 15. The equa- 
tions of these curves are of course 

carves of the sixth degree. The equipotential which passes through C is 
of interest, as it intenn'cts itself at the point C. This is a necessary conse- 
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quence of the fact that C is a point of equilibrium, 
for a point of equilibrium, namely 





Indeed the conditions 


may be intt'rpreted as the condition that the equipotential (F"* constant) 
through the point should have a double tangent plane or a tangent oone at 
the point. 
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11. Point charges + e, 

63. Let charges ± e be at the points «= + a {A, B) respectively. The 
differential equations of the lines of force are found to be 

F 

d(e~ X 

and the integral of this is 

X + a X — a 
The lines of force are shewn in fig. 17. 
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m. Electric Doublet 

64. An important case occurs when we have two large charges e,—e, 
equal and opposite in sign, at a small distance apart. Taking Cartesian 
coordinates, let us suppose we have the charge + e at a, 0, 0 and the cliurgc 
— e at — a, 0, 0, so that the distance of the charges is 2a. 

The potential is 

e e 

— a)* + y* + z’ V(ie + + y’ + i* ’ 

and when a is very small, so that squares and higher powers of a may be 
neglected, this becomes 

2eax 

(x‘ + y* + 

If a is made to vanish, while e becomes infinite, in such a way that 
Sen retains the finite value /t, the system is described as an electric 


' TF&TTaK' 
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ilonblet of strength n having for its direction the positive axis of at. Its 
potential is 

fix 

(*“ + ?/’ + 



bivi la 

or, if we turn to polar coordinates and ^\rite x = rcos 0, is 

ft cos 0 (24Y 

“»•* ' 

The lines of force are shewn in fig. 18. Obviously the lines at the 
centre of this figure become idmUical with those shewn m fig. 17. if the 
latter we shrunk indefinitely in sire. 


4-2 
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IV. Point charges + 4e, — 

66. Fig. 19 represents the distribution of the lines of force when the 
electric field is produced by two point charges, + 4e at jI and —e&tJi. 

At infinity the resultant force will be 3e/r*, where r is the distance from 
a point near to A and B. The direction of this force is outwards. Thus no 
lines of force can arrive at B from infinity, so that all the lines of force 
which enter B must come from A. The remaining lines of force from A go 
to infinity. The tubes of force from A to B form a bundle of aggregate 



strength «, while those from A to infinity have aggregate strength 3e. The 
two bundles of tubes of force are separated by the lines of force through C. 
At C the direction of the resultant force is clearly indeterminate, so that C 
is a point of equilibrium. As the condition that C7 is a point of equilibrium^ 
we have 

AG* BC* 

So that AB = BC. At C the two lines of force from A coalesce and then 
separate out into two distinct lines of force, one from (7 to if, and the other 
from C to infinity in the direction opposite to CB. 

The equipotentials in this field, the system of curves 

4 1 

PA PB “ 

are represented in fig. 20, which is drawn on the same scale as fig. 19. 
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Since C is a point of equilibrium the equipptential through the point C 
must of course cut itself at G. At C the potential 

4)e c e 
CA~GB~'XB' 

since CA^2CB. From the loop of this equipotential which surrounds B, 
the potential must fall continuously to — oo as we approach B, since, by the 
theorem of § 61, there can be no maxima or minima of potential between 
this loop and the point B. Also no equipotential can intersect itself since 
there are obviously no points of equilibrium except 0. One of the inter- 



Piu. 20 


mediate equipotentials is of special interest, namely that over which the 
potential is zero. This is the locus of the point P given by 

J-.J-.O 

PA PB ’ 

and is therefore a sphere. This is represented by the outer of the two 
closed curves which surround B in the figure. 

In the same way we see that the other loop of the equipotential through 
C must be occupied by equipotentials for which the potential rises steadily 
to the value +ao at A. So also outside the equipotential through C, the 
potential falls steadily to the value zero at infinity. Thus the zero equi- 
potential consists of two spheres — the sphere at infinity and the sphere 
«anx>unding B which has already been mentioned. 
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surrounding the former equipotential, and finally reducing to circles at in- 
finity. The curves drawn correspond to potentials ^ and — 

a a a ’ a ' 

There remains the region between the point D and the equipotential — . 

A 

At I) the potential is so that the potential falls as we recede from the 
3'04 

equipotential — ^ and reaches its minimum value at D. The potential at 

D is of course not a minimum for all directions in space; for the potential 
increa-ses as we move away from D in directions which are in the plane 
ABL, but obviously decreases as we move away from 2) in a direction per- 



pendicular to this plane. Taking D as origin, and the plane ABC ns plane 
of a;y, it will be found that near D the potential is 

Thus the equipotential through D is shaped like a right circular cone in 
the immediate neighbourhood of the point D. From the equation just 
found, it is obvious that near D the sections of the equipotentials by the 
plane ABC will be circles surrounding D. 
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From a study of the section of the equipotentials as shewn in fig. 21, it is 
easy to construct the complete surfeces. We see that each equipotential for 
which F has a very high value consists of three small spheres surrounding the 
points A, B, G, For smaller values of F, which must, however, be greater 

than , each equipotential still consists of three closed surfaces surround- 

ing A, B, C, but these surfaces are no longer spherical, each one bulging out 
towards the point D. As V decreases, the surfaces continue to swell out, 
3*04* 

until, when V — , the surfaces touch one another simultaneously, in a 

a 

way which will readily be understood on examining the section of this equi- 
potential as shewn in fig. 21. It will be seen that this equipotential is 
shaped like a flower of three petals from which the centre has been cut away. 

3 

As F decreases further the surfaces continue to swell, and when ^ 

space at the centre becomes filled up. For still smaller valiie.s of F the 
equipotentials are closed singly-connected surfaces, which finally become 
spheres at infinity corresponding to the potential F= 0. 

The sections of the equipotentials by a plane through DA perpendicular 
to the plane ABC are she\vn in fig. 22. 


Special Properties of Equipotentials and Ltjjes of Force. 

The Equipotentials and Lines of Force at infinity. 

67. In § 40, we obtained the general equation 

F=2 j. 

[(a: - + (y- yif + (e - 

If r denotes the distance of x, y, z from the origin, and r, the distance of 
a-,, y, , ^ 1 , from the origin, we may write this in the form 

]/ _ V fi 

[/•” - 2 {xx^ yy, + zzf) + 

At a great distance from the origin this may be expanded in descending 
powers of the distance, in the form 

17- V i 1 , + yyi + ^^1.3 + yyi + irr , } 

+2 'ri 2;^ + -}' 

The term of order - is ~ , 
r r 

The term of order p i® ^ Scj (a:®, + yy^ + xAj). 
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If the ongin js taken at the centroid of e, at x„ y„ z^, e, at x„ y„ z,. etc. 
we have 

= 0, Se, 3 /, = 0, Se^ 2 , '= 0. 

Thus by taking the origin at this centroid, the term of order - will 
disappear. 

The term of order -- is 


3 , 1 

le, (tt, + yy, + 22 , )t _ _ 


Let A, B, G, be the moments of inertia about the axes, of e, at x,, y„ z^, 
etc., and let 1 be the moment of inertia about the line joining the origin to 
X, y, z \ then 

Se,r.'^ =1^{A+B + C), 

(.ra, + yy, + p = (Sg, - I), 

and the terms of order \ become 
1 -^ 

A+B+C-‘SI 

•2r> 

Thus taking the centroid of the charges as origin, the potential at a great 
distance from the origin can be expanded in the form 


r 


A + B + c-sr 

2r> 


Thus except when the total charge le vanishes, the field at infinity is 
the same as if the total charge Se were collected at the centroid of the 
charges. Thus the equipotentials approximate to spheres having this point 
as centre, and the asymptotes to the lines of force are radii drawn through 
the centroid. These results are illustrated in the special fields of force 
considered in ^ til — tifi. 


The Lines of Force from collinear charges. 

68 . When the field is produced solely by charges all in the same straight 
line, the equipotentials arc obvdously surfaces of revolution about this line, 
while the lines of force lie entirely in planes through this line. In this 
important case, the equation of the lines of force admits of direct integration. 

Let 7?, P, be the positions of the charges e„e^,e, Let Q, Q' 

he any two adjacent points on a line of force. Let F be the foot of the 
perpendicular from Q to the axis PP and let a circle be drawn perpen- 

dicular to this axis with centre X and radius QN. This circle subtends 
at P a solid angle 


27r (1 — cos 61 ), 
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where 6^ is the angle QffiV. Thus the surface integral of normal force 
arising from taken over the circle is 

27re, (1 — cos ^,) 

and the total surface integral of normal force taken over this surface is 

2Tr2e, (1 — cos 

If we draw the similar circle through O', we obtain a closed surface 
bounded by these two circles and by the surface formed by the revolution 



of QQ'. This contains no electric charge, so that the surface integral of 
normal force taken over it must be nil. Hence the integral of force over 
the circle QiV must be the same as that over the similar circle drawn 
through Q'. This gives the equations of the lines of force in the form 

(integral of normal force through circle such as Qilf) = constant, 
which as we have seen, becomes 

2e, cos = constant. 

Analytically, let the point i? have coordinates a,, 0, 0, let I\ have 
coordinates Oj, 0, 0, etc. and let Q be the point a;, y, z. Then 

^ X Xy 

cos 6 1 = ;■ ■ =— , 

\(x — a:,)’ + y* + r® 

and the equation of the surfaces formed by the revolution of the lines of 
force is 

V L. i. 

Z — ■■ ■ > = constant. 

V(a:- ar,)» + 3/*+ 

It will easily be verified by differentiation that this is an integral of the 
differential equation 


Y 
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Equipoientials which intersect themselves. 

69 . We have seen that, in general, the equipotential through any point 
of equilibrium must intersect itself at the point of equilibrium. 

Let X, y, ^ be a point of equilibrium, and let the potential at this point be 
denoted by V„. Let the potential at an adjacent point x + ^, y -i- 1 ], z + he 
denoted by By Taylor’s Theorem, if /(x, y, z) is any function of 

X, y, z, we have 


+ ... 


where the differential coefficients of f are evaluated at x, y, z. Taking 
/’(a:, y, z') to be the potential at x, y, z, this of course being a function of the 
variables x, y, z, the foregoing equation becomes 


If X, y, z is & point of equilibrium. 




c^v d^v 
^ ~ + 

ox^ ox ay 




dx dy dz ’ 


so that F< ,,f=K+i(r|^ + 2ry^ + ...). 

Keferred to x, y, z as origin, the coordinates of the point x + y+v, 
z + f become y, and the equation of the equipotential V — C becomes 


C 




S‘F ?=F 




In the neighbourhood of the point of equilibrium, the values of f, y, f are 
small, so that in general the terms containing powers of f, y, f higher than 
squares may be neglected, and the equation of the equipotential F=(7 
becomes 

22 1,- 2» T7 

= 2(C-K). 


V + 2^? + •• 


In particular the equip<itential F= F becomes identical, in the neighbourhood 
of the point of equilibrium, with the cone 

f»^+ 2 f 27 ^ + ...=0. 

* dx^ ^ da cy 

Let this cone, referred to its princip.il axes, become 

ae'-' + 6>r + <’ = 0 (26). 

then, since the sum of the coefficients of the squares of the variables is an 
invariant, 

c*F^0»F e>F 
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Now o + 6 + c = 0 is the condition that the cone shall have three per- 
pendicular generators. Hence we see that at the point at which an 
equipotential cuts itself, we can always find three perpendicular tangents to 
the equipotential. Moreover we can find these perpendicular tangents in an 
infinite number of ways. 

In the pai’ticular case in which the cone is one of revolution {e.g,, if the 
whole field is symmetrical about an axis, as’ in figures 16 and 20), the 
equation of the cone must become 

f • + - 2r* = 0, 

where the axis of is the axis of symmetry. The section of the efpiipotential 
made by any plane through the axis, say that of f 'f', must now become 

f'»_2p = 0 

in the neighbourhood of the point of equilibrium, and this shews that the 
tangents to the equipotentials each make a constant angle tan“' (= 54° 44') 
with the axis of symmetry. 

In the more general cuses in which there is not symmetry about an axis, 
the two branches of the surface will in general intersect in a line, and the 
cone reduces to two planes, the equation being 

of'’ + bij'* = 0, 

where the axis of f ' is the line of intersection. We now have a b = 0, so 
that the tangent planes to the equipotential intersect at right angles. 

An analogous theorem can be proved when n sheets of an equipotential 
intersect at a point. The theorem states that the n sheets make equal 
angles w/n with one another. (Rankin’s Theorem, see Maxwell’s Electricity 
and Magnetism, § 115, or Thomson and Tait’s Natural Fhilosophy, § 780.) 

70. A conductor is always an equipotential, and can be constructed so as 
to cut itself at any angle we please. It will be seen that the foregoing 
theorems can fail either through the a, b and c of equation (2||) all vanishing, 
or through their all becoming infinite. In the former case the potential near 
a point at which the conductor cuts itself is of the form (cf equation (25)), 

so that the components of intensity are of the forms 



The intensity near the point of equilibrium is therefore a small quantity .of 
the second order, and since by Coulomb’s Law R = ^ira, it follows that the 
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surface density is zero along the line of intersection, and is proportional to 
the square of the distance from the line of intersection at adjacent points.. 

If, however, a, b and c are all infinite, we have the electric intensity also 
infinite, and therefore the surface density is infinite along the line oi inter- 
section. 

It is clear that the surface density will vanish when the conducting 
surface cuts itself in such a way that the angle less than two right angles 
is external to the conductor; and that the surface density will become 
infinite when the angle greater than two right angles is external to the 
conductor. This becomes obvious on examining the arrangement of the 
lines of force in the neighbourhood of the angle. 



Fio. 24. Angle gir**-- than tvo right unglee external to eondactor. 



Ro. 26. Angle imt than two right angles external to eondnotor. 


71 The arrangement shewn in fig. 25 is such as will be found at the 
point of a lightning conductor. The object of the Ughtning conductor w 
to ensure that the intensity shall be greater at its point than on any 
of the buildings it is designed to protect The discharge will therefore take 
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plaoe from the point of the lightning conductor sooner than from any part of 
the building, and by putting the conductor in good electrical communication 
'with the earth, it is possible to ensure that no harm shall be done to the 
main buildings by the electrical discharge. 

An application of the same principle will explain the danger to a human 
being or animal of standing in the open air in the presence of a thunder cloud, 
■or of standing under an isolated tree. The upward point, whether the head 
■of man or animal, or the summit of the tree, tends to collect the lines of force 
which pass fix)m the cloud to the ground, so that a discharge of electricity 
will take place from the head or tree rather than trom the ground. 



72. The property of lines of force of clustering together in this way is 
utilised also in the manufacture of electrical instruments. A cage of wire is 



Fra. 27. 


placed round the instrument and almost all the lines of force from any 
charges which there may be outside the instrument will cluster together on 
the convex surfaces of the wire. Very few lines of force escape through this 
cage, so that the instrument inside the cage is hardly affected at all by any 
■electric phenomena which may take place outside it Fig. 27 shews the 
way 'in which lines of force are absorbed by a wire grating. It is drawn to 
represent the lines of force of a uniform field meeting a plane grating placed 
.at right angles to the field of force. 
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The protection of a wire cage is not adequate for the most sensitive in- 
struments, and it is usual to enclose them entirely in a metal case, except 
only for one small window through which readings can be taken. When this 
arrangement is adopted, no lines of force at all can pass from external charges 
to the instrument inside the metal case except for an infinitesimal number 
passing through the window. Lint's of force which encounter the case termi- 
nate on it without in any way affecting the electric field inside, and the in- 
strument is almost perfectly screened from any external electric field. (Cf. 5 114 
below.) 


EXAMPLES. 

1. Two particles each of mass m and charged with e units of electricity of the same 
sign are suspended by strings each of length a from the same point ; prove that the 
inclination 6 of each string to the vertical is gi\en by the equation 

sin* ^ = e* oos 6. 

2. Chargee -t4f, — « are jilaced at the points A, 1$, and Cis the point of equilibrium. 
Prove that the line of force m Inch passes through C meets AB aX an angle of 60° at A ^d 

1 aj. right angles at C. 

3. Find the angle at A (question 2) between AB and the hue of force which leaves B 
at right angles to AB. 

yi. Two iKisitive charges «] and are placed at the points A and B respectively 
Shew that the tangent at mliiuty to tlie line of force which starts from «i making an angle 
a with BA produced, makes an angle 

■with BA, and passes through the point C’ in AB such that 

AC 

/s. Point charges +e, — sare placed at the points -4, B, The line of force which leaves 
A making an angle a with AB meets the plane which bisects AB at right angles, lu P . 
Shew that 

, a 

8in2=V2 sin-^. 

8. If any closed surface be drawn not enclosing a charged body or any part of one, 
show that at every (Kiint of a certain closed line on the surface it intersects the equi- 
poteutial surface through the point at right angles. 

7. The potential is given at four points near each other and not all in one plane. 
Obtain an approximate coustruotiou for the direction of the field in their neighbourhood. 
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8 . The potentiete at the four cornens of a amall tetrahedron A, B, C, D m Vu Vj, 
n, Vi reapesctiT^lf. O is the centre of gravity of masses Mi bA A, i/« at B, Mt at 
Jft at />, Shew that the potential at O is 

MxVi± 


9. Charges 3«, -«j -a sire placod at C respectively, where B is the middle 

point of AC. Draw a rough diagram of the lines of force; shew that a line of force which 
starts from A making an angle a with d5>oo8~*( — J) will not reach B or <7, and shew 
that the asymptote of the line of force for which n^oos"* ( - f) is at right angles to 


10. If there are three electrified points A, B, 0 in h straight line, such that AC •«/, 

BC»=y, and the charges are a, and Va respectively, shew that there is always a 
Jt 

spherical equipotential surface, and discuss the position of the points of equilibrium on 
the line when l^=a and when J'«=er^ — ^ 4 . 

if- ay if+ay 


11. A and Care spherical conductors with charges a+a* and —a respectively. Shew 
that there is either a point or a line of equilibrium, depending on the relative size and 
positions of the spheres, and on a'/a. Draw a diagram for each case giving the lines of 
force and the sections of the e<iu (potentials by a plane through the centres. 


12. A.n electrified body is placed in the vicinity of a conductor in the form of a 
surface of anticlastic curvature. Shew that at that point of any line of force passing from 
the body to the conductor, at which the force is a minimum, the principal curvatures of 
the equipoteotial surface are equal and opposite. 

^ 13, Shew that it is not possible for every family of non -intersecting surfaces in fiee- 
space to be a f.imily of equipotentiols, and that tbe oonditioD that the family of surfaces 

/{X, jr.y, r)=0 

shall be capable of being equipotentiala is that 


S*X 0^ 

T^yTTwTT^ 

\3x/ \^/ \dt) 


shall be a fanction of X only. 



In the last question, if the condition is satisfied find the potential 
Shew that tbe oonfocal ellipsoids 

aHX^ep*-PX^?+X * 


can farm a system of eqnipotentials, and express the potential as a function of X. 

®'" Ifi. If two charged concentric shells be connected by a wire, the inner one is wholly 
. 1 

prove that tbov would be a charge B on the 

Such that if A wese the charge on the out«r shell, and /, g the sum and difibr- 
inser f*® radii, 

^ pc e of 


A-1_ 


- Ap {(J-g) log {fA-g) -/Ic^Z+p'logp} 
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^n. Three infinite parallel wires cut a plane perpendicular to them in the angular 
points A, B, C of an equilateral triangle, and have charges e, e, ~e' per unit length 
respectively. Prove that the extreme lines of force which pass from, d to C make at 

starting angles — ^ — *• and - ■■ ir with AC, provided that 


Oe 


18. A negative point charge — Sj lies between two positive point charges e, and Cj on 
the line joining them and at distances a, /9 from them respectively. Shew that, if the 
magnitudes of the charges are given by 


«! 


€3 

a a + 0 


, and if 1<X*< 



there is a circle at every point of which the force vanishes. Determine the general form 
of the equipotential surface on which this circle lies. 


19. Charges of electricity e,, —e^, es, {e 3 >ei) are placed in a straight line, the 
negative charge being midway between the other two. Shew that, if 4ej lie between 
and the number of unit tubes of force that pass from <2 to ej is 

4 (Cl + <.'3 - cji + ~ ' ej - e,*) (ej* 

4 z 


j. 


5 



CHAPTER III 


CONDUCTORS AND CONDENSERS 

73. By a conductor, as previously explained, is meant any body or 
system of bodies, such that electricity can flow freely over the whole. When 
electricity is at rest on such a conductor, we have seen (§ 44) that the charge 
will reside entirely on the outer surface, and (§ 37) that the potential will 
be constant over this surface. 

A conductor may be used for the storage of electricity, but it is found 
that a much more efficient arrangement is obtained by taking two or more 
conductors — generally thin plates of metal — and arranging them in a certain 
way. This arrangement for storing electricity is spoken of as a “con- 
denser.” In the present Chapter we shall discuss the theory of single 
conductors and of condensers, working out in full the theory of some of the 
simpler cases. 


y CONDUCTOIUS. 

A Spherical Conductor. 

74. The simplest example of a conductor is supplied by a sphere, it 
being supposed that the sphere is so far removed from all other bodies that 
their influence may be neglected. In this case it is obvious from symmetry 
that the charge will spread itself uniformly over the surface. Thus if e is 
the charge, and a the radius, the surface density a is given by 

total charge e 

total area of surface 47ra' ’ 

The electric intensity at the surface being, as we have seen, equal to 
47r«7’, is «/a’. 

From symmetry the direction of the intensity at any point outside the 
sphere must be in a direction passing through the centre. To find the 
amount of this intensity at a distance r from the centre, let us draw a sphere 
of radius r, concentric with the conductor. At every point of this sphere 
the amount of the outward electric intensity is by symmetry the same, say R, 
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and its direction as we have seen is normal to the surface. Applying Gauss' 
Theorem to this sphere, we find that the surface integral of normal intensity 



becomes simply B. multiplied by 


the area of the surface 471^*, so that 


^irr-R — 4nre, 


or 



This becomes efa* at the surface, agreeing with the value previously 
obtained. 


Thus the electric force at any point is the same as if the charged sphere 
wore replaced by a point charge e, at the centre of the sphere. And, just 
as in the case of a single jxjint charge e, the potential at a point outside the 
sphere, distant r from its centre, is 





so that at the surface of the sphere the potential is - 


Inside the sphere, as has been proved in | 37 , the potential is constant, 
and therefore equal to c/a, its value at the surface, while the electric intensity 
vanishes. 


As we gradually charge up the conductor, it appears that the potential 
at the surface is always proportional to the charge of the conductor. 

It is customary to speak of the potential at the surface of a conductor as 
“ the potential of the conductor,” and the ratio of the charge to this potential 
is defined to be the “ capacity ” of the conductor. From a general theorem, 
which we shall soon arrive at, it will be seen that the ratio of charge to 
potential reiuains the same throughout the process of charging any conductor 
or condenser, so that in every ease the capacity depends only on the shape 
and size of the conductor or condenser in question. For a sphere, as we 
have seen, 

charge e 

capacity = ^ = - = a, 

^ potential e 


so that the capacity of a sphere is equal to its radius. 

4 Cylindrical Conductor. 

76. Let us next consider the distribution of electricity on a circular 
cylinder, the cylinder either extending to infinity, or else having its ends so 
far away from the parts under consideration that their influence may be 
neglected. 

As in the case of the sphere, the charge distributes itself symmetrically, 

5—2 
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80 that if a is the radius of the cylinder, and if it has a ohai-ge e per unit 
length, we have 

_ 8 

2 ^ 0 * 


To find the intensity at any point outside the conductor, construct a Gauss' 
sur&ce by first drawing a cylinder of radius r, coaxal with the original 
cylinder, and then cutting off a unit length by two parallel planes at 
unit distance apart, perpendicular to the axis. From .sym- 


metry the force at every point is perpendicular to the axis 
of the cylinder, so that the normal intensity vanishes at 
every point of the plane ends of this Gauss’ surface. The 
sur&ce integral of normal intensity will therefore consist 
entirely of the contributions from the curved part of the 
surface, and this curved part consists of a circular band, of 
unit width and radius r — hence of area 27rr. If R is the 
outward intensity at every point of this curved surface. 
Gauss’ Theorem supplies the relation 

^jrrR = 4'Tre, 


so that 




Fio. 2S. 


This, we notice, is independent of o, so that the intensity is the same as 
it would be if a were very small, i.e., as if we had a fine wire electrified with 
a charge e per unit length. 

In the foregoing, we must suppose r to be so small, that at a distance r 
fix)m the cylinder the influence of the ends is still negligible in comparison 
with that of the nearer parts of the cylinder, so that the investigation does 
not hold for large values of r. It follows that we cannot find the potential 
by integrating the intensity from infinity, as has been done in the cases of 
the point charge and of the sphere. We have, however, the general 
differential equation 


so that in the present case, so long as r remains sufficiently smaU 

dr r ’ 

giving upon integration 

K ■» C — 26 log r. 




The constant of integration C cannot be determined without a knowledge 
of the conditions at the ends of the cylinder. Thus for a long cylinder, the 
intensity at points near the cylinder is independent of the conditions at the 
ends, but the potential and capacity depend on these conditions, and are 
therefore not investigated here. 
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An Infinite Plane. 

76. Suppose we have a plane extending to infinity in all directions, and 
electrified with a charge a per unit area. From symmetry it is obvious that 
the lines of force will be perpendicular to the plane at every point, so that 
the tubes of force will be of uniform cross-section. Let us take as Gauss’ 
surfe.ce the tube of force which has as cross-section any element ea of area 
of the charged plane, this tube being closed by two cross-sections each of 
area to at distance r from the plane. If R is the intensity over either of 
these cross-sections the contribution of each cross-section to Gauss’ integral 
is Rco, so that Gauss’ Theorem gives at once 

2i2o) = 47ro-C(>, 

whence R = 2Tra. 

The intensity is therefore the same at all distances from the plane. 

The result that at the surface of the plane the intensity is 27 ro-, may at 
firat seem to be in opposition to Coulomb’s Theorem (§ 57) which states that 
the intensity at the surface of a conductor is 47rcr. It will, however, be seen 
from the proof of this theorem, that it deals only with conductors in 
which the conducting matter is of finite thickness; if we wish to regard 
the electrified plane as a conductor of this kind we must regard the 
total electrification as being divided between the two faces, the surface 
density being on each, and Coulomb’s Theorem then gives the correct 
result. 

If the plane is not actually infinite, the result obtained for an infinite 
plane will hold within a region which is sufficiently near to the plane for the 
edges to have no influence. As in the former case of the cylinder, we can 
obtain the potential within this region by integration. If r measures the 
perpendicular distance frpm the plane 



eo that V=C- 27r<7r, 

and, as before, the constant of integration ciinnot be determined without 
a knowledge of the conditions at the edges. 

77. It is instructive to compare the three expressions which have been 
obtained for the electric intensity at points outside a charged sphere, cylinder 
and ploTiA respectively. Taking r to be the distance from the centre of the 
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sphere, from the axis of the cylinder, and from the plane, respectively, we 
have found that 

outside the sphere, J2 is proportional to ^ , 

outside the cylinder, H is proportional to ^ , 
outside the plane, H is constant. 

From the point of view of tubes of force, these results are obvious enough 
deductions from the theorem that the intensity varies inversely as the cross- 
section of a tube of force. The lines of force from a sphere meet in a point, 
the centre of the sphere, so that the tubes of force are cones, with cross- 
section proportional to the square of the distance from the vertex. The 
lines of force from a cylinder all meet a line, the axis of the cylinder, at right 
angles, so that the tubes of force are wedges, with cross-section proportional 
to the distance from the edge. And the lines of force from a plane all meet 
the plane at right angles, so that the tubes of force are pi isms, of which the 
cross-section is constant. 

78. We may also examine the results from the point of view which 
regards the electric intensity as the resultant of the attractions or repulsions 
from different elements of the charged surface. 

Let us first consider the charged plane. Let 
distances r, r' from the plane, and let Q be the 
foot of the perpendicular from either on to the 
plane. If P is near to Q, it will be seen that 
almost the whole of the intensity at P is due 
to the charges in the immediate neighbourhood 
of Q. The more distant parts contribute forces 
which make angles with QP nearly equal to a 
right angle, and after being resolved along QP 
these forces hardly contribute anything to the 
resultant intensity at P. 

Owing to the greater distance of the point P', 
the forces from given elements of the plane are 
smaller at P' than at P, but have to be resolved 
through a smaller angle. The forces from the 
regions near Q are greatly diminished from the 
former cause and are hardly affected by the latter. 

The forces from remote regions are hardly affected 
by the former circumstance, but their effect is 
greatly increased by the latter. Thus on moving 


P, P' be two points at 
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from P to P' the forces exerted by regions near Q decrease in efficiency, 
while those exerted by more remote regions gain. The result that the 
total resultant intensity is the same at P' as at P, shews that the 
decrease of the one just balances the gain of the other. 

If we replace the infinite plane by a sphere, we find that the force at 
a near point P is as before contributed 
almost entirely by the charges in the 
neighbourhood of Q. On moving from P 
to P', these forces are diminished just as 
before, but the number of distant elements 
of area which now add contributions to 
the intensity at P' is much less than 
before. Thus the gain in the contributions 
from these elements does not suffice to 
balance the diminution in the contributions from the regions near Q, so that 
the resultiint intensity falls off on withdrawing from P to P' 

The case of a cylinder is of course intermediate between that of a plane 
and that of a sphere. 

Condensers. 

s/Spherical Condenser. 

79. Snpjto.se tliat we enclose the spherical conductor of radius a dis- 
cussed in § T4, inside a second spherical conductor of internal radius 6, the 
two conductors beuig placed so as to be concentric and insulated from one 
another. 

It again appears from symmetry that the intensity at every point must 
be in a direction passing through the common centre of the two spheres, and 
must be the same in amount at every point of any sphere concentric with 
the two conducting sjiheres. Let us imagine a concentric sjthere of radius r 
drawn between the two conductors, and when the charge on the inn er sphere 
is e, let the intensity at every point of the imaginary sphere of radius r be 
J^Then, ;vs before. Gauss’ Theorem applied to the sphere of radius r, gives 
the relation 

^TtCR — 4776, 




so that 



This only holds for values of r intermediate between a and h, so that to 
obtain the potential we cannot integrate from infinity, but must use the 
diff’erential equation. This is 


dV „ s 
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which upon integration gives 

F=(7 + ^ (27). 


We can determine the constant of integration as soon as we know the 
potential of either of the spheres. Suppose for instance that the outer 
sphere is put to earth so that F= 0 over the sphere r = 6, then we obtain at 
once &om equation (27) 

0 = C + 

so that 0 = — e/6, and equation (27) becomes 

V-t ^ 
r b' 


On taking r = a, we find that the potential of the inner sphere is e 



and its charge is e, so that the capacity of the condenser is 


1 

1 1 


or 


ah 

b — a’ 


a b 


80. In the more general case in which the outer sphere is not put to 
earth, let us suppose that Va, Vt, are the potentials of the two spheres of 
radii a and b, so that, &om equation (27) 

a 

= C + 

Then we have on subtraction 

so that the capacity is fr ~ v ' 

The lines of force which start from the inner sphere must all end on the 
inner surfa<^ of the outer sphere, and each .line of force has equal and 
opposite charges at its two ends. Thus if the charge on the inner sphere is 
e, that on the iimer surface of the outer sphere must be — e. We can there- 
fore regard the capacity of the condenser as being the charge on either of 
the two spheres divided by the difference of potential, the fraction being 
taken always positive. On this view, however, we leave out of account any 
charge which there may be on the outer surface of the outer sphere : this 
is not regarded as part of the charge of the condenser. 
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An examination of the expression for the capacity, 

nb 

•will shew that it can be made as large as we please by making b — a 
sufficiently small. This explains why a condenser is so much more 
efficient for the storage of electricity than a single conductor. 


81. By taking more than two spheres we can form more complicated 
condensers. Suppose, for instance, we take concentric spheres of radii 
a, b, c in ascending order of magnitude, and connect both the spheres of 
radii a and c to earth, that of radius 6 remaining insulated. Let V be the 
potential of the middle sphere, and let Cj and Cj be the total charges on its 
inner and outer surfaces. Regarding the inner surface of the middle sphere 
and the surface of the innermost sphere as forming a single spherical 
condenser, we have 

Vab 


and again regarding the outer surface of the middle sphere and the outermost 
sphere as forming a second spherical condenser, we have 

Vbc 

C — 0 

Hence the total charge E of the middle sheet is given by 


A = e, + e. 


= V 


ab be \ 
,b — c — b) ’ 


so that regarded as a single condenser, the system of three spheres has a 
capacity 

ab be 
6 — a c — 6 ’ 

which is equal to the sum of the capacities of the two constituent condensers 
into which we have resolved the system. This is a special case of a general 
theorem to be given later (§ 85). 

y/ Coaml Cylinders. 

82. A conducting circular cylinder of radius a surrounded by a second 
coaxal cylinder of internal radius b will form a condenser. If e is the charge 
on the inner cylinder per unit length, and if V is the potential at any point 
between the two cylinders at a distance r from their common axis, we have, 
as in § 75, 


F = 0 — 2e log r, 
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and it is now possible to determine the constant C as soon as the potential of 
either cylinder is known. 

Let Va, Vt, be the potentials of the inner and outer cylinders, so that 

TJ = C — 2c log a, 

K = — 2c log b. 

fb^ 


By subtraction 
so that the capacity is 

per unit length. 


7.-T; = 2clogQ), 
21og(^) 

Parallel Plate Condenser. 


83 . This condenser consists of two parallel plates facing one another, 
say at distance d apart. Lines of force will pass from the inner face of one 
to the inner face of the other, and in regions sufficiently far removed from 
the edges of the plate these lines of force will be perpendicular to the plate 
throughout their length. If <r is the surface density of electrification of one 
plate, that of the other will be — <r. Since the cros-s-section of a tube 
remains the same throughout its length, and since the electric intensity 
varies as the cross-section, it follows that the intensity must be the same 
throughout the whole length of a tube, and this, by Coulomb’s Theorem, 
will be 4iro-, its value at the surface of either plate. Hence the difference of 
potential between the two plates, obtained by integrating' the intensity 4'7rcr 
along a line of force, vrill be 

ivad. 

The capacity per unit area is equal to the charge per unit area a 
divided by this difference of potential, and is therclore 

1 

47jd ' 

The capacity of a condenser formed of two parallel plates, each of area A , 
is therefore 

A 

4iTid ’ 

except for a correction required by the irregularities in the lines of force 
near the edges of the plates. 


Inductive Capacity, 

84 . It was found by Cavendish, and afterwards independently by 
Faraday, that the capacity of a condenser depends not only on the shape 
and size of the conducting plates but also on the nature of the insulating 
material, or dielectric to use Faraday’s word, by which they are separated. 



75 


82-85] Series of Condemers 

It is further found that on replacing air by some other dielectric, the 
capacity of a condenser is altered in a ratio which is independent of the 
shape and size of the condenser, and which, depends only on the dielectric 
itself. This constant ratio is called the specific inductive capacity of the 
dielectric, the inductive capacity of air being taken to be unity. 

We shall ‘discuss the theory of dielectrics in a later Chapter. At present 
it will be enough to know that if C is the capacity of a condenser when its 
plates are separated by air, then its capacity, when the plates are separated 
by any dielectric, will be KG, where K is the inductive capacity of the 
particular dielectric used. The capacities calculated in this Chapter have all 
been calculated on the supposition that there is air between the plates, so 
that when the dielectric is different from air each capacity must be multi- 
plied by K. 

The following tahie will give some idea of the values of if actually observed for 
different dielectrics. For a great many substances the value of K is found to vary widely 
for different specimens of the material and for different physical conditions. 


Sulpliur 

2-8 to 4-0. 1 

Ethyl Alcohol 

26-5 

Mica 

6'0 to SO. 1 

Water at 17' G. 

80-0 

Glass 

e-e to 9-9. 1 

Ice at —7 ’5’ 0. 

TO’8 

Paraffin 

2'0 to 2 3. 

' Ice at —200' U. 

2-4.3 


The values of A' for some gases are gii-en on p. 1'12. 

CoMi’OUND Condensers. 

Condensers in Parallel. 

86. Let us suppose that we take any number of condensers of capacities 
Cj, ... and connect all their high potential plates together by a conducting 
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wire, and all their low potential plates together in the same way. This is 
known as connecting the condensers t» parallel. 

The high potential plates have now all the same potential, say F„ while 
the low potential plates have all the same potential, say F,. If e,, ... aie 

the charges on the separate high potential plates, we have 

ej = Ciifi — F„), 
ej = C,(F.- F„), etc.. 
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and the total charge E is given by 

= 8l + Cf + ... 

-((7, + Cr.+ ...)(F,-F,). 

Thns the system of condensers behaves like a single condenser of capacity 

Ci + Cj + C, + 

It will be noticed that the compound condenser di s cussed in § 81 con 
sisted virtually of two simple spherical condensers connected in parallel. 


Condensers in Cascade. 

86. We might, however, connect the low potential plate of the first to 
the high potential plate of the second, the low potential plate of the second 
to the high potential plate of the third, and so on. This is known as 
arranging the condensers in cascade. 



Suppose that the high potential plate of the first has a charge e. This 
induces s charge — s on the low potential plate, and since this plate together 
with the high potential plate of the second condenser now form a single 
insulated conductor, there must be a charge + « on the high potential plate 
of the second condenser. This induces a charge - e on the low potential 
plate of this condenser, and so on indefinitely ; each high potential plate will 
have a charge + e, each low potential plate a charge — e. 

Thus the difference of potential of the two plates of the first condenser 
will be e/Cj, that of the second condenser will be e/C,, and so on, so that the 
total fall of potential ffom the high potential plate of the first to the low 
potential plate of the last will be 

* (o, o, • 

We see that the arrangement acts like a single condenser of capacity 

1 
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Practical Condensers. 

Practical Units. 

87. As will be explained more fully later, the practical units of 
electricians are entirely different from the theoretical units in which we 
have so far supposed measurements to be made. The practical unit of 
capacity is cAlled the farad, and is equal, very approximately, to 9 x 10” times 
the theoretical c.G.S. electrostatic unit, i.e., is equal to the actual capacity 
of a sphere of radius 9 x 10” cms. This unit is too large for most purposes, 
so that it is convenient to introduce a subsidiary unit — the microfarad — 
equal to a millionth of the farad, and therefore to 9 x 10’ C.G.S. electrostatic 
units. Standard condensers can be obtained of which the capacity is equal 
^to a given fraction, frequently one- third or one-fifth, of the microlarad. 

The Leyden Jar, 

88. For experimental purposes the commonest form of condenser is the 
Leyden Jar. This consists essentially of a ghiss vessel, bottle-shaped, of 
which the greater part of the surface is coated 
inside and outside with tinfoil. The two coatings 
form the two plates of the condenser, contact with 
the inner coating being established by a brass 
rod which comes through the neck of the bottle, 
the lower end having attached to it a chain 
which rests on the inner coating of tinfoil. 

To form a rough numerical estimate of the 
capacity of a Leyden Jar, let us suppose that the 
thickness of the glass is ^ cm., that its specific 
inductive capacity is 7, and that the area covered 
with tinfoil is 400 sq. cms. Neglecting corrections required by the irregu- 
larities in the lines of force at the edges and at the sharp angles at the 
bottom of the jar, and regarding the whole system as a single parallel plate 
condenser, we obtain as an approximate value for the capacity 

KA 

— i electrostatic units, 
vna 

in which we must put if = 7, A = 400 and d = J. On substituting these 
values the capacity is found to be approximately 450 electrostatic units, 
or about microfarad. 

Parallel Plates, 

80. A more convenient condenser for some purposes is a modification of 
the parallel plate condenser. Let us suppose that we arrange n. plates, each 
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of area A, parallel to one another, the distance between any two adjacent 
plates being d. If alternate plates are joined together so as to be in electrical 
contact the space between each adjacent pair of plates may be regarded as 
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KA 

forming a single parallel plate condenser of capacity ^ ^ . so that the capacity 

of the compound condenser is {n — X)KAI^d. By making n large and d 
small, we can make this capacity large without causing the apparatus to 
occupy an unduly large amount of space. For this reason standard con- 
densers are usually made of this pattern. 


90. Guard Ring. In both the condensers described the capacity can 
only be calculated approximately. Lord Kelvin has devised a modification 
of the parallel plate condenser in which the error caused by the irregularities 
of the lines of force near the edges is dispensed with, so that it is possible 
accurately to calculate the capacity from measurements of the platea 
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The principle consi.sts in making one plate B of the condenser larger than 
the second plate A, the remainder of the space opposite B being occupied by 
a “guard ring” C which fits A so closely as almost to touch, and is in the 
same plane with it. The guard ring C and the plate A, if at the same 
potential, may without serious error be regarded as forming a single plate of 
a parallel plate condenser of which the other plate is B. The irregularities 
in the tubes of force now occur at the outer edge of the guard ring C, while 
the lines of force from A to B are perfectly straight and uniform. Thus if A 
is the area of the plate A its capacity may be supposed, with great accuracy, 
to be 

^ A 

4nrd’ 

where d is the distance between the plates A and B. 
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Submarine Gables. 

91. Unfortunately for practical electricians, a submarine cable forms 
a condenser, of which the capacity is frequently very considerable. The 
effect of this upon the transmission of signals will be di.scussed later. A cable 
consists generally of a core of strands of copper wire surrounded by a layer of 
insulating material, the whole being enclosed in a sheathing of iron wire. 
This arrangement acts Jis a condenser of the type of the coaxal cylinders 
investigated in § 82, the core forming the inner cylinder whilst the iron 
sheathing and the sea outside form the outer cylinder. 

In the capacity formula obtained in § 82, namely 


K 



let us suppose that h = 2a, and th.at K = -3-2, this being about the value for 
the insulating material generally used. Using the value log* 2 = -69315, we 
find a capacity of 2 31 electrostatic units per unit length. Thus a cable 
2000 miles in length has a capacity equal to that of a sphere of radius 
2000 X 2-31 miles, i.e., of a sphere greater than the earth. In practical units, 
the capacity of such a cable would be about 827 microfarads. 


^/mechanical Force on a Conhuctino Surface. 

92. Let Q be any point on the surface of a conductor, and let the 
surface-density at the point Q be a. Let us draw any small area dS 




enclosing Q. By taking dS sufficiently small, we may regard the area as 
perfectly plane, and the charge on the area will be adS. The electricity on 
the remainder of the conductor will exert forces of attraction or repulsion on 
the charge <rdS, and these forces will shew themselves as a mechanical force 
acting on the element of area dS of the conductor. We require to find the 
amount of this mechanical force. 



80 


Conductors and Condensers 


[oh. ni 

The electric intensity at a point near Q and just outside the conductor is 
4»r<T, by Coulomb’s Law, and its direction is normally away from the surface. 
Of this intensity, part arises from the charge on dS itself, and part from the 
charges on the remainder of the .conductor. As regards the first part, which 
arises from the charge on dS itself, we may notice that when we are con- 
sidering a point suflBciently close to the surfece, the element dS may be 
treated as an infinite electrified plane, the electrification being of uniform 
density c. The intensity arising from the electrification of dS at such a 
point is accordingly an intensity 2Tr<r normally away from the surface. Since 
the total intensity is 4ir<r normally away from the surface, it follows that the 
intensity arising from the electrification of the parts of the conductor other 
than dS naust also be 27ro‘ normally away from the surface. It is the forces 
composing this intensity which produce the mechanical action on dS. 
The charge on dS being adS, the total force will be 2ira^dS normally away 
from the surface. Thus per unit area there is a force 2Tr(r* tending to repel 
the charge normally away from the suiface. The charge is prevented from 
leaving the surface of the conductor by the action between electricity and 
matter which has already been explained. Action and reaction being equal 
and opposite, it follows that there is a mechanical force 27r<T* per unit area 
acting normally outwards on the material surface of the conductor. 

Remembering that R — ^ver, we find that the mechanical force can alsiv 
be expressed as ^ per unit area. 

OTT 


93 . Let us try to form some estimate of the magnitude of this mechanical 
force as compared with other mechanical forces with which we are more 
familiar. We have already mentioned Maxwell’s estimate that a gramme of 
gold, beaten into a gold-leaf one square metre in area, can hold a charge of 
60,000 electrostatic units. This gives 3 units per square centimetre as the 
charge on each face, giving for the intensity at the surface, 

R = 47r<r = 38 C.G.S. units, 
and for the mechanical force 

iP 

27r<r* = dynes per sq. cm. 

Lord Kelvin, however, found that air was capable of sustaining a 
tension of 9600 grains wt. per sq. foot, or about 700 dynes per sq. cm. 
This gives R = 130, a = 10. 

R? 

Taking R =» 100 as a large value of R, we find =» 400 dynes per 
sq. cm. The pressure of a normal atmosphere is 

1,013,570 dynes per sq. cm.. 
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so that the force on the conducting surface would be only about of an 
atmosphere : say '3 mm. of mercury. 

If a gold-leaf is beaten so thin that 1 gm. occupies 1 sq. metre of area, 
the weight of this is 0981 dyne per sq. cm. In order that may be 
equal to 0981, we must have <r=‘1249. Thus a small piece of gold-leaf 
would be lifted up from a charged surface on which it rested as soon as the 
surface acquired a charge of aVjout i of a unit per sq. cm. 


^Electrified Soap-Biibhle. 


94. As has already been said, this mechanical force shews itself well on 
electrifying a soap-bubble. 

Let us 6rst sujipose a closed soap-bubble blown, of radius a. If the 
atmospheric pressure is If, the pressure inside will be somewhat greater than 
n, the resulting outward force being just balanced by the tension of the 
surface of the bubble. If, however, the bubble is electrified there will be an 
additional force acting normally outwards on the surface of the bubble, namely 
the force of amount 27r£7^ per unit area just investigated, and the bubble will 
expand until equilibrium i.s reached between this and the other forces acting 
on the surface. 

As the electrification and consequently the radius change, the pressure 
inside will vary inversely as the volume, and therefore inversely as a\ Let 



/ 
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US, then, suppose the pressure to be Ac/a’. Consider the equilibrium of the 
small element of surface cut off by a circular cone through the centre, of small 
semi-vertical angle 6. This element is a circle of radius ad. and therefore 
of area va*0*. The forces acting are : 

(i) The atmospheric pressure IlTra"^ normally inwards. 

(ii) The internal pressure 7ro‘t^ normally outwards. 


3 . 


6 
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(ill) The mediamoal force due to eleotritication, 2ira* x normally 
outwards. 

(iv) The system of tensions acting in the snrfooe of the bubble across 
the boundary of the element. 

If T is the tension per unit length, the tension across any element of 
length ds of the small circle will be Tda acting at an angle 6 with the tangent 
plane at P, the centre of the circle. This may be resolved into Tds cos 0 in 
the tangent plane, and Tds sin 0 along PO. Combining the forces all round 
the small circle of circumference 2'7ra6, we find that the components in the 
tangent plane destroy one another, while those along PO combine into a 
resultant 2vad x Tsin d. To a sufficient approximation this may be written 
as 2va0'T. 

The equation of equilibrium of the element of area is accordingly 

Ilwa'd* — — 2wo*9ra*d’ + 2va&^2' = 0, 

a’ 

It 2T 

or, simplifying, 11 — — — 2 ^ 0 ®+ — = 0 (28). 

Let Oo be the radius when the bubble is uncharged, and let the radius be 
a, when the bubble has a charge e, so that 

_ e 
47ra,* " 
jT 97 ’ 

Then n 0. 

Oo* «t) 

n - — + — - = 0. 

Oi“ Stto/ a, 

We can without serious error assume T to be the same in the two cases. 
If we eliminate T from these two equations, we obtain 

giving the charge in terms of the radii in the charged and uncharged states. 

95. We have seen (§ 93) that the maximum pressure on the surfoce 
which electrification can produce is only about atmosphere : thus it is 
not possible ft^r electrification to change the pressure inside by more than 
TiAnr atmosphere, so tEat the increase in the size of the babble is 
necessarily very slight. 

If, however, the bubble is blown on a tube which is open to the air, 
equation (28) becomes 

^ T 

a 
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Afl a rough approximation, we may still regard the bubble as a uniformly 
charged sphere, so that if V is its potential, 

a = F/47ra, 

and the relation is V* = lOira T, 

giving V in terms of the radius of the bubble, if the tension T is known. In 
this case the electrification can be made to produce a large change in the 
radius, by using films for which T is very small ' 

Energy of Discharge, y 

96 . On discharging a conductor or condenser, a certain amount of 
energy is set free. Tliis may shew itself in various ways, e.g. as a spark or 
sound (as in lightning and thunder), the heating of a wire, or the piercing 
of a hole through a solid dielectric. The energy thus liberated has been 
previously stored up in charging the conductor or condenser. 

To calculate the amount of this energy, let us suppose that one plate of 
a condenser is to earth, and that the other plate has a charge e and is at 
potential V, so that if C is the capacity of the condenser, 

fl = (7r (29), 

If we bring up an additional charge de Irom infinity, the work to be 
done is, in accordance with the definition of potential, Vde. This is equal 
to dW, where W denotes the total work done in charging the condenser up 
to this stage, so that 

dW= Vde 

= by equation (29). 

On integi-ation we obtain 

(30), 

no constant of integration being added since W must vanish when e = 0. 
This expression gives the work done in charging a condenser, and therefore 
gives also the energy of discharge, which may be used in creating a spark, 
in heating a wire, etc. 

Clearly an exactly similar investigation will apply to a single conductor, 
so that expression (30) gives the energy either of a condenser or of a single 
conductor. Using the relation e = CV, the energy may be expressed in any 
one of the forms 

(31). 

97 . As an example of the use of this formula, let us suppose that we 
have » parallel plate condenser, the area of each plate being A, and the 

6-2 
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distanoe of the plates being d, so that C ^ Afiird, by § 83. Let <r be the 
sui&oe density of the high potential plate, so that e == <rA. Let the low 
potential plate be at zero potential, then the potential of the high potential 
plate is 

F = g = Anda, 

and the electrical energy is 

W = ^eV=27rd<T^A. 

Now let us pull the plates apart, so that d is increased to d'. The 
electrical energy is now 2-7rd'a^A, so that there has been an increase of 
electrical energy of amount 

^ira^A (d' — d). 

It is easy to see that this exactly represents the work done in separating 
the two plates. The mechanical force on either plate is per unit area, 
so that the total mechanical force on a plate is 27rcr=.d. Obviously, then, 
the above is the work done in separating the plates through a distance 
d'-d. 

It appears from this that a pamllel plate condenser affords a ready means 
of obtaining electrical energy at the expense of mechanical. A more valuable 
property of such a condenser is that it enables us to increase an initial 
difference of potential. The initial difference of potential 

4wcf<r 

is increased, by the separation, to 

Aird'o’. 

By taking d small and d’ large, an initial small difference of potential 
may be multiplied almost indefinitely, and a potential difference which is 
too small to observe may be increased until it is sufficiently great to affect 
an instrument. By making use of this principle, Volta first succeeded in 
detecting the difference of electrostatic potential between the two terminals 
of an electric battery. 

There are practical difficulties which restrict the application of the principle. 
For if the initial distance d is made too small the condenser may discharge itself 
by a spark passing directly between the plates, while if d' is made large com- 
pared with the size of the plates the formulae we have used are no longer true. 

EXAMPLES. 

1, The two plates of a parallel plate condenser are each of area A, and the distance 
between them is d, this distance being small compared with the size of the plates. Pind 
the attraction between them when charged to potential difference V, neglecting the 
irrogularities caused bv the edges of the plates. Find also the energy set free when the 
plates aa« connected by a wire. 



97] 


Examples 


85 


2. A sheet of metal of thickness t is introduced between the two plates of a parallel 
plate condenser which are at a distance d apart, and is placed so as to be parallel to the 
plates. Shew that the capacity of the condenser is increased by an amount 

t 

iird [d — t) 

per unit area. Examine the case in which t is very nearly equal to d. 

3. A high-pressure main consists first of a central conduetor, which is a copper tube 
of inner and outer diameters of and inches. The outer conductor is a second copper 
tube coaxal with the first, from which it is separated by insulating material, and of 
diameters and inches. Outside this is more insulating material, and enclosing 
the whole is an iron tube of internal diameter 2^ inches. The capacity of the conductor 
is found to be '367 microfarad per mile calculate the inductive capacity of the insulating 
materiah 

A An infinite plane is charged to surface density or, and P is a jxiint distant half an 
inch from the plane. Shew that of the total intensity 2jriT at half is due to the charges 
at points which are within one inch of P, and half to the charges beyond. 

5. A disc of vulcanite (non-conducting) of radius 5 inches, is charged to a uniform 
surface density <t by friction. Find the electric intensities at points on the axis of the 
disc distant resjiectively 1, 3, 5, T inches from the surface. 

A condenser consists of a sphere of radius a suiTOunded by a concentric spherical 
shell of radius b. The inner sphere is put to earth, and the outer shell is insulated. 

Shew that the capacity of the condenser so formed is ^ 

7. Four equal large conducting plates A, B, C, D are fixed parallel to one another. 
A and D are connected to earth, B has a charge E per unit area, and C a charge E' per 
unit area. The distance hetwoen -1 and B ia a, between B and C is h, and between C and 
T> is c. Find the potentials of B and C. 

8. A circular gold-leaf of radius 6 is laid on the surface of a charged conducting 
sphere of radius o, a being large compai-ed to h. Prove that the loss of electrical energy 
in removing the leaf from the cxinductor — assuming that it carries away its whole charge — 
is approximately j[b^E^la^, where E is the chaige of the conductor, and the capacity of the 
leaf is comparable to b. 

Two oondensere of capacities C, and Cj, and possessing initially charges Qi and Qtt 
are connected in paralleL Shew that there is a loss of eneigy of amount 

2CjC* (Ct-pCi) 

* yio. Two Leyden Jars A, B have ca^iacities C,, Cj respectively. A is charged and a 
sjiark taken : it is then charged as before and a spark jiassed between the knobs of 
A and B. A and B are then seiiaratcd and are each discharged by a spark. Shew that 
the energies of the four sparks are in the r.atio 

((7|-1-C72)* 1 + : Ci* : C\C%. 

11. A— liming an adequate number of condensers of equal capacity C, shew how a 
compound oondeiuer can be formed of equivalont capacity 6C, where 6 is any rational 

number. 
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yin Thraa fnaolated ooQo«ot(io aplMrioal oonduotora, wluwe radii in laoending order 
d magnitude are a,b,e, luive ciiacgea •(, «| respectiTelj, find their potentials and shew 
that if the innermost aphaae be Connected to earth the potential cd the outermost is 
diminished b; 

^13. A conducting sphere of radius a is surrotinded by two thin ooncentrio spherical 
conducting ahdls of rmiii^ and e, the intervening spaoes being filled with dielectrics of 
inductive ct^wcitiss £ and A respectively. If the sbeU b receives a charge £, the other 
two being nncbaiged, detemune the lose of energy and the potential at any point when 
the spheres A sad C an connected by a wire. 

Three thin oondnoting sheets are in the form of concentric spheres of radii 
a+d, a, a—e respectively. 'Hie dielectric between tbs outer and middle eheet is of 
inductive capacity £, that between the middle and inner eheet is air. At first the outer 
sheet is uni nsu la ted, the inner sheet is uncharged and insulated, the middle sheet is 
charged to potential V and insulated. The inner sheet is now uninsrilated without 
oonnectiOD with tiie middle ^esh Prove that the potential of the middle sheet falls to 

APc(o-hd) 

£e(a-hd)-hd(a—e)‘ 

15. Two insulated conductors J and S are geometrically similar, the ratio of their 
linear dimensions being as A to X'. The conductors are placed so as to be out of each 
other’s field of induction. The potential of A is V and its charge is £, the potential 
of 21 is and its charge jg _B’, The conductors are then connected by a thin wire. 
Prove that, after electrostatic equilibrium has been restored, the loss of electrostatic 
eneigy is 

^(£L' -£'£)(¥- n 
* £+£' 


^ 16. If two surfaces be taken in any fiimily of equipotentials in free space, and two 
metal oonductors formed so as to occupy their positions^ then the capacity of the 

eondenaer thus formed is where Cj, (7, are the capacities of the external and 

internal conductors when existing alone in an infinite field. 

17. A conductor (B) with one internal cavity of radius h is kept at potential V. A 
conductang sphere (A), of radius a, at great height above B contains in a cavity water 
which leaks down a very thin wire passing without contact into the cavity of B through 
a hole in the top of B. At the end of the wire spherical drops are formed, oonoentric 
with the cavity ; and, when of radius d, they fell passing without contact through a small 
hole in the bottom of B, and are received in a cavity of a third conductor (C) of capacity e 
at a great distance below B. Initially, before leaking commences, the condnetors A and O 
are uncharged. Provo that adter the rth drop has fallen the ^tential of C is 



where the disturbing effect of the wirMud hole on the oapaciUes is neglected. 


'.f U. An insulated spherical conductor, formed of two bemiapberioal shells in contact, 
whose inner and outer ndii are b and V, has within it a concentric spherical oonduetor of 
radius a, mid without it another spherical oonduetor of which the internal radius is c. 
11i|ts» two condnetors sie asrtb-ommected and the middle one receives a ehmge. Shew 
that #be two shells will not separate if 


2ac>6e4-ff«a 
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EXAMPLES. 


1. If the algebraic sum of the charges on a system of conductors be positive, then on 
one at least the surface density is everywhere positive. 


2. There are a number of insulated conductors in given 6xed positions. The 
capacities of any two of them in their given positions are Cy and Ct, and their mutual 
coefficient of induction is B. Prove that if these conductors be joined by a thin wire, the 
capacity of the combined conductor is 

(7, + C,+25. 

'/3. A system of insulated conductors having been charged in any manner, charges are 
trarisferrod from one conductor to another till they are all brought to the same potential V. 
Shew that 

V= 

where Sy, Sj are the algebraic sums of the coefficients of capacity and induction respectively, 
and E is the sum of the charges. 

4 . Prove that the effect of the operation described in the last question is a decrease 
of the electrostatic energy equal to what would be the energy of the system if each of the 
original potentials were diminished by V. 


“Ti. Two equal similar condensers, each consisting of two spherical shells, radii a, h, 
arc insulated and placed at a great distance r apart. Charges e, e' are given to the inner 
shells. If the outer surfaces are now joined by a wire, shew that the loss of energy is 
approximately 

i (-<■)' (I-;). 

6 . A condenser is formed of two thin concentric spherical shells, radii a, h. A small 
hole exists in the outer sheet throi^h which an insulated wire passes connecting the 
inner sheet with a third conductor of capacity c, at a great distance r from the condenser. 
The outer sheet of the condenser is put to earth, and the charge on the two connected 
oonductors is E. Prove that approximately the ft rce on the third conductor is 


a(^E* 




r». 


/' y Two closed equipotentials T,, Fo are such that F, contains Fq, and Fp is the 
potential at any jaiint P between them If now a charge E Ire put at P, and both 
equipotentials be replaced by conducting shells and earth-connected, then the charges 
Ey, E, induced on the two surfaces are given by 

E y Eq _E_ 
to- V^y-lV 

R A conductor is charged from an electrophorus by repeated contacts with a plate, 
which after each contact is recharged with a quantity E of electricity from the electro- 
phorus. Prove that if ♦ is the charge of the conductor after the first operation, the 
oltimate charge is 
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9 . Four equal uncharged insulated conductors are placed symmetncally at the oomers 
of a r^ular tetrahedron, and are touched in turn hj a moving spherical conductor at the 
points nearest to the centre of the tetrahedron, receiving charges «], ej, eg, e«. Shew that 
the charges are in geometrical progression 

10. In question 9 replace “ tetrahedron ” by “ square,” and prove that 

(<i - «») («i«s ~ ea*) “ *1 («aes - «!««) 

IL Shew that if the distance x between two conductors is so great as compared with 
the linear dimensions of either, that the square of the ratio of these linear dimensions to 
X may be neglected, then the toefhcient of induction between them is - CC'lx, where C, C 
are tiie capacities of the conductors when isolated 

12. Two insulated fixed condensers are at given potentials when alone in the electric 
field and charged with quantities of electricity Their coefficients of potential are 

Pin PiXi Pm surrounded by a spherical conductor of very large radius R 

at potential zero with its centre near them, the two conductors require charges Ei, E^ to 

produce the given potentials Prove, neglecting that 

El Pn-Pn 

Ei — p\\—p\t 

13 Shew that the locus of the positions, in which a unit charge will induce a given 
charge on a given unmsuiated conductor, is an equipotential surface of that conductor 
supposed freely electrified 

14. Prove (i) that if a conductor, insulated in free space and raised to unit potential, 
produce at any external point P a potential denoted by (P), then a unit charge placed at 
P in the presence of this conductor unmsuiated will induce on it a charge - (P) , 

(ii) that if the potential at a point § duo to the induced charge be denoted by {PQ), 
then (P§) 18 a symmetneal function of the positions of P and §. 

15 Two small uninsulated spheres are placed near together between two large 
parallel planes, one of which is charged, and the other connected to earth. Shew by 
figures the nature of the disturbance so produced in the uniform field, when the line of 
centres is (i) perpeudiculsr, (ii) parallel to the planes 

16 A hollow conductor A is at zero potential, and contains in its cavity two other 
insulated conductors, B and C. which are mutually external B has a positive charge, and 
C IS uncharged Analyse the different types of lines of force within the cavity which are 
possible, classifying with respect to the conductor from which the line starts, and the 
conductor at which it ends, and proving the impossibility of the geometrically possible 
types which are rejected 

Hence prove that B and C are at positive potentials, the potential of C being less than 
that of B 

17. A portion P of a conductor, the capacity of which is C, can be separated fVom the 
conductor. The capacity of this portion, when at a long distance from other bodies, is c. 
The conductor is insulated, and the part P when at a considerable distance from the 
remainder is chained with a quantity « and allowed to move under the mutual attraction 
up to it ; describe and explain the changes which take place iii the electrical energy of the 
iryatem. 
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18. A conductor having a charge Qi is surrounded by a second conductor with charge 
Qi- The inner is connected by a wire to a very distant uncharged conductor. It is then 
disconnected, and the outer conductor connect^. Shew that the charges are now 

. mQi-nQi ^ + n) + mnQi 

where C, (7(1 +m) are the coefficients of capacity of the near conductors, and Cn is the 
capacity of the distant one. 


19. If one conductor contains all the others, and there are n + \ in all, shew that 
there are w + 1 relations between either the coefficients of potential or the coefficients ’’of 
induction, and if the i)otential of the largest be and that of the others T,, Tj, ... K,, 
then the most general expression for the energy is increased by a quadratic function 

of Ko. 1^2 ~ I'D, ... 1^0 ; where <7 is a definite constant for all positions of the 

inner conductors. 


Ao. The inner sphere of a sjiherical condenser (radii a, b) has a constant charge E, 
and the outer conductor is at potential zero. Under the internal forces the outer 
conductor contracts from radius h to rsidius bf. Prove that the work done by the 
electric forces is 


iE- 


, h-b, 

btb • 


J21. Tf, in the last question, the inner conductor has a constant potential V, its charge 
being variable, show that the work done is 

-(fci-u)(6-a)’ 

and investigate the quantity of energy supplied by the battery. 

/22. With the usual notation, prove that 

y*!! + P23 > Pl2 

PiiPn^ pi'iPn- 

Shew that if prr, Pru Ptt be thi-eo coefficients before the introduction of a new 
conductor, and f„', p^,', p„' the same coefficients afterwards, then 

iPrrP^-Prr'Pa) < (Prt - Pr^f- 

24. A system consists of p + y + 2 conductors, dj, Bi, i? 2 , ... B,, C, D. Prove 

that when the charges on the .d’s and on G, and the potentials of the B’s and of C are 
known, there cannot be more than one possible distribution in equilibrium, unless C is 
electrically screened from D. 

25. A , B, 6’, D are four conductors, of which B surrounds A and B surrounds C. 

Given the coeflicieiits of capiicity and induction 

(i) of A and B when C and D are removed, 

(ii) of C and D when A and B are removed, 

(iii) of B and D when A and C are removed, 

determine those for the complete system of four conductors. 

28. Two equal and similar conductors A and B are charged and placed symmetrically 
with regard to each other; a third moveable conductor C is carried so as to occupy 
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suoowsively two positions, ons prsctioally wholly within A, ths othar within B, the 
positions being similar and such that the coefficients of potential of O in wther position 
are jp, q, r in ascending order of magnitude. In each position C is in turn conneoted with 
the conductor surrounding it, put to earth, and then insulated. Determine the charges 
on the conductors after any number of cycles of such operations, and shew that they 
ultimately lead to the ratios 

1 


where /9 is the positive root.of 

ra:* — 9 * + p — r «» 0. 


**S7. Two conductors are of capacities C, and Ct, when each is alone in the field. 
They are both in the field at potentials F, and F, respectively, at a great distance r 
aparL Prove that the repulsion between the conductors is 

C,C>(rf^,-Cs V,) (r V,-C,V,) 

(r*-C, <;,)>« 

As fiar as what power of || is this result accurate ? 


28. Two equal and similar insulated conductors are placed symmetrically with regard 
tq each other, one of them being uncharged. Another insulated conductor is made to 
touch them alternately in a symmetrical manner, beginning with the one which has a 
charge. If e, , ej be their charges when it has touched each once, shew that their charges, 
when it hae touched each r times, are respectively 


20. Three conductors Ai, At and Ag are such that Aj is practically inside A*. Aj is 
alternately connected with Aj and Aj by means of a lino wire, the first contact being with 
A 3 . A] has a charge B initially. A, and A 3 being uncbai’ged. Prove that the charge on 
A, after it has been connected n times with A 3 is 

& fy I a('y-g )/a+3\*‘~‘l 
a + ^t ■^^(a+y)Va + y/ 

where a, S, y stand for p,, —pn, Pta—Pit end P33 -pjj respectively. 


ySO. Two spheres, radii a, b, have their centres at a distance c apart. Shew that 
neglecting (aje)* and (b/c)', 

1 b> I 1 o* 



CHAPTER V 


DIELECTRICS AND INDUCTIVE CAPACITY 


126. Mention has already been made (§ 84) of the fact, discovered 
originally by Cavendish, and afterwards rediscovered by Faraday, that the 
capacity of a conductor depends on the nature of the dielectric substance 
between its plates. ^ 

Let us imagine that we have two parallel plate condensers, similar in all 
respects except that one has nothing but air between its plates while in the 
other this space is filled with a dielectric of inductive capacity K. Let us 
suppose that the two high-potential plates are connected by a wire, and also 
the two low-potential plates. Let the condensers be charged, the potential 
of the high-potential plates being TJ', and that of the low-potential plates 
being E- 


Then it is found that the charges possessed by the two condensers are not 
equal. The capacity per unit area of the air-condenser is l/47rd ; that of the 
other condenser is found to be Kj4nzd. Hence 
the charges per unit area of the two condensers 
are respectively 


^ird 


and K 


47rd 


The work done in taking unit charge from the 
low-potential plate to the high-potential plate is 
the same in either condenser, namely E — so 
that the intensity between the plates in either 
condenser is the same, namely 

d ’ 




Fio. 42. 


In the air-condenser this intensity may be regarded as the resultant of the 
attraction of the negatively charged plate and the repulsion of the positively 

charged plate, the law of attraction or repulsion being Coulomb’s law 


8—2 
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It is, however, obvious that if we were to calculate the intensity in the 
second condenser from this law, then the value obtained would be K times 


that in the first condenser, and would therefore be K 


V,-Vo 


In point of 




fact, the actual value of the intensity is known to be ‘ ^ 


Thus Faraday’s discovery shews that Coulomb’s law of force is not of 
universal validity ; the law has only been proved experimentally for air, and 
it is now found not to be true for dielectrics of which the inductive capacity 
is different from unity. 

This discovery has far-reaching effects on the development of the mathe- 
matical theory of electricity. In the present book, Coulomb’s law was 
introduced in § 38, and formed the basis of all subsequent investigations. 
Thus every theorem which has been proved in the present book from § 38 
onwards requires reconsideration. 


126. We shall follow Faraday in treating the whole subject from the 
point of view of lines of force. The concejitions of potential, of intensity, and 
;^f lines of force are entirely independent of Coulomb’s law, and in the present 
' book have been discussed (§§ 30 — 37 ) before the law was introduced. The 
conception of a tube of force follows at once from that of a line of force, 
on imagining lines of force drawn through the different points on a small* 
closed curve. Let us extend to dielectrics one form of the definition of the 
strength of a tube of force which has already been used for a tube in air, and 
agree that the strength of a tube is to be measuretl by the charge enclosed 
by its positive end, whether in air or dielectric. 


In the dielectric conden.ser, the surface t^eusity on the positive plate is 
V-V 

K ° , and this, by definition, is also the aggregate strength of the' 

tubes per unit area of cross-section. The intensity in the dielectric is 
V —V 

, so that in the dielectric the intensity is no longer, as in air, equal 

to 47r times the aggregate strength of tubes per unit area, but is equal to 
4nrjK times this amount. 


Thus if P is the aggregate strength of the tubes per unit area of cross- 
section, the intensity M is related to P by the equation 


Jt 



m 


in the dielectric, instead of by the equation 

R =• 4'7rP 


which was found to hold in air. 


( 60 ) 
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, 127. Equation (59) has been proved to be the appropriate generalisation 

of equation (60) only in a very special ease. Faraday, however, beliewed the 
^ relation expressed by equation (59) to be univer.sally true, and the results 
I obtained on this supposition are found to be in complete agreement with 
I experiment. Hence equation (59), or some equation of the same significance, 

I is universally taken a.s the basis of the mathematical theory of dielectrics. 
We accordingly proceed by assuming the universal truth of equation (59). 
an assumption for which a justification will be found when vve come to study 
the molecular constitution of dielectrics. 

It is convenient to have a single word to express the aggregate strength 
of tubes per unit area of cross-section, the quantity which has been denoted 
by P. We shall speak of this quantity as the “polarisation,” a term due to 
Faraday. Maxwell’s explanation of the meaning of the term “polarisation” 
is that “an elementary portion of a body may be said to be polarised when 
it acquires equal and opposite properties on two opposite sides.” Faraday 
explained the projierties of dielectrics by means of his conception that the 
molecules of the dielectric were in a polarised state, and the quantity P 
is found to measure the amount of the polarisation at any point in the 
dielectric. We shall come to this physical interpretation of the quantity P 
at a later stage : for the present we simply use the term “ polarisation ” as 
a name for the mathematical quantity P. 

, This same quantity is called the “displacement” by Maxwell, and under- 
lying the use of this term also, there is a physical interpretation which we 
shall come upon later, 

^'128. We now have as the basis of our mathematical theory the 
following; 

Definition. The strength of a tube of force is defined to he the charge 
enclosed by the positive end of the ttd)e. 

Definition. Th^jpolarisut ion a Panp point is defined to he the aggregate 
stren gth of ttihes _gf force pep unit arm of cross- ssetiou^ 

Experijiental Law, 2'^ intensity at any po int is it rIK ti'mes^:Pi£. 
poj^isation, i vher e K is the inductive capacity of th e dielectr ic at th e_poiat 

In this last relation, we measure the intensity along a line of force, while 
the polarisation is measured by considering the flux of tubes of force across 
a small area perpendicular to the lines of force. Suppose, however, that we 
take some direction 00' making an angle 0 with that of the lines of force. 
The aggregath strength of the tubes of force which cross an area dS 
perpendicular to 00' will be P cos OdS, for these tubes are exactly those 
which cross an area dS cos 0 perpendicular to the lines of force. Thus, 
consistently with the definition of polarisation, we may say that the polari- 
sation in the direction 00' is equal to Pcostf. Since the polarisation in. 
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any direction is equal to P multiplied by the cosine of the angle between 
this direction and that of the lines of force, it is clear that the polarisation 
may be regarded as a vector, of which the direction is that of the lines of 
force, jmd of which the magnitude is P. 

The polarisation having been seen to be a vector, we may speak of its 
components f, g, h. Clearly f is the number of tubes per unit area which 
cross a plane perpendicular to the axis of x, and so on. 


The result just obtained may be expressed analytically by the equations 


/= 





129. The polarisation P being measured by the aggregate strength of 
tubes per unit area of cross-section, it follows that if a is the cross-section 
at any point of a tube of strength e, we have e = u)P. Now we have defined 
the strength of a tube of force as being equal to the charge at its positive 
end, so that by definition the strength c of a tube does not vary from point 
to point of the tube. Thus the product taP is constant along a tube, or 
a>KR is constant along a tube, replacing the result that uJt is constant 
in air (§ 56). 

The value of the product wP at any point 0 of a tube, being equal to 

mKR 

— ; — , depends only on the physical conditions prevailing at the point 0. 

47r 

It is, however, known to be equal to the charge at the positive end of the 
tube. Hence it must also, from symmetry, be equal to minus the charge at 
the negative end of the tube. Thus the charges at the two ends of a tube, 
whether in the same or in different dielectrics, will be equal and opposite, 
and the numerical value of either is the strength of the tube. 


Gauss’- Theorem. 

130. Let S be any closed surface, and let e be the angle between the 
direction of the outward normal to any element of surface dS and the direction 
of the lines of force at the element. The aggregate strength of the tubes of 
force which cross the element of area dS is P cos e dS, and the integral 

JJp cose dS, 

which may be called the surface integral of normal polarisation, will measure 
the segregate strength of all the tubes which cross the sur&ce 8, the strength 
of a tube being estimated as positive when it crosses the surface from inside 
to outside, and as negative when it crosses in the reverse direction. 

A. tube which enters the surface from outside, and which, after crossing 
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the space enclosed by the surface, leaves it again, will add no contribution to 

P cos edS, its strength being counted negatively where it enters the 

surface, and positively where it emerges. A tube which starts from or ends 
on a charge e inside the surface S will, however, supply a contribution to 

JJ P cos edS on crossing the surface. If e is positive, the strength of the 

tube is a; and, as it crosses from inside to outside, it is counted positively, 
and the contribution to the integral is e. Again, if e is negative, the strength 
of the tube is —e, and this is counted negatively, so that the contribution is 
again e. 

Thus on summing for all tubes. 


// 


P co.s e dS = E, 


where E is the total charge inside the surface. The left-hand member is 
simply the algebraical sum of the strengths of the tubes which begin or end 
inside the surface ; the right-hand member is the algebraical sum of the 
charges on which these tubes begin or end. Putting 




the equation becomes jj KR cos edS = ivE. 

The quantity R cos e is, however, the component of intensity along the 
outward normal, the quantity w'hich has been previously denoted by N, so 
that we arrive at the equation 




KNdS = ^E fei). 

When the dielectric w;is air. Gauss’ theorem was obtained in the form 

NdS = 47r£;. 


//' 


Equation (61) is therefore the generalised form of Gauss’ Theorem which 
must be used when the inductive capacity is different from unity. Since 

A = — , the equation may be written in the form 


// 


dS = -4:7rE. 
on 


131. The form of this equation shews at once that a great many results 
which have been shewn to be true for air are true also for dielectrics other 
than air. 

It is obvious, for instance, that V cannot be a maximum or a minimum 
at a point in a dielectric which m not occupied by an electric charge : as 



120 


Dielectrics and Inductive Capacity [oh. v 

a consequence all lines of force must begin and end on charged bodies, 
a result which was tacitly assumed in defining the strength of a tube of 
force. 

A number of theorems were obtained in the discussion of the electrostatic 
field in air, by taking a Gauss’ Surface, partly in air and partly in a con- 
ductor. Gauss’ Theorem was used in the form 

but we now see that if the inductiv’c capacity of the conductor were not 
equal to unity, this equation ought to be replaced by equation (61). It is, 
however, clear that the difference cannot affect the final result ; N is zero 
inside a conductor, so that it does not matter whether N is multiplied by K 
or not. 

Thus results obtained for systems of conductors in air upon the assumption 
that Coulomb’s law of force holds throughout the field are seen to be true 
whether the inductive capacity inside the conductors is equal to unity or not. 


The Equations of Poisson and Laplace. 


132. In § 49, we applied Gauss’ theonun to a surface which was formed 
by a small rectangular parallelepij)ed, of edges dx, dp. dz, parallel to the 
axes of coordinates. If we apply the theorem expressed by equation (61) to 
the same element of volume, we obtain 


0 0/„0r\ 

— ( K -i- I -(- ^ ( A _ - ) -J- ) = — 4Trp (62), 

dx \ dx ; dy \ c'y J oz \ dz ) 


f-'y 




where p is the volume den.sity of electrification. Thi.s, then, is Ihe generalised 
form of Poisson's equation: the generalised form of Laplace’s equation is 
obtained at once on putting p => 0. 


In terms of the components of polarisation, equation (62) may be written 


df dy dh _ 

dx"^ dy^ dz ^ 

while if the dielectric is uncharged, 

dx dy dz 


(63) , 

(64) . 


Electric Charges in an infinite homogeneous Dielectric. 

133. Consider a charge e placed by itself in an infinite dielectric. If 
the dielectric is homogeneous, it follows from considerations of symmetry 
that the lines of force must be radial, as they would be in air. By application 
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of equation (61) to a sphere of radius r, having the point charge as centre, it 
is found that the intensity at a distance r from the charge is 

e 

Kr^' 


The force between two point charges e, e, at distance r apart in a homo- 
geneous unbounded dielectric is therefore 


ee 


(65), 


and the potential of any number 
expression, is 


of charges, obtained by integration of this 



Coulomb’s Eqtintion. 

134. The strength of a tube being measured by the charge at its end, it 
follows that at a point just outside a conductor, P, the aggregate strength 
of the tubes per unit of cross-section, becomes numerically equal to <t, the 
surface density. Wo have also the general relation 

R = ^ F 

K - j. r, 

and on replacing P by a, we arrive at the generalised form of Coulomb’s 
equation, 

= ^ (67), 

in which K is the inductive capacity at the point under consideration. 


CONDITIUN.S TO KE SATISFIED AT THE BOUNDARY OF A DIELECTRIC. 


135. Let us examine the conditions which will obtain at a boundary at 
which the inductive capacity changes abruptly from to K 2 . 

The potential must be continuous in crossing the boundary, for if P, Q, 
are two infinitely near points on opposite sides of the boundary, the work done 
in bringing a small charge to P must be the same as that done in bringing 
it to Q. As a consequence of the potenti.al being continuous, it follows that 
the tangential components of the intensity must also be continuous. For if 
P, Q are two very near points on different sides of the boundary, and P', Q' 
a similar pair of points at a small distance away, we have lj.= Fq, and 


Vf = Vq, SO that 


PP' ' • 


The expressions on the two aides of this equation are, however, the two 
intensities in the direction PP', on the two sides of the boundary, which 
establishes the result. 
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Also, if there is no charge on the boundary, the aggregate strength of 
the tubes which meet the boundary in any small area on this boundary is 
the same whether estimated in the one dielectric or the other, for the tubes 
do not alter their strength in crossing the boundary, and none can begin or 
end in the boundary. Thus the normal component of the polarisation is 
COptinuous. 


136. If Ri is the intensity in the first medium of inductive capacity Jf, _ 
measured at a point close to the boundary, and if e, is the angle which the 
lines of force make with the normal to the boundary at this point, then the 
normal polarisation in the first rnediiiiii is 

K, 


47r 


It I cos ej. 


Similarly, that in the second medium is 

' 7?2 cos fj. 


A', 


47r 

so that Ky lix cos «, = cos 

Since, in the notation already used, 

Rx COS€, = iV’. = -'^^, 
on 

the equation just obtained may be put in either of the forms 

KxN, = K.N-, 


.(C8). 


jr jr ^1^2 

/Vj ^ 

drt cn 


.(69), 


In these equations, it is a matter of indifference whether the normal is 
drawn from the first medium to the second or in the reverse direction ; it is 
only necessary that the same normal should be taken on both sides of the 
equatiom Relation (70) is obtained at once on applying the generalised 
form of Gauss’ theorem to a small cylinder having pamllel ends at infinitesinval 
distance apart, one in each medium. 


137. To sum up, we have found that in passing from one cUelectric to 
another, the surface of separation being uncharged ; 

(i) the tangential components of intensity have the same values on the 
two sides of the boundary, 

(ii) the normul components of polarisation have the same values. 

Or, in terms of the potential, 

(i) V is continuous, 

(ii) K is continuous. 

on 
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Refraction of the lines of force. 

138. From the continuity of the tangential components of intensity, it 
follows ; 

(i) that the directions of and the intensities on the two sides 
the boundary, must lie in a plane containing the normal, and 

(ii) that jRi sine, = iij sine,. 

Combining the last relation with equation (68), we obtain 

^1 cot e, = cot e, (7l). 

From this relation, it appears that if if, is greater than K^, then e, is greater 
than e,, and vice versa. Thus in passing from a smaller value of "if to a 
greater value of K, the lines are bent away from the normal. In illustration 
of this, fig. 43 shews the arrangement of lines of force when a point charge 
is placed in front of an infinite slab of dielectric (if = 7). 



Fia. 43, 
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A small charged particle placed at any point of tills field will experience 
a force of which the direction is along the tangent to the line of force through 
the point. The force is produced by the point charge, but its direction will 
not in general pass through the point charge. Thus we conclude that in 
a field in which the inductive capacity is not uniform the force between two 
point charges does not in general act along the line joining them. 


^39. As an example of the action of a dielectric let us imagine a parallel 
plate condenser in which a slab of dielectric of thickness t is placed between 
the plates, its two faces being parallel to the plates and 
at distances a, b from them, so that a + i 1 = d, where 
d is the distance between the plates. 

It is obvious from symmetry that the lines of force 
are straight throughout their pith, equation (71) being 
satisfied by ej = e, = 0. 

Let <T be the charge per unit area, so that the polari- 
sation is equal to a ever3^where. The intensity, by 
equation (67), is 

li = 47r<r in air, 


and 


^ er in dielectric. 
A 



Hence the difference of potential between the plates, or the work done m 
taking unit charge from one plate to the other in opposition to the electric 
intensity, 

47r 

== 47ro' . a + -yjr <r . t -f 47ra . 6 
A 

and the capacity per unit area is 

1 

Thus the introduction of the slab of dielectric has the same effect as 
moving the plates a distance t nearer together. 

Suppose now that the slab is partly outside the condenser and partly 
between the plates. Of the total area A of the condenser, let an area B be 
occupied by the slab of dielectric, an area —B having only air between 
the plates. 
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The lines of force will be straight, except for those which pass near to the 
edge of the dielectric slab. Neglecting a small coiTCction required by the 
curvature of these lines, the capacity C of the condenser is given by 

C 

a quantity which increases as B increases. If F is the potential dififere 
and E the charge, the electrical energy 

If we keep the charge constant, the electrical energy increases as the 
slab is withdrawn. There must therefore be a mechanical force tending to 
resist withdrawal ; the slab of dielectric will be sucked in between the plates 
of the condenser. This, as will be seen later, is a particular case of a general 
theorem that any piece of dielectric is acted on by forces which tend to 
drag it from the weaker to the stronger parts of an electric field of force. 



Charge on the Surface of a Dielectric. 


140. Let dS be any small area of a surface which separates two media 
of inductive capacities K^, K„ and let this bounding surface have a charge of 
electricity, the surface density over dS being cr. If we apply 
Gauss' Theorem to a small cylinder circumscribing dS we obtain / 

(72), 

dn, di't TT-rii 


where — in either medium denotes differentiation with respect 
dr 

to the normal drawn away from dS into the dielectric. 

141. As we have seen, the surface of a dielectric may be 
charged by friction. A more interesting way is by utilising 
the conducting powers of a flame. 


Fta. 4S. 


Let us place a charge e in front of a slab of dielectric as in fig. 43. 
A flame issuing from a metal lamp held in the hand may be regarded as 
a conductor at potential zero. On allowing the flame to play over the 
surface of the dielectric, this surface is reduced to potential zero, and the 
distribution of the lines of force is now exactly the same as if the face of 
the dielectric were replaced by a conducting plane at potential zero. The 
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lines of force from the point charge terminate on this plane, so that there 
must be a total charge — e spread over it. If the plane were actuallj a 
conductor this would be simply an induced charge. If, however, the plane 
is the boundary of a dielectric, the charge differs from an induced charge on 
a conductor in that it cannot disappear if the original charge e is removed. 
For this reason, Faraday described it as a “ bound ” charge. The charge has 
of course come to the dielectric through the conducting flame. 


Molecular Action in a DtELECTRic. 

142. From the observed influence of the structure of a dielectric upon 
/ ig e electric phenomena occurring in a field in which it was placed, Faradaj’ 
was led to suppose that the particles of the dielectric themselves took part 
in this electric action. After describing his researches on the electric 
action — “induction” to use his own term — in a space occupied by dielectric 
he says*: 

“Thus induction appears to be essentially an action of contiguous parti- 
cles, through the intermediation of which the electric force, originating or 
appearing at a certain place, is propagated to or sustained at a distance....” 

“Induction appears to consist in a certain polarised state of the jiarticles, 
into which they are thrown by the electrified body sustaining the action, the 
particles assuming positive and negative points or parts....” 

“With respect to the term polarity..., I mean at present. ..a disposition 
of force by which the same molecule acquires opposite powers on different 
parts.” 

And again, laterf, 

“I do not consider the powers when developed by the polarisation as"" 
limited to two distinct points or spots on the surface of each particle to be 
considered as the poles of an axis, but as resident on large jiortiona of that 
surface, as they are upon the surface of a conductor of sensible size when it 
is thrown into a polar state.” 

“In such solid bodies as glass, lac, sulphur, etc., the particles appear to 
be able to become polarised in all directions, for a mass when experimented 
upon so as to ascertain its inductive capacity in three or more directions, 
gives no indication of a difference. Now, as the particles are fixed in the 
mass, and as the direction of the induction through them must change with 
its charge relative to the mass, the coustant effect mdicates that they can 
be polarised electrically in any direction.” 

* Experimental Seiearehee, 1396, 139S, 1804. (Nov. 1887.) 
t Ee^perimental Reeearchee, 1680, 1688, 1679. (June, 1838.) 
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“The particles of an insulating dielectric whilst under induction may be 
compared... to a series of small insulated conductors. If the space round 
a charged globe were filled with a mixture of an insulating dielectric and 
small globular conductors, the latter being at a little distance from each 
other, so as to be insulated, then these woiild in their condition and action 
exactly resemble what I consider to be the condition and action of the 
particles of the insulating dielectric itself. If the globe were charged, these 
little conductors would all be polar ; if the globe were discharged, they would 
all return to their normal state, to be polarised again upon the recharging 
of the globe....’’ 

As regards the question of what actually the , particles are which undergo 
this polarisation, Faraday says^ ; 

“An important inquiry regarding the electric polarity of the particles of 
an insulating dielectric, is, whether it be the molecules of the particular 
substance acted on, or the component or ultimate particles, which thus act 
the part of insulated conducting polarising portions.” 

“The conclusion I have arrived at is, that it is the molecules of the 
substance which polarise as wholes; and that however complicated the 
composition of a body may be, all those particles or atoms which are held 
together by chemical afiinity to form one molecule of the resulting body 
act as one conducting mass or particle when inductive phenomena and 
polarisation are produced in the substance of which it is a part.” 

143. A mathematical discussion of the action of a dielectric constructed 
as imagined by Faraday, has been given by Mossotti, who utilised a mathe- 
matical method which had been developed by Poisson for the examination of 
a similar question in magnetism. For this discussion the molecules are 
represented provisionally as conductors of electricity. 

To obtain a first idea of the effect of an electric field on a dielectric of '' 
the kind pictured by Faraday, let us consider a parallel plate condenser, 



Eaptrimental Jlaearehet, 1699, 1700. 
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having a number of insulated uncharged conducting molecules in the space 
between the plates. Imagine a tube of strength e meeting a molecule. At 
the point where this occurs, the tube terminates by meeting a conductor, so 
that there must be a charge — « on the surface of the molecule. Since the 
total charge on the molecule is nil there must be a corresponding charge on 
the opposite surface, and this charge may be regarded as a point of restarting 
of the tube. The tube then may be supposed to be continually stoppe<l and 
restarted by molecules as it crosses from one plate of the condenser to the 
other. At each encounter with a molecule there are induced charges —e,+e 
on the surface of the molecule. Any such pair of charges, being at only a 
small distance apart, may be regarded as forming a small doublet, of the kind 
of which the field of force was investigated in § t)4. 

144 . We have now replaced the dielectric by a series of conductors, the 
medium between which may Be supposed to be air or ether. In the s{)ace 
between these conductors the law of force will be that of the inverse square. 
In calculating the intensity at any point from this law we have to reckon 
the forces from the doublets as well as the forces from the original charges 
on the condenser-plates. A glance at tig. 46 will shew that the forces from 
the doublets act in opposition to the original forces. Thus for given charges 
on the condenser-plates the intensity at any point between the plates is 
lessened by the presence of conducting molecules. 

This general result can be seen at once from the theorem of § 121. The 
introduction of new conductors (the molecules) lessens the energy cor- 
responding to given charges on the plates, i.e. increases the capacity of the 
condenser, and so lessens the intensity between the plates. 


145 . In calculating that part of the intensity which arises from the 
doublets, it will, be convenient to divide the dielectric into concentric spherical 
shells having as centre the point at which the intensity is required. The 
volume of the shell of radii r and r + dr is 47rr*dr, so that the number of 
doublets included in it will contain r’dr as a factor. The potential produced 

• , Uf cos 0 

by any doublet at a point distant r from it is — . so that the intensity 
will contain a fiwjtor Thus the intensity arising from all the doublets in 

the shell of radii r, r + dr will depend on r through the factor i . r*dr 

dr 
or — 

r 


The importance of the different shells is accordingly the same, as regards 
comparative orders of oaagnitude, as that of the corresponding contributions 



to the integral j — . Hie value of this integral is log r -|- a constant, and this 
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is infinite when r=0 and when r^co. Thus the important contrihutions 
come from very small and very large values of r. It can however be seen 
that the contributions from large values of r neutralise one another, for the 
term cos 0 in the potentials of the different doublets will be just as often 
positive as negative. 

Hence it is necessary only to consider the contributions from shells for 
which r is very small, so that the whole field at any jioint may be regarded 
as arising entirely from the doublets in the immediate neighbourhood of the 
point. The force will obviously vary as we move in and out amongst the 
molecules, depending largely on the nearness and position of the nearest 
molecules. If, however, we average this force throughout a small volume, we 
shall obtain an average intensity of the field produced by the doublets, and 
this will depend only on the strength and number of the doublets in and 
near to this element of volume. Obviously’ this average intensity near any 
point will be exactly proportional to the average strength of the doublets 
near the point, and this again will be exactly proportional to the strength of 
the inducing field by which the doublets are produced, so that at any point 
we may say that the average field of the doublets stands to the total field in 
a ratio which depends only on the structure of the medium at the point. 

146. Now suppose that our measurements are not sufficiently refined to 
enable us to take account of the rapid changes of intensity of the electric 
field which must occur within small distances of molecular order of magnitude. 
Let us suppose, as we legitimately may, that the forces which we measure 
are forces averaged through a distance which contains a great number of 
molecules. Then the force which we measure will consist of the sum of the 
average force produced by the doublets, and of the force produced by the 
external field. The field which wo observe may accordingly be regarded as 
the superposition of two fields, or what amounts to the same thing, the 
observed intensity R may be regarded as the resultant of two intensities 
i?,, R^, whore 

Rt is the avenge intensity arising from the neighbouring doublets, 

R^ is the intensity due to the charges outside the dielectric, and to 
the distant doublets in the dielectric. 

These forces, as we have seen, must be proportional to one another, so 
that each must be proportional to the polarisation P. It follows that P is 
proportional to 22, the ratio depending only on the structure of the medium 
at the point. If we take the relation to be 

22 = ^ P (73), 

then K is the inductive capacity at the point, and the relation between R 
and P is exactly the relation upon which our whole theory has been based. 
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147 - The theory could accordingly be based on Mossotti’s theory, instead 
of on Faraday’s assumption, and from the hypothesis of molecular polarisa- 
tion we should be able to deduce all the results of the theory, by first 
deducing equation (73) from Mossotti’s hypothesis, and then the required 
results from equation (73) in the way in which they have been deduced in 
the present chapter. 

Thus the influence of the conducting molecules produces physically the 
same result as if the properties of the medium were altered in the way 
suggested by Faraday, and mathematically the properties of the medium are 
in either case represented by the presence of the factor K in equation (73). 


Relation hetxueen Inductive Capacity and Structure of Medium. 

148 . The electrostatic unit of force was defined in such a way that the 
inductive capacity of air was taken as unity. It is now obvious that it would 
have been more scientific to have taken ether as standard medium, so that 
the inductive capacity of every medium would have been greater than unity. 
Unfortunately, the practice of referring all inductive capacities to air as 
standard has become too firmly established for this to be possible. The 
difference between the two standards is very slight, the inductive capacity 
of normal air in terms of ether being 1‘000590. Thus the inductive capacity 
of a vacuum may be taken to be '99941 referred to air. 

So long as the molecules are at distances apart which are great compared 
with their linear dimensions, we may neglect the interaction of the charges 
induced on the different molecules, and treat their effects as additive. It 
follows that in a gas K — K^, where K,, is the inductive capacity of free ether, 
ought to be proportional to the density of the gas. This law is found to be 
in exact agreement with expeiiraent*. 

149 . It is, however, possible to go further and calculate the actual value 
of the ratio of K ~ to the density. We have seen that this will be 
a constant for a given substance, so that we shall determine its value in the 
simplest case: we shall consider a thin slab of the dielectric placed in a 
parallel plate condenser, as described in § 139. Let this slab be of thickness e, 
and let it coincide with the plane of yz. Let the dielectric contain n mole- 
cules per unit volume. 

The element dydz will contain mdydz molecules. If each of these is 
a doublet of strength p, the element dydz will have a field which will be 
equivalent at all distant points to that of a single doublet of strength 
npedydz. This is exactly the field which would be produced if the two 
frees of the slab were charged with electricity of surface density ± np. 


Boltzmann, WUntr SUtungtber. 69, p. 813. 
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We can accordingly at once find the field produced by these doublets — it 
is the same as that of a parallel plate condenser, in which the plates are at 
distance e apart and are charged to surface density ± w/a. There is no 
intensity except between the plates, and here the intensity of the field is 

Avn/ji. 

Thus if R is the total intensity outside the slab, that inside will be 
R - 4'7ra/i. If K is the inductive capacity of the material of the slab, and 
/fo that of the free ether outside the slab, we have 

K^R = K(R — 4nrnfi), 

. 1 . K — Ko 47rnu 

so that — ^ (74). 


It remains to determine the ratio iijR. The potential of a doublet is 
^ while that of the field R may be Uken to be — Rx + C. Thus the total 
potential of a single doublet and the external field is 




— Rx 


+ 


0, 


and this makes the surface r = a an equipotential if ^ = Thus the 

surfaces of the molecules will be equipotentials if we imagine the molecules 
to be spheres of radius a, and the centres of the doublets to coincide with 
the centres of the spheres, the strength of each doublet being Ra\ 


Putting fj, = Ra*, equation (74) becomes* 


K- 

K 


47r/£0*. 


Now in unit volume of dielectric, the space occupied by the n molecules 

•Itt . ~~ }\ 

is na’. Calling this (juantity 6, we have — ^ — - = W, or, since our calcu- 
3 A 

lations only hold on the hypothesis that 6 is small, 

= 1 + B9 (75). 

A Q 

If the lines of force went straight across from one plate of the condenser 


• Clausius (ilech. WUrnietheorie, 2, p. 94) has obtained the relation 


^ - A'o 
K + 2A'o 


4x 

■3 




by considering the field inside a sphere of dieieotrio. The value of K mnst of oonrse be inde- 
pendent of the shape of the piece of the dielectric considered. The apparent diserepanoy in the 
two values of K obtained, is removed as soon as we reflect that both proceed on the assnmption 
that K-Koia small, for the results agree as far as first powers of K-K^. Pagliani (Aeead. dei 
Liiicei, 2, p. 48) finds that in point of fact the equation 


K-Ko 

K 


= irna* 


agrees better with experiment than the formula of Olansins. 


9—2 
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to the other, the proportion of the length of each which would be inside a 
oondnotor would, on the average, be Since there is no fall of a potential 
inside a conductor, the total fall of potential from one plate to the other 
would be only 1 — B times what it would be if the molecules were absent, 
and the ratio KjK^ would be 1/(1 — 0) or, if 6 is small, 1 + d. Since, 
however, the lines of force tend to run through conductors wherever possible, 
there is more shortening of lines of force than is shewn by this simple 
calculation. Equation (76) shews that when the molecules are spherical the 
effect is three times that given by this simple calculation. For other shapes 
of molecules the multiplying factor might of course be different. 

Equation (75) gives at once a method of determining 8 for substances 
for which 6 is small, namely gases, but, owing to the unwarranted assumption 
that the molecules are spherical, the results will be true as regards order of 
magnitude only. If the dielectric is a gas at atmospheric pressure, the 
value of n is known, being about 2'705 x 10'*, and this enables us to calculate 
the value of a. 


IBO. The following table gives series of values of for gases at atrno' 
spheric pressure: 


Oaa 

■ 

^ observed 

itg 

Antho* 

rity* 

Mean ^ 
Ao 

1 a calcnlati'd 
(Mossotd’a 
Theory) 

a calculated 
(Theory 
Gai-ca) t 

Helium ... 

He 

1-0000724 

3 

t -0000724 

1 

•506x10-* 

1 12x10-* 

Hydrogen ... 

II2 

1-000261 

1 

1-000264 

■916x10 « 

1-3.5x10-* 



1-000264 

2 




Oxygen 

0., 

1-000543 

3 

1 - 00054:1 

1-17x10-* 

1 82x10-* 

Argon 

Ar 

1-000566 

3 

3-000666 

1 - 18 x 1 ( 1 -* 

1-83x10-* 

Air ••• 


1-000690 

1 

1 -000588 

1-19X 10-* 

1-88x10-* 



1 -000580 

2 




Nitrogen 

N, 

1-000594 

3 

1-000591 

1-20 X 10-* 

1-91 X 10 » 

CarboD Monoxide 

CO 

1 000690 

1 

1-000692 

J 1-26x10-* 

1-90x10-* 



1-000694 

2 




Carbon Dioxide 

COj 

1-000946 


1-000965 

' 1-40x10-* 

2.30x10-* 



1-000984 





Nitrous Oxide ... 

N,0 

1-000994 

1 

1-001082 

1-46 X 10-* 

2-.31 X 10-» 



1-001168 

2 






1-001.312 

1 

1-001 38,5 

1 60x 10-* 

2-78X10-* 



1-001458 

2 





* Aadiorities : — 1. Boltzmann, Wiener Sitnmgeher. 69, p. 795. 

2. i. Elem«nci£, Wiener SiUungther. 91, p, 712, 

S. These valnee are oaloalated from the refractive indices lot Sodlntn IiiRhl. 
t Jeans, Dynamical Theory of Qaeee, 2nd Edition, p. 841. The valaes of a have been teottl- 
enlated, using MlUikau's valne n = 2-706 x 10’*. 
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The laat two columns give respectively the values of a calculated from 
equation (75), and the value of a given by the Theory of Gases. The two 
sets of values do not agree exactly — this could not be expected when we 
remember the magnitude of the errors introduced in treating the molecules 
as spherical. But what agreement there is supplies very significant evidence 
as to the truth of the theory of molecular polarisation. 

151. It still remains to explain what physical property of the molecule 
justifies us in treating its surface as a perfect conductor. It has already 
been explained that all matter has associated with it — or perhaps entirely 
composing it — a number of charged electric particles, or electrons. It is to 
the motion of these that the conduction of electiicity is due. In a dielectric 
there is no conduction, so that each electron must remain permanently 
associated with the same molecule. There is, however, plenty of evidence 
that the electrons are not rigidly fixed to the molecules but are free to move 
within certain limits. The molecule may be regarded as consisting partially 
or wholly of a cluster of electrons, normally at rest in positions of equilibrium 
under the various attractions and repulsions present, but capable of vibrating 
about these po.sitions. Under the influence of an external field of force, 
the electrons will move slightly from their equilibrium positions — we may 
imagine that a kind of tidal motion of electrons takes place in the molecule. 
Obviously, by the time that equilibrium is attained, the outer surface of the 
molecule must be an equipotential. This, however, is exactly what is required 
for Mossotti's hypothesia We may accordingly abandon the conception of 
conducting spheres, which was only required to make the surface of the 
molecule an equipotential, and may, without impairing the power of Mossotti’s 
explanation, replace these conducting spheres by shells of electrons. If in 
some way we can further replace these shells by rings of electrons in rapid 
orbital motion, the modified hypothesis will be in very close agreement with 
modem beliefs as to the structure of matter. 

On this view, the quantity o tabulated in the sixth column of the table 
on p. 132, will measure the radius of the outermost shell of electrons. Even 
outside this outermost shell, however, there will be an appreciable field of 
force, so that when tw-o molecules of a gas collide there will in general be a 
considerable distance between their outermost layers of electrons. Thus if 
the collisions of molecules in a gas are to be regarded as the collisions of 
elastic spheres, the radius of these spheres must be supposed to be con- 
siderably greater than a. Now it is the radius of these imaginary elastic 
spheres which we calculate in the Kinetic Theory of Gases : there is therefore 
no difficulty in understanding the difierencea between the two sets of values 
for a given in the table of p. 132. 

It is known that molecules are not in general spherical in shape, but, as 
■ we shall see below, there is no difficulty in extending Mossotti’s theory to 
cover the case of nou-spherical molecules. 
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Anisotropic Media.. 

163 . There are some dielectrics, generally of crystalline structure, in 
which Faraday’s relation between polarisation and intensity is found not 
to be true. The polarisation in such dielectrics is not, in general, in the 
same direction as the intensity, and the angle between the polarisation and 
intensity and also the ratio of these quantities are found to depend on the 
direction of the field relatively to the axes of the crystal. We shall find that 
the conception of molecular action accounts for these peculiarities of crystalline 
dielectrics. 

Let us consider an extreme case in which the spherical molecules of 
fig. 46 are replaced by a number of very elongated or needle-shaped bodies. 
The lines of force will have their effective lengths shortened by an amount 
which depends on whether much or little of them falls within the material Qf 
the needle-shaped molecules, and, as in § 149, there will be an equation of 
the form 

where 6 is the aggregate volume of the number of molecules which occur in 
a unit volume of the gas. and s is a numerical multiplier. But it is at once 
clear that the value of a will depend not only on the shape but also on the 
orientation of the molecules. Clearly the value of s will be greatest when 
the needles are placed so that their gieatest length lies in the direction of 



Fio. 46 a. Fxo. 46 ft. Fta. 46 e. 

the lines of force, as in fig. 46 a, and will be least when the needles lie at 
right angles to this position, as in fig. 46 h. Or to put the matter in another 
way, a piece of dielectric in which the molecules are needle-shaped and 
parallel ydll exhibit different values of K according as the field of force is 
parallel or at right angles to the lengths of the needles. 
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This extreme case illustrates the fundamental property of crystalline 
dielectrics, but it ought to be understood that in actual substances the values 
of K do not differ so much for different directions as this extreme case might 
be supposed to suggest. For instance for quartz, one of the substances in 
which the difference is most marked. Curie finds the extreme values of iT to 
be 4'65 and 4'49. 

Before attempting to construct a mathematical theory of the behaviour 
of a crystalline dielectric we may examine the case of a dielectric having 
needle-shaped molecules placed parallel to one another, but so as to make 
any angle 6 with the direction of the lines of force, as in fig. 46 c. 

It is at once clear that not only are the effective lengths of the lines of 
force shortened by the presence of the molecules, but also the directions of 
the lines of force are twisted. It follows that the polarisation, regarded as a 
vector as in § 128, must in general have a direction different from that of the 
average intensity R of the field. 

To analyse such a case we shall, as in § 146, regard the field near any 
point as the superposition of two fields : 

(i) the field which arises from the doublets on the neighbouring 
molecules, say a field of components of intensity Xy, Yy, Zy) 

(ii) the field caused by the doublets arising from the distant molecules 
and from the charges outside the dielectric, say a field of components of 
intensity X^, Fj, Z,. 

Clearly in the case we are now considering, the intensities Ry, JR, of 
these fields will not be in the same direction. 


The components of intensity of the whole field are given by 

X — Xy -p Ag, etc. 


To discuss the first part of the field, let us regard the whole field as 
the 8uperj)OBition of three fields, having respectively components {X, 0, 0), 
(0, F, 0) and (0, 0, Z). If the molecules are spherical, or if, not being 
spherical, their orientations in space are distributed at random, then clearly 
the field of components (X, 0, 0) will induce doublets which will produce 
simply a field of components (K'X, 0, 0) where K' is a constant. But if the 
molecules are neither spherical in shape nor arranged at random as regards 
their orientations in space, it will be necessary to assume that the induced 
doublets give rise to a field of components 


K'yyX. A"„Z. 
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On superposing the doublets induced by the three fields (X, 0. 0), 
(0, Y, 0) and (0, 0, Z), we obtain 

X, = K\,X + K'„r+K’„Z'\ 

T, = K\, X + K'„7+ K'^Z (76), 

Z,«K\,X + K'^Y+K'„Z} 

Thus we have relations of the form 

47r/=X„X + /r„F+X,.^' 

4iTrg = KijX + K^Y + K^Z ■ (77) 

, 47r/l = Ki^X + Aaa F + X^^Z , 

expressing the relations between polarisation and intensity 


These are the general equations for crystalline media. We shall shortly 
prove (§ 17(5) that 

Xy, — K,i, K^—K^, X 3 , = /r„ (78), 

so that there are not nine, but only six, independent constants. 

Non-spherical Molecules. 

152a. a medium in which the molecules are not spherical but are oriented 
at random can be discussed in a similar way. The whole field (X, Y, Z) may 
be regarded as the superposition of three fields (X, 0, 0), (0, Y, 0) and (0, 0. Z). 
The induced doublets produced by the first field will produce a field of com- 
ponents 

(X'X, 0. 0), 

the components along Oy and Oz necessarily vanishing on account of the 
random orientation of the molecules. The other fields similarly produce 
induced fields 

(0, K'Y, 0) and (0, 0, K'Z), 
whence we readily obtain equations of the form 

\irf=KX, 4nrg = KY, ivh^KZ. 

Thus Mossotti’s theory can readily be extended to non-spherical molecules, 
but the difficulty remains that according to modem views, a molecule does 
not consist of layers of electrons at rest, but of systems of electrons in orbital 
motion. It will not be possible to make the appropriate modification in the 
theory until the exact nature of this orbital motion is known. 
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EXAMPLES. 

1. A spherical condenser, radii a, b, has air in the space between the spheres. The 
inner sphere receives a coat of paint of uniform thickness t and of a material of which 
the inductive capacity is X. Find the change produced in the capacity of the condenser. 

A conductor has a charge «, and X\, Fi are the potentials of two equipotential 
surfaoM completely surrounding it ( F] > F,)- The s]>ace between these two surfaces is 
now filled with a dielectric of inductive capacity X. Shew that the change in the 
energy of the system is 

ie(F,-F,)(X-l)/X. 

syi. The surfaces of an air-condenser are concentric spheres. If half the space between 
the spheres be filled with solid dielectric of specific inductive capacity K, the dividing 
surface between the solid and the air being a plane through the centre of the spheres,, 
shew that the capacity will be the same os though the whole dielectric were of uniform 
sjieciflc inductive capacity ^ (1 -pit). 

• 

4 . The radii of the inner and outer shells of two equal spherical condensers, remote 
from each other and immersed in an infinite dielectric of inductive capacity K, are 
resfiectivoly a and 5, and the inductive capacities of the dielectric inside the condei^ers 
are A'j, A'j. Both surfaces of the first condenser are insulated and charged, the second 
being uncharged. The inner surface of the second condenser is now connected to earth, 
and the outer surface is connectod to the outer surface of the first condenser by a wire 
of negligible ca{)acity. Shew that the loss of energy is 

^ {2(i-g) A'-hoX ;} 

2A'6 1(6 — a)K +aKi) ’ 

where Q is the quantity of electricity which flows along the wire. 

The outer coating of a long cylindrical condenser is a thin shell of radius a, and 
the dielectric between the cylinders has inductive capacity K on one side of a plane 
through the axis, and K’ on the other side. Shew that when the inner cylinder is 
connected to earth, and the outer has a charge q per unit length, the resultant force on 
the outer cylinder is 

4q~ {K - K’) 

wa (A'-P A'') 

per unit length. 

6. A heterogeneous dielectric is formed of n concentric spherical layers of specific 
inductive capacities Xj, A'j, ... A'„ starting from the innermost dielectric, which forms a 
solid sphere; cdso the outermost dielectric extends to infinity. The radii of the spherical 
boundary surfaces are a,, a%, ... respectively. Provo that the potential duetto a 
quantity ^ of electricity at the centre of the spheres at a point distant r firom the centre 
in the dieleotrio X, is 
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7. A condenser is formed by two rectangular parallel conducting plates of breadth 
b and area A at distance d from each other. Also a parallel ^lab of a dielectric of thickness 
t and of the same area is between the plates. This slab is pulled along its length from 
between the plates, so that only a length x is between the plates. Prove that the electric 
force sucking the slab back to its original position is 

(d-f) 

{A (d-t')+xbt'}*' 

where - l)/E, K is the specific inductive capacity of the slab, Eia the charge, and 

the disturbances produced by the edges are neglected. 

^ 8. Three closed surfaces 1, 2, S are equipotentials in an electric field. If the space 
between 1 and 2 is filled with a dielectric K, and that l)etween 2 and 3 is filled with a , 
dielectric K\ shew that the capacity of a condenser having 1 3 for faces is (7, given by v 

1 1 1 
0"“ AK'^ BK'' 

where A, B are the capacities of air-cotidenseis having as faces the surfaces 1 2 and 2 , .3 
respectively. 

v/S. The surface separating two dielectrics (Aj, Aj) has an actual charge tr |Mjr uni^* 
area. The electric forces on the two sides of the boundary i^re Aj, /j at angles ci, cj with 
the common normal Shew how to determine A,, and prove, that 

Aj cot Cj = A', cot c, \ 

\ A,/'icobc,y’ 

lO. The space between two concentric spheres radii a, b which are kept at potentials 
A, B, is filled with a heterogeneous dielectric of which the, inductive capacity varies as 
the nth power of the distance from their common centre. Shew that the potential at any 
point between the surfaces is 

Aa"*^- Bh"*^ d - Zj 

+ i r»+j a"'*^>-6rri’ 


. 11. A condenser is formed of two parallel plates, distant A apart, one of which is 

at z«ro potential. The space between the plates is filled with s dielectric whose inductive 
capacity increases uniformly from one plate to the other. Shew that the capacity per unit 
area is 

_ 

ink log A2/A1 ’ 

where and Aj are the values of the inductive capacity at the surfaces of the plate. The 
inequalities of distribution at the edges of the plates are neglected. 

12. A spherical conductor of radius a is surroundeid by a concentric spherical 
.xniducting shell whose internal radius is b, and the intervening space is occupied by a 

dideciric whose specific inductive capacity at a distance r from the centre is If the 

r 

inner sphere is insulated and has a charge A, the shell being connected with the earth, 

prove that the potential in the dielectric at a distance r froui the centre is — lott 

c ^r[p+by 
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13. A spherical conductor of radius a is surrounded by a concentric spherical shell of 
radius b, and the space between them is filled with a dielectric of which the inductive 
capacity at distance r from the centre is wbetepmmr/a. Prove that the capacity 

of the condenser so formed is 

d» 

2/40 (e^ — e)~K 


_r 

14. If the specific inductive capacity varies as e where r is the distance from a 
fixed point in the medium, verify that a solution of the difierential equation satisfied by 
the potential ia 


(£yp_i_r_l’jcosd. 


and hence determine the potential at any point of a sphere, whose inductive capacity is 
the above function of the distance from the centre, when placed in a uniform field of 
force. 


16. Sljcw that the cajjacity of a conden-ser consisting of the conducting spheres r=a, 
r=fc, and a heterogeneous dielectric of inductive capacity K’^f {6, <f>), ia 

16. In an imaginary crystalline medium the molecules are discs placed so as to be 
all parallel to the plane of jy. Shew that the components of intensity and polarisation 
are connected by equations of the form 

4jry* Au4ir+ Agi p p 


4iry» AjjAd- 



CHAPTER VI 

THE STATE OF THE MEDIUM IN THE ELECTROSTATIC FIELD 

153. The whole electrostatic theory has so far been based simply upon 
Coulomb’s Law of the inverse square of the distance. We have supposed 
that one charge of electricity exerts certain forces upon a second distant 
charge, but nothing has been said as to the mechanism by which this action 
takes place. In handling this question there are two possibilities open. Wc 
may either assume “action at a distance” as an ultimate explanation — t.e. 
simply assert that two bodies act on one another across the intervening 
space, without attempting to go any further towards an explanation of how 
such action is brought about — or we may tentatively assume that some 
medium connects the one body with the other, and examine whether it is 
possible to ascribe properties to this medium, such that the observed action 
will be transmitted by the medium. Faraday, in company with almost all 
other great natural philosophers, definitely refused to admit “action at 
a distance ” as an ultimate explanation of electric phenomena, finding such 
action unthinkable unless transmitted by an intervening medium. 

151 It is worth enquiring whether there is any valid d priori argument which 
compels us to resort to action through a medium. .Some writers have attempted to use 
the phenomenon of Inductive Cajiacity to prove that the energy of a condenser mast 
reside in the space between the charged plates, rather than on the plates themselves— for, 
they say, change the medium between the plates, keeping the plates in the same condition, 
and the energy is changed. A study of Faraday’s molecular explanation of the action in 
a dielectric will shew that this argument proves nothing as to the real question nt issue. 
It goes so far as to prove that when there are molecules placed between electric charges, 
these molecules themselves acquire charges, and so may be said to be new stores of energy, 
but it leaves untouched the question of whether the energy resides in the charges on the 
molecules or in the ether between them. 

Again, the phenomenon of induction is sometimes quoted against action at a distance — 
a small conductor placed at a point P in an electrostatic field shews phenomena which 
depend on the electric intensity at P. This is taken to shew that the state of the ether 
«t the point P before the introduction of the conductor was in some way different from 
what it would have been if there had not been electric charges in the neighbourhood. But 
all that is proved is that the state of the jioint P after the introduction of the conductor 
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will be different from what it would have been if there bad not been electric charges in 
the neighbourhood, and this can be explained equally well either by action at a distance or 
action through a medium. The new conductor is a collection of positive and negative 
charges : the phenomena under question are produced by these charges being acted upon 
by the other charges in the field, but whether this action is action at a distance or action 
through a medium cannot be told. 

Indeed, it will be seen that, viewed in the light of the electron-theory and of Faraday’s 
theory of dielectric polarisation, electrical action stands on just the same level as 
gravitational action. In each case the system of forces to be explained may be regarded 
as a system of forces between indestructible centres, whether of electricity or of matter, 
and the law of force is the law of the inverse square, independently of the state of the 
space between the centres. Now no scientist would claim that there is any d priori proof 
that gravitation is transmitted through a medium — indeed the trend of opinion at present 
is quite in the opposite direction — and this fact in itself suffices to shew that there is no 
A priori means of establishing that electrical action is tran.smitted through a medium. 

Failing an d priori argument, an attempt may be made to disprove action at a distance, 
or rather to make it improbable, by an api)eal to exi>eneuce. It may be argued that as 
all the forces of which we have experiene* in every-day life are forces between substances 
in contact, therefore it follows by analogy that forces of gravitation, electricity and 
magnetism, must ultimately reduce to forces lietween substances in contact — i.e. must be 
transmitted through a medium. Upon analysis, however, it will be seen that this argument 
divides all forces into two claases : 

(n) Forces of gravitation, electricity and magnetism, which appear to act at a 
distance. 

(d) Forces of pressure and impact between solid bodies, hydrostatic pressure, etc. 
which appear to act through a medium. 

The argument is now seen to be that becauac class 08) appoar to act through a medium, 
therefore class (a) m\ist fn realiti/ act through a medium. The argument could, with equal 
logical force, be used in the exactly op^iosite direction : indeed it has been so used by the 
followers of Boscovitch. The Newtonian discovery of gravitatiou, and of ap[>arent action 
at a distance, so occupied the attention of scientists at the time of Boscovitch that it 
seemed natural to regard action at a distance as the ultimate basis of force, and to 
try to inteq>ret action through a medium in terms of action at a distance. The reversion 
from this view came, as has been said, with Faraday. 

Hertz’s subsequent discovery of the finite velocity of propagation of electric action, 
which had previously beeu predicted by Maxwell’s theory, came to the support of Faraday’s 
view. To see exactly what is meant by this finite velocity of propagation, let us imagine 
that we place two uncharged conductors J, B at a distance r from one another. By 
charging A, and so performing work at A, we can induce charges on conductor B, and 
when this has boon done, there will be an attraction between conductors A and B. We 
can 8up[>ose that oonductor A is held fast, and that conductor B is allowed to move 
towards A, work being performed by the attraction from conductor A. We are noyv 
recovering from B work which was originally performed at A. The exiieriments of Herts 
shew that a finite time is required before any of the work spent at A becomes available 
at B. A natural explanation is to suppose that work spent on A assumes the form of 
energy whidi qneads itself out through the whole of space, and that the finite time 
observed before energy heoomee available at B is the time required ftw the first part of 
the advancing energy to travel fix>m d to A This explanation involvea regarding energy 
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as a definite phyeical entity, capable of being localised in space. It ought to be noticed 
that our senses give us no knowledge of energy as a physical entity : we experience force, 
not energy. And the fact that energy appears to be propagated through space with finite 
Telocity does not justify us in concluding that it has a teal physical existence, for, as we 
shall see, the potential appears to be propagated in the same way, and the potential can 
only be regarded as a convenient mathematical fiction. 

166. Although no sufficient reason has been found compelling us to 
ascribe electric action to the presence of an intervening medium, wo are still 
free to assume, as a hypothesis, that such a medium exists and that electric 
action is transmitted through this medium. As various electric and electro- 
magnetic phenomena are discussed we shall examine what properties would 
have to be attributed to the medium to account for these propertie.s. It it is 
found that contradictory properties would have to be ascribed to the medium, 
then the hypothesis of action through an intetaening medium will have to b(' 
abandoned. If the properties are found to be c<.)n.'iistent, then the hypotheses 
of action at a distance and action through a medium are still both, in the 
field, but the latter becomes more or less probiible just in proportion as the 
properties of the hypothetical medium .seem probable or improbabli'. We shall 
return to the general question of the existence of a medium in Chapter xx. 

166. Since electric action takes place even across the most complete 
vacuum obtainable, we conclude that if this action is transmitted by a 
medium, this medium must be the ether. Assuming that the action is 
transmitted by the ether, we must suppose that at any point in the electro- 
static field there will be an action and reaction between the two parts of the 
ether at opposite sides of the point. The ether, in other words, is in a state 
of stress at every point in the electrostatic field. Before discussing the 
particular system of stresses appropriate to an electrostatic field, we shall 
investigate the general theory of stresses in a medium at rest. 

General Theory of Stres.ses in a medu m at rest. 

157. Let us take a small area dS in the medium perpendicular to the 
axis of X. Let us speak of that part of the medium near to dS for which x 
is greater than its value over dS as x^, and that for which x is less than this 
value as a:_, so that the area dS separates the two regions x+ and x_. 
Those parts of the medium by which these two region.s are occufued exert 
forces upon one another across dS, and this system of forces is spoken of as 
the stress across dS. Obviously this stress will consist of an action and 
reaction, the two being equal and opposite. Also it is clear that the amount 
a>f this stress will be proportional to dS. 

L«t us assume that the force exerted by x+ on a:_ has components 

PxxdS, liydS, J%ydS. 
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then the force exerted by on will have components 

-TLdS. -P^zdB. 

The quantities TJ*, Pa are spoken of as the components of stress 
perpendicular to Ox. Similarly there will be comjwnents of stress Pyx, 
l\ix perpendicular to Oy, and components of stress P^, Pzy, Pu perpendicular 
to Oz. 


Let us next take a small parallelepiped in the 
medium, bounded by planes 

jj = f , x=: ^ + dx; 

y = v, y = v + dy, 

X = z + dz. 

The stress acting upon the parallelepiped 
across the face of area dydz in the plane x = ^ 
will have components 


i* 





o * 
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dy dZi (.Pn^x-tdydZy iP^x—idydz, 
while the stress acting upon the parallelepiped acroas the opposite face will 
have components 


(-^)*-<+rfjrdyrfr, {^v^x^t+Zmdydz, (^)x-(+dxdydz. 


Compounding these two stresses, we lind that the resultant of the stresses 
acting mwn the f>arallelepiped across the pair of faces parallel to the plane 
of yz, has compinents 


0j; 


dxdydt, 


^-^dxdydz. 


dx 


dxdydz. 


Similarly from the other paira of faces, we gel resultant forces of com- 


ponents 


dP 

dxdydz, 

dy 


^ dxdydz, 

£#// ^ 

-'Id.rdydz, 

and 

0/L I J A 

dxdydz. 

dxdydz. 

dxdydz. 


For generality, let us suppose that in addition to the action of these 
stresses the mwlium is licted upon by forces acting from a distance, of 
amount 5, H, Z j}or unit volume. The components of the forces acting on 
the parallelepiped of volume dxdydz will be 

adxdydz, H dxdydz, Zdxdydz. 


Compounding all the forces which have been obtained, we obtain as equations 
of equilibrium 

« dP„ dP„ dP„ 


and two similar equations. 


( 79 ) 



144 State of ^ Medium in the Electrostaiic Fidd [oh. vt 

168 . These three equations ensure that the medium shall have no 
motion of translation, but for equilibrium it is also necessary that there 
should be no rotation. To a first approximation, the stress across any face 
may be supposed to act at the centre of the face, and the force H, H, Z at 
the centre of the parallelepiped. Taking moments about a line through the 
centre parallel to the axis of Oai, we obtain as the equation of equilibrium 

(80). 

This and the two similar equations obtained by taking moments about 
lines parallel to Oy, Oz ensure that there shall be no rotation of the medium. 
Thus the necessary and sufficient condition for the equilibrium of the medium 
is expressed by three equations of the form of (79). and three equations of the 
form of (80). 

169. Suppose next that we take a small area dS anywhere in the 

medium. Let the direction cosines of the normal 
to dS be ±1, + ni, ± n. Let the parts of the 
medium close to dS and on the two sides of it be 
spoken of as S+ and <S_, these being named so 
that a line drawn from dS ^ith direction cosines 
+ (, + m, + R will be drawn into S+, and one 
with direction cosines will be drawn 

into i8_. Let the force exerted by on iS_ 
across the area dS have components 

FdS, OdS, HdS, 

then the force exerted by <SL on S+ will have 
components 

- FdS, - GdS, - HdS. 

The quantities F, 0, S are spoken of as the components of stress across 
a plane of direction cosines I, m, n. 

To find the values of F, O, H, let us draw a small tetrahedron having 
three feces parallel to the coordinate planes and a fourth having direction 
cosines I, m, n. If dS is the area of the last face, the areas of the other 
faces are IdS, rtidS, ndS and the volume of the parallelepiped is 
^ "Jllmn (dS)^ . Resolving parallel to Ox, we have, since the medium inside 
this tetrahedron is in equilibrium, 

^ V2(mn(dS)5 g - — mdSTJ,- ndSTJ* + FdS = 0, 

giving, since dS is supposed vanishingly small, 

F= Ifix + rally + nP,y 

and there are two similar equations to determine G and H, 



(81> 
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160 . Assuming that equation (80) and the two similar equations are 
satisfied, the normal component of stress across the plane of which the 
direction cosines are I, m, n is 

IF + viO + 7iH = + n^Ih + 2mn /Jj + 2nlP„ -(- 

The quadric 

<^^Prx + H"P,nt + + ^3:yPxy = 1 fSZ) 

is called the stress-quadric. If r is the length of its radius vector drawn in 
the direction I, m, n, we have 

'P^I'^Pxz + + »'‘Pzz + + 2nlP„ + 2liiiPx„)—l. 

It is now clear tliat the normal stress across any plane I, rn, n is measured 
by the recipr()cal of the square of the radius vector of which the direction 
cosines are I, vi, n. Moreover the direction of the stress across any plane 
I, VI, V is that of the normal to the stress-quadric at the extremity of this 
radius vector. For r being the length of this radius vector, the coordinates 
of its extremity will be ii, rm, m. The direction cosines of the normal at 
this point are in the ratio 

rlPxx + rviPxy + i nPtx : rlPx„+ rm F^y+mP^x : 7iP„ -i- r m Pyt + rn P^, 
or F.G H, which proves the result. 

The stre.s.s-quadric hius three principal axes, and the directions of these 
are spoken of as the axes of the stress. Thus the stress at any point has 
three axes, and these are always at right angles to one another. If a small 
area be taken perpendicular to a stress axis at any point, the stress across 
this area will be normal to the area. If the amounts of these stresses are 
P, P, P, then the equation of the stress-quadric referred to its principal 
vxe.s will be 

Clearly a positive prineij)al stress is a simple tension, and a negative 
principal stress is a simple pressure. 

An sitnplo illustrations of this theory, it in.vy be noticed that 

(i) I'or a simple hydrostatic pressure I\ the stres,s-quadric becomes an imaginary 
sphere 

The pressure is the same in all diroctiiuis, and the ])rcs8ure across any plane is at right 
angles to the plane (for the tangent plane to a sphere is at right an^es to the radius 
vector). 

(ii; For a simple pull, as in a rope, the stress-quadric degenerates into two parallel 
pianos 

/»{*»!. 

r. 


10 
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The Stresses in an Electrostatic Field. 

161. If an infinitesimal charged particle is introduced into the electric 
field at any point, the phenomena exhibited by it must, on the present view 
of electric action, depend solely on the state of stress at the point. The 
phenomena must therefore be deducible from a knowledge of the stress- 
quadric at the point. The only phenomenon observed is a mechanical force 
tending to drag the particle in a certain direction— ^namely, in the direction 
of the line of force through the point. Thus from inspection of the stress- 
quadric, it must be possible to single out this one direction. We conclude 
that the stress-quadric must be a surface of revolution, having this direction 
for its axis. The equation of the stress-quadric at any point, referred to 
its principal axes, must accordingly be 

(83), 

where the axis of f coincides with the line of force through the point. Thus 
the system of stresses must consist of a tension along the lines of force, 
and a tension II perpen<licular to the lines of force — and if either of the 
quantities or is found to be negative, the tension must be interpreted 
as a pressure. 

Since the electrical phenomena at any point depend only on the strc.ss- 
quadric, it follows that R must be deducible from a knowledge of and R. 
Moreover, the only phenomena known are those which depend on the 
magnitude of R, so that it is reasonable to suppose that the only quantity 
which can be deduced from a knowledge of R and R is the quantity R — 
in other words, that R and R are functions of R only. We shall for the 
present assume this as a provisional hypothesis, to be rejected if it is found 
to be incapable of explaining the facts. 


162. The expression of as a function of R can be obtained at once 
by considering the forces acting on a charged conductor. Any clement dS 

of surface experiences a force ^dS urging it normally away from the con- 


ductor. On the present view of the origin of the forces in the electric field, 
we must interpret this force as the resultant of the ether-stresses on its two 
sides. Thus, resolving normally to the conductor, we must have 


^dS = iR)sd8-{R),dS. 


where (R)s, (R\ denote the values of R when the intensity is R and 0 
respectively. Inside the conductor there is no intensity, so that the 
stress-^aadrics become spheres, for there is nothing to differentiate one 
direction from another. Any value which (R), may have accordingly arises 
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simply from a hydrostatic pressure or tension throughout the medium, and 
this cannot influence the forces on coDductors. Leaving any such hydrostatic 
pressure out of account, we may take (7?)o = 0, and so obtain (/?)* in the 
form 

it? 

P. = ^- ( 84 ). 


163. We can most easily arrive at the function of R which must be 
taken to express the value of R, by considering a special case. 

Consider a sphericiil condenser formed of spheres of radii a, b. If this 
condenser is cut into two equal halves by a plane through its centre, the 
two halves will repel one another. This action must now be ascribed to the 
stresses in the medium across the plane of section. Since the lines of force 
are radial these stresses are perpendicular to the lines of force, and we see 
at once that the stress perpendicular to the lines of force is a pressure. To 
calculate the function of R which expresses this pressure, we may suppf>sc 
b — a equal to some very small quantity c, so that R may be regarded as 
constant along the length of a line of force. The area over which this 
pressure acts is it (!>’ — a*), and since the pressure per unit area in the 
medium perpendicular to a line of force is ~ the total repulsion 
between the two halves of the condenser will be — RirilF — a-). 


The whole force on either half of the condenser is however a force 27rff* 
per unit area over each hemisphere, normal to its surface. The resultant of 
all the forces acting on the inner hemisphere is tto* x 2iro*, or putting 
27ru’<r = E, so that E is the charge on eitlier hemisphere, this force is E^j'la^. 
Similarly, the force on the hemisphere of riidius b is E^jit^. Thus the re- 


sultant repulsion on the complete half of the condenser is 



Since 


this has been seen to be also equal to — Rtt {b' — a^), we have 


R = - = - 27rcr- = 

' 7rn*i- 


blT 


on tiiking o = 6 in the limit. 


Thus in order that the okstjrved actions may be accounted for, it is 
necessary that we have 


/? = 


.Sir' 


n=- 


Stt ’ 


Moreover, if these stresses exist, they will account for all the observed 
mechanical action on conductors, for the stresses result in a mechanical force 
27 r<r* per unit area on the surface of every conductor. 


164. It remains to examine whether these stresses are such as can he 
transmitted by an ether at rest. 


10—2 
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As a preliminary we must find the values of the stress-components P^, 
Pen , referred to fixed axes Ox, Oy, Oz.* 

The stress-quadric at any point in the ether, referred to its principal axes, 
is seen on comparison with equation (83) to be 

(85). 

Here the axis of f is in the direction of the line of force at the point. 
Let the direction-cosines of this direction be I, , in, , . Then on transforming 

to axes Ox, Oy, Oz we may replace f by I,® + m,y -t- n,z. 

Equation (85) may be replaced by 

^i2r-(r+^“+r)} = i, 

and on transforming axes -t- ij* -f f* transforms into a? + y^ + z*. Thus tho 
transformed equation of the stress-quadric is 

^ {2 {l,x + m,y -h n,zy ->r ^»)j = 1. 


Comparing with equation (82), we obtain 

R‘ 

= (80), 

(87), 


and similar values for the remaining components of stress. 

Or again, since X = l^R, Y = w,iJ, Z = n,R, 
these equations may be expressed in the form 




p - 


XY 

iir 


In this system of stress-components, the relations ^ are satisfied, 
as of course they must be since the system of stresses has been derived by 
assuming the existence of a stress-quadric. Thus the stresses do not set up 
rotations in the ether (cf. equation (80)). 


In order that there may be also no tendency to translation, the stress- 
components must satisfy equations of the type 


, ^Pa _ n 
dx dy dz 

expressing that no forces beyond these stresses 
ether at rest (cf. equation (79)). 


( 88 ). 


are required to keep the 
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On substituting the values of the stress-components, we have 
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dx dy dz 


1_ 

Htt 

J_ 

Stt 




On putting 


y dV 
dx ’ 


Y=- 


'T t 

oy 


tiz 


we find at once that 


dX 
dx 

shewing that ecjuation (88) is satisfied. 


dX 

dv_ 

d^V 

1 

d'-r _ 

_ n 

S'/ 

dx 

djiy 

-r 

dxdy 

= t). 

a.Y 

dZ _ 

d'-V 



A 

dz 

dx 

dxdz 


d.cdz 

= U, 

dV 

dz 



d-‘V 

d'^V- 

^!/ 

dz 


+ 

dif^ 

dz\ 


166. Thus, to recapitulate, we have found that a system of stresses 
Consisting of 

i? 

(i) a tension -- per unit area in the direction of the lines of force, 

OTT 

.. R’ . 

(ii) a pre.ssurc ~ per unit area perpendicular to the lines of force, 

OTT 

is one which can be transmitted by the medium, in that it does not tend to 
set up motions in the ether, and is one which will explain the observed 
forces in the electrosUtic field. Moreover it is the only system of stresses 
capable of doing this, which is such that the stress at a point depends only 
on the electric intensity at that point. 


Examples of Stress. 

166. Assuming this system of stresses to exist, it is of value to try to 
picture the actual stresses in the field in a few simple cases. 

Consider first the field surrounding a point charge. The tubes of force 
are cones. Let us consider the equilibrium of the ether enclosed by a 
frustum of one of these cones which is bounded by two ends p, q. If 
<i>p, no, are the areas of these ends, we find that there are tensions of 
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amounts Since Rpa>p=Rgag, the former is the greater. 

so that the forces on the two ends hare as 
resultant a force tending to move the ether 
inwards towards the charge. This tendency 
is of course balanced by the pressures acting 
on the curved surface, each of which has a 
component tending to press the ether inside 
the frustum away from the charge. 

167. A more complex example is afforded 
by two equal point charges, of which the lines of force are shewn in 
fig. 50. 


Fio. 6a 

The lines of force on either charge fall thicltest on the side furthest 
removed from the other charge, so that their resultant action on the charges 
amounts to a traction on the surface of each tending to drag it away from 
the other, and this traction appears to us as a repulsion between the bodies. 

We can examine the matter in a different way by considering the action 
and reaction across the two sides of the plane which bisects the line joining 
the two charges. No lines of force cross this plane, which is accordingly 
made np entirely of the side walls of tubes of force. Thus there is a pressure 

— per unit area acting across this plane at every point. The resultant of 

all these pressures, after transmission by the ether from the plane to the 
charges immersed in the ether, appears as a force of repulsion exerted by 
the charges on one another. 






166 - 169 ] Energy m the Electrostatic Field 


151 


Enerov in the Medium. 

168 . In setting up the system of stresses in a medium originally un- 
stressed, work must be done, analogous to the work done in compressing 
a gas. This work most represent the energy of the stressed medium, and 
this in turn must represent the energy of the electrostatic field. Clearly, 
from the form of the stresses, the energy jjer unit volume of the medium 
at any jwint must be a function of R only. To determine the form of this 
function, we may examine the sim[)le ca.se of a parallel plate condenser, 

E? 

and we find at once that the function must be — . 

OTT 


We have now to examine whether the energy of any electrostatic field 
Ciin be regarded as made up of a contribution of amount — per unit volume 

OTT 

from every part of the field. 


In fig. .51, let PQ be a tube of force of strength e, passing from P at 
potential to at potential V^. The ether inside this tube ol force 

being supposed to possess energy ^ per unit volume, 

the total energy enclosed by the tube will be 

a. d9. 

I f oir 

where oi is the cross section at any prtint, and the 
integration is along the tube. Since Rto = “Itts, 
this expression 

f '' 

= i e f Rds 

• p 


i: 





y^). 


This, however,- is cx.actly the contribution made by the charges ± c at 
P. Q to the expression ^ SeK. Thus on summing over all tubes of force, we 
find that the total energy of the field may be obtained exactly, by 

/fj 

assigning energy to the ether at the n\te of — j>er unit volume. 


Energy in a Pielectric. 

169 . By imagining the parallel plate condenser of § 168 filled with 
dielectric of inductive capacity K, and calculating the energy when charged, 

KR^ 

we find that the energy, if spread through the dielectric, must be 
per unit volume. 
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Let U 3 now examine whether the total energy of any field can be regarded 
as arising from a contribution of this amount per unit volume. The energy 
contained in a single tube of force, with the notation already used, will be 


/; 


Htt 


' ds. 


KR 


or. since = P, where P is the polarisation, this energy 

47r 

= J ^RPtods 

= i e Rds 
= Ae(i;-F^,). 

so that the total energy is ^ SeF, ns before. Thus a distribution of energy of 
amount per unit volume will account for the energy of any field. 

OTT 

Cri/stall ine dielectr! r.c. 

170 . We have seen (§ 152) that in a*erystalline dielectric, the com- 
ponents of polarisation and of electric intensity will be connected by equations 
of the fonn 

47r/= /r„A’ -f K^Y + K iZ 1 

47rp = K,,X (.8!)}. 

47r;t = KnX + -t- K^Z j 

The energy of any distribution of electricity, no matter what the dielectric 
may be. will be If Y, V. are the potentials at the two ends of 

a unit tube, the part of tliis sum which is contributed by the charges at th(> 
ends of this tube will be ^ (Fj — Y). If d/ds denote differentiation along the 

fdV [dV 

tube, this may be written J again — i J Pw ds, where P is the 

polarisation, and a> the cross section of the tube. Thus the energy may be 

f)F 

supptised to be distributed at the rate of — -J -v— P per unit volume. If e is the 
angle between the direction of the polarisation and that of the electric 

C 

intensity, we have - = li cos «, so that the energy per unit volume 

^ RP cos e = h (fX + gY+hZ) ^UO). 

In a slight increase to the electric charges, the change in tlie energy of 
the system is, by § 109, equal to SF8A’, so that the change in the energy per 
unit volume of the medium is 

Sir= VSg + ZB/i. 

bW „ dW 


'dW_Y 


'^9 


Y. 


dh 


=-Z. 


Thus 


(91). 
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From formulae (89) and (90), we mu«t have 
W ^^(/X +ffY+hZ) 


{i{,,X‘+(K„+K^) xr + ...), 


from which 


dW 


dX 47r 

We must also have 


{K,,X + i (/r., + X^) Y + iiX„ + K„) Z\. 


dJV ?_W If drj hjf dh 
dX ~ hf dX'^ dg c'x dh ^ 

1 


47r 


{KuX + + K,,Z\. 


Comparinjjf these expressions, we see that we must have 
K,, = K,u A'., = A'„. 

The energy per unit volume is now 


W = ^^(A^,A'* + 2A'„Xr+...) 


.(92). 


BIaxwf.i.i/s Dispfaokmf.nt Theory. 

171. Maxwell attempted to construct a ]>icture of the phenomena 
occurring in the electric field by means of his conci'ption of “electric dis- 
placement.” Electric intensity, according to Maxwell, acting in any medium — 
whether this medium be a conductor, an insulator, or free ether — produces 
a motion of electricity through the tm'dium. It is clear that Maxwell’s 
conception of electricity, as here used, must be widor than that ^sinch we 
have up to the present bi-en using, for electricity, as we have so far under- 
stood it, is inca])able of moving thmugh insulators or free ether. Maxwell’s 
motion of electricity in conductors is that with w hich we are already familiar. 
As we have seen, the motion will continue so long .is the electric intensity 
continues to exist. Acconling to Maxwell, there is also a motion in an 
insulator or in free ether, but with the difference that the electricity cannot 
travel indefinitely through these imslia, but is simply displaced a small 
distance within the medium in the direction of the electric intensity, the 
extent of the displacement in isotropic media being exactly proportional 
to the intensity, and in the same direction. 

The ooiircption will {wrlrnps lie undcratood more rlearlv on conipanug a conductor to 
a liquid and an insulator to an olaatic solid. A small particle imniersed in a liquid will 
continue to move through the liquid so lone as there is a force acting on it, but a particle 
immersed iu an elastic solid will be nieidy “ di-splaced " by a force acting on it. The 
amount of this displacement will be pi\)|h>rti»iial to the force acting, and when the force 
ia removed, the ^lurticle wdl return to its original position. 
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Thus at any point in any medium the displacement has magnitude and 
direction. The displacement, then, is a vector, and its component in any 
direction may be measured by the total quantity of electricity per unit area 
•which has crossed a small area perpendicular to this direction, the quantity 
being measured from a time at which no electric intensity was acting. 

172. Suppose, now, that mi electric field is gradually brought into 
existence, the field at any instant being exactly similar to the final field 
except that the intensity at each point is less than the final intensity in 
some definite ratio *. Let the displacement be c times the intensity, so 
that when the intensity at any point is kR, the displacement is ckR. The 
direction of this displacement is along the lines of force, so that the 
electricity may be regarded as moving through the tubes of force : the lines 
of force become identical now with the current-lines of a stream, to which 
they have already been compared. 

Let us consider a small element of volume cut off by two adjacent 
equipotentials and a tube of force. Let the cross section of the tube of 
force be m, and the normal distance between the equipotentials where they 
meet the tube of force be As, so that the element under 
consideration is of volume mds. On increasing the intensity 
from kR to (k + Ak) R, there is an increase of displacement 
from ckR to c{k + Ak) R, and therefore an additional dis- 
placement of electricity of amount cRAk per unit area. 

Thus of the electricity originally inside the small element 
of volume, a quantity cRwAk flows out across one of the 
bounding equipotentials, whilst an equal quwtity flows in 
across the other. Let be the potentials of these 

surfaces, then the whole work done in displacing the electricity originally 
inside the e^pment of volume wds, is exactly the work of transferring a 
quantity oR^k of electricity from potential Vi to potential IJ. It is 
therefore V,)Ak and, since ^ — = this may be written as 

c^^wAskAk. Thus as the intensity is increased from 0 to ii, the total work 
spent in displacing the electricity in the element of volume eada 

= f cR’ (eoAs) kAk = Jcii’ . a>ds. 

Jo 



Km. 52. 


This work, on Maxwell's theory, is simply the energy stored up in the 

R* 

element of volun^e oj.Aa of the medium, and is therefore equal to 5 — toAs. 

OTT 

Thus c must be taken equal to and the displacement at any point is 
measured by 


A 

4or' 
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If the element of volume ia taken in a dielectric of inductive capacity K, 
KB} K 

the energy is , so that c = ^ , and the displacement is 

KR 

4nr * 

173 . It is now evident that Maxwell’s “displacement” is identical in 
magnitude and direction with Faraday's “polarisation” introduced in 
Chap. V. 

Denoting either quantity by P, we had the relation 

Jjp COB edS'=£ ^93) 

expressing that the normal component of P integrated over any closed 
surface is equal to the total charge inside. On Maxwell’s interpretation of 

the quantity P, the surface integral PcosedS simply measures the total 

quantity of electricity which has crossed the surface from inside to outside. 
Thus equation (9.3) expresses that the total outward displacement across any 
closed surface is equal to the total charge inside. 

If we now follow Maxwell in supposing that electricity is of two kinds, 

(i) the kind which appears as a charge on an electrified body, 

(ii) the kind which Maxwell imagines to occupy the whole of space, and to 

undergo displacement when electric action takes place, 
then it appears that any increase of electricity of kind (i) inside any closed 
surface is accompanied by an exactly equal decrease of electricity of kind (ii). 
In other words the sum total of the two kinds of electi icity inside anj- closed 
surface remains constant. 

174 . It will be understood that Maxwell’s theor}’ of electrical displace- 
ment attempts to give a physical picture of the processes of the electric field, 
but that the truth of the picture is by no means essential to the mathematical 
theory of electricity. The displacement theory is historically important because 
it led Maxwell to the hypothesis of displacement currents w-hich form the 
foundation of his electromagnetic theory of light (Chap. xvii). But we shall 
see later that the general electromagnetic theory can be developed without 
the preliminary displacement theory. The displacement theory has served as 
part of the scaffolding by which the electromagnetic theory was constructed; 
whether the scaffolding ought now to be disciuxied remains an open question. 
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Green’s Theorem. 


176. A THEOREM, fil-st given by Green, and commonly c.alled after him, 
-enables us to express an integral taken over the surhices of a number of 
bodies as an integral taken through the space between them. This theorem 
naturally has many applications to Electrostatic Theory. It supplies a means 
of handling analytically the problems which Faraday treated geometrically 
with the help of his conception of tubes of force. 


y(76. 


Theorem. // u, 
coordinates w, y, z, then 


V, w are contiinmis functions of the Cartesian 


2 J 4- mv + nw) d-cdydz (O-t). 

Here 2 denotes that the surface integrals are summed over any number of 
closed surfaces, which ma)’ include as special cases either 

(i) one of finite size which encloses all the others, or 

(ii) an imaginary' sphere of infinite radius, 


and I, m, n are the direction-cosines of the nonnal drawn in every case from 
the element dS into the space l>etween the surfaces. The volume integral is 
taken throughout the space between the surface.s. 


Consider first the value of j j i^daodydz. Take any small prism with its 

axis pamllel to that of x, and of cross section dyde. Let it meet the surfaces 
at P, Q, R, S, T,,U, ... (fig. 53), cutting off areas dSp, dSg, dSp, .... 


The contribution of this prism ^ fjj ^dxdydz is dydz J^dx, where the 
integral is taken over those parts of the prism which are between the surfaces. 


Thus 


[ou J J 


= ~Up-t-Ug-U^ + Ug~..., 
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ur 


where Up, u^, Uj,,... are the values of u at P, Q, R,.... Also, since the pro- 
jection of each of the areas dSp, dS^,... on the plane of yz is dydz, we have 

dydz=nlpdSp = — l^dS^ = IjtdSji = 

where Ip, Ip,.,, are the values of I at P, Q, R,.,.. The signs in front of 
Ipi igi Ip,... are alternately positive and negative, because, as we proceed 
along PQR..,, the normal drawn into the space between the surfaces makes 
angles which are alternately acute and obtuse with the positive axis of a?. 



Thus 

dydz l~^dj-= dydz(—u.p + Ug—np+..,) 

— i p ii p it ^ ~~ 

and on adding the similar equations obtained for all the prisms we obtain 

// 

the terms on the right-hand sides of equations of the type (95) combining so 
as exactly to give the term on the right-hand side of (96). 

We can treat the functions v and w similarly, and so obtain altogether 

/ If (L* I ;) «-:^jjilu + mv + nw) dS. 

proving the theorem. 

177. If u, V, w are the three components of any vector P, then the 
expression 

3u dv dw 
^ ?// ^ 32 

is denoted, for reasons which will become clear later, by div P. If R is the 
component of the vector in the direction of the normal (I, m, n) to dS, then 

R =xlu + mv ■+• fiw. 
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Thus Greeo’a Theorem assumes the form 

jjjdwTdxdydz^-’S.fjNdS (97). 


A vector F which is such that div P = 0 at every point within a certain 
region is said to be " solenoidal ” within that region. If P is solenoidal 
within any region. Green’s Theorem shews that 

//ms.o, 

where the integral is taken over any closed surface inside the region within 
which F is solenoidal. Two instances of a solenoidal vector have so far 
- occurred in this book — the electric intensity in free space, and the pohirisa- 
tion in an uncharged dielectric 

178. Integration through space external to closed surfaces. Let the 
outer surface be a sphere at infinity, say a sphere of radius r, wliere r is 
to be made infinite in the limit. The value of 

mi) + nw) dS 

taken over this sphere will lanish if u, v, and w vanish more rapidly at 
infinity than Thus, if this condition is s.atisfied, we have that 

///(£ ^ I ^ S') ^ ^ 

where the volume integration is taken through all space ex(enial to certain 
closed surfaces, and the surface integration is taken over these surtaces, 
I, m, n being the direction-cosines of the outward normal. 

179. Integration through the interior of a closed surface. Let the inner 
surfaces in fig. 53 all disappear, then we have 

iJ/£ I =-jj{lu + rm,+ mv) dS, 

where the volume integration is throughout the space inside a closed surface, 
juod the surfiice integration is over this area, I, m, n being the direction- 
cosines of the inward normal to the surface. 

180. Integration through a region in which a, a, v> are discontinuous. 
The only case of discontinuity of u, v, w which possesses any physical import- 
jmce is that in which u, v, w change discontinuously in value in crossing 
certain surfaces, these being finite in number. To treat this case, we enclose 
weaoh surface of discontinuity inside a surface drawn so as to fit it closely on 
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both sides. In the space left, after the interiors of such closed surfaces have 
been excluded, the functions u, v, w are continuous. We may accordingly 
apply Green's Theorem, and obtain 

///(£ “^ ^ '*'£ j ~ ^ 

-^S'JI(lu + mv+ nw) dS (98), 

where £ denotes summation over the closed surfaces by which the original 

space was limited, and S' denotes summation over the new closed surfaces 

which surround surfaces of discontinuity of «, v, vj. Now 

corresponding to any element of area dS on a surface of dis- H 

continuity there will be two elements of area of the enclosing ] j 

surface, {jet the direction-cosines of the two normals to dS be 1 

^ 1 , fUi, «! and f,, TO,, n,, so that ij = — to, = — m,, and 

n, = — Let these direction-cosines be those of normals n,.*— — 

drawn from dS to the two sides of the surface, which we shall 

denote by 1 and 2, and let the values of u, v, w on the two 

sides of the surface of di-scontinuity at the element dS be 

u,, Vi, Wi and Then clearly the two elements of j 

the enclosing surface, which fit against the element dS of ^ 

the original surface of discontinuity, will contribute to 


I'lfa + mv + nw) dS 


an amount 


dS [(f,u, TOjU, + n,«;,) + (/,«i + -t- 

1^1 («i - ««) + (v, — Vi) + », («/, - MI,)) dS. 


Thus the whole value of X' jj(lu + mv + nw)dS may be expressed in 
the form 

2" lj{l, (ui-u^ + m, (v, - w.) -h n, (w. - w,)} dS, 

where the integration is now over the actual suriaces of discontinuity. Thus 
Green’s Theorem becomes 




> — 2 J l^(lu + mo + nw) dS 
- 2"JJ{/,(m, - «,) -I- - «*i)) dS 
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Special Form of Green's Theorem. 

181. An important case of the theorem occufs when u, v, w have the 

a'j' 


special values 


«*= 4> 


dx‘ 


» = 4>7;— , 

where O and ^ are any functions of x, y and s. The value of {lu + viv + nw) 
is now 

. 3'^ . a'I'\ 

dx 


<P (l^ -h m~ + 
\ dx dy 


” ds) 


or 




aj;; 

dn ’ 


where denotes diflFerentiation along the normal, of which the direction- 
cosines are I, m, n. 

We also have 


cu dv dw _ d 
dx'^ dy^ dz dx 




d<t}d^ d<Pd'Jr d^d'V 

dx dx ^ dy dy^ dz dz 




Thus the theorem becomes 


+ g^ g^ + g^ ^^^dxdydz _ - S jj 4» g^ dS...(100). 

This theorem is true for all values of <1> and '!', so that we may inter- 
change <1» and and the equation remains true. Subtracting the equation 
so obtained from equation (100), we get 

dxdydz = - 1 


Appucations of Gr ken’s Theorem. 

182. In equation (101), put <I>="1 and ■'!'■= T, where V denotes the 
electrostatic potential. We obtain 

■ar. 


jjjv^Vdwdydz^-l (102). 
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Let us divide the sum on the right into 7i, the integral over a single 
closed surface enclosing any nninber of conductors, and /g, the integrals over 
the surftices of the conductors. Thus 




where denotes differentiation along the normal drawn into the surface. 
on 

dV . 

Thus — ^ is equal to the component of Intensity along this normal, and 

therefore to —N, whore N is the compf>nent along the outward normal. 
Hence 


T, = ~JjNdS. 


At the surface of a conductor — 47r£r, so that 

on 

/, = 4-n-^ I f <T<IS over conductors 
= 4'n- X total charge on coiiductors. 

If there is any volume electntication, V’F= — 47rp, so that 

j" f^'^Vd.rdi/d^ = — 47r j j^j^pda dt/ds, 

and the integral on the right rejtrcscnts the total volume electrification. 

Thus equation (102) becomes 

I " I .Yds = 47r X (total charge on conductors + total volume electrification), 
so that the theorem reduces to tlauss’ Theorem. 

183. Next put <t> and each evpial to V. Then ecjuation (100) becomes 

+ Q' + ^ 1 ')=} 


+ < jlv— dS=.0. 

J.’ f'u 

Take the surfaces now to be the surfaces of conductors, and a sphere of 

1 f’ 1 ^ 

radius r at infinity. At infinitv V is of order - . so that — is of order 

r r'a 

1 dV 

- , and hence V , integrated over the sphere at infinity, vanishes ^ 178). 
I'iie equation becomes 

— 4w ijj pVdjrdyde + |JJ Tt^djrdydz — 4w jjVa-dS >=0. 


11 
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llie first and last terms together give — 4ir x 2«F, where a is any 
element of charge, either of volume-electrification or surface-electrification. 
Thus the whole equation becomes 

ileV*^ jJJ ^ dxdydt, 

shewing that the energy may be regarded as distributed through the space 
outside the conductors, to the amount rp- per unit volume — the result 
already obtained in § 168. * 


184. In Qreen’s Theorem, take 


Here K is ultimately to be taken to be the inductive capacity, which 
may vary discontiuuously on crossing the boundary between two dielectrics. 
We accordingly suppose u, v, w to be discontinuous, and use Green’s Theorem 
in the form given in § 180. We have then 


m 


ac a* 9y 


U * ^ V'*' V X I J , J 

+//> II S) k I) ^ I (« I/)} ■**■'!'* 


CVi CPs j 




(103). 


where ^ ^ have the meanings assigned to them in § 140. 


If we put <!> = 1, » F, in this equation, it reduces, as in § 130, to 



dS = — 4w X total charge inside surface, 


so that the result is that of the extension of Gauss’ Theorem. Again, if we 
put O ''1^ » F, the equation becomes 

and the result is that of § 169. " ' ~ 
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Oi'een'8 Reciprocation Theorem. 

185. In equation (101), put 4>=s F, ^=V'. where V is the potential 
of one distribution of electricity, and F' is that of a second and independent 
distribution. The equation becomes 

/ dxdydz + lJJ(<rV'- <r'V) dS = 0. 

which is simply the theorem of § 102, namely 

leV'=le'V (104). 

If we assign the same values to <I>, in equation (103), we again obtain 
equation (104), which is now seen to be applicable when dielectrics are 
present. 


Uniquensss of Solution. 


186. We can use Green’s Theorem to obtain analytical proofs of the 
theorems already given in § 99. 

Theorem. // the value of the potential V ia knoion at every point on 
a number of closed surfaces by which a space ia hounded internally and 
externally, there is only one value for F at every point of this intervening 
space, which satisfies the condition that V’F eitbo' vanishes or has an assigned 
value, at every point of this space. 


For, if possible, let F, F' denote two values of the potential, both of which 
satisfy the retjuisite conditions. Then F'— F=0 at every point of the 
surfaces, and V5( K' — F) = 0 at every point of the sp-oce. Putting 4> and 
each eqii.'vl to V' — F in equation (100), we obtain 




'S(F'-F)y 

dy ) 


+ 




and this integral, being a sum of squares, can only vanish through the 
vanishing of each term. We must therefore have 


|(r-V),|(r-F).i(r--F).o (los), 

or F' — F equal to a constant. And since F' — F vanishes at the surfeces, 
this constant must be zero, so that F= F' everywhere, i,e. the two solutions 
F and F' are identical : there is only one solution. 


187. Theorem. Oiven the value of ^ at every point of a number of 

closed surfaces, there is only one possible value for V (except far additive 
constants), at each point of the intervening space, subject to the condition that 
F o 0 throughout this space, or has an assigned value at each point. 

ll— 8 
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The proof ie almost identical with that of the last theorem, the only 
difference being that at every point of the surfaces we have 




instead of the former condition F' — F = 0. We still have 


ll[(V'-V)l(V'-V)d6'^0, 

so that equation (105) is true, and the result follows as before, except that 
V and V' may now differ by a constant. 


188. Theorems exactly similar to these last two theorems are easily 
seen to be true when the dielectric is different from air. 

For, let F, F' be two solutions, such that 




+ 


±(rl 

ayt ay 


(F- F') + 




dz 




F') 


at all points of the space, and at the surface either F— F' 

a 


dn 


(V- F') = 0. 


= 0 

= 0, or 


3(F- F Q]* , p(V- F')|^' 

ay 


dxdi/dt 


By Green's Theorem 

- - ///( I O' - ’'■>} + 1 I ( - ''■>1 

+ 2jJ/r(F- V')^{V~ V')dS 


= 0 by hypothesis. 

Equation (105) now follows as before, so that the result is proved. 


Comparisons of different fields. 

189. Theorem. If any number of surfaces are fixed in position, and a 
given charge is placed on each surface, then the energy is a minimum when 
the charges are placed so that every surface is an equipotential. 

Let V' be the actual potential at any point of the field, and V 
the potential when the electricity is arranged so that each surface is 
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an equipotential. Calling the corresponding energies W' and W, we 
have 


Htt 


dV' dVY 1 , , , 
dV' dV ,dv 




If we put 0 — y, ^ V' — V, in equation (100), we tind that the last 
integral becomes 

or, since V is by hypotliesis constant over each conductor, 

IV lj((r'-(r)dS, 

and this vanishes since each total charge jj a'dS is the same as the corre- 
sponding total charge Jj a-dS Thus 

This integral is easentially po:>itive, so that IT' is greater than W, which 
[iroves the theorem. 

If any distribution is suddenly sot free and alloived to diov so that the 
surface of each conductor becoinos an equipotential. the loss of energy 
W' — IT is seen to be equal to the energy of a field of potential V' — V at 
any point. 

190. Theorem. The introduction of a new conductor lessens the energy 
of the field. 

Let accented symbols refer to the field after a new conductor iS has been 
introduced, insulated and uncharged. Then 

W — W = ^ I^JI" JUdxdydz through the field before S is introduced 

— ^^JJJ R'*dxdyde through the field after S is introduced 
“ sV/// through the space ultimately occupied by S 

+ i JJl (jK’ — if*) through the field after S is introduced. 
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The last integral 

and this, as in the last theorem, is equal to 

where 2 denotes summation over all conductors, including 3. 
This last sura of surface integrals vanishes, so that 

W— W'= ~ jjj B^dxdydz through S 


■iim- 




dxdydz through the field after 
S has been introdticed. 

Thus IF — IT' is essentially positive, which proves the theorem. 

On putting the new conductor to the earth, it follows from the preceding 
theorem that the energy is still further lessened. 

191. Theorem. Any increase in the inductive capacity of the dielectric 
between conductors lessens the energy of the field. 

Let the conductors of the field be supposed fixed in position and in- 
sulated, so that their total charge remains unaltered. Let the inductive 
capacity at any point change from K to K -k- bK, and as a consequence let 
the potential change from F to V+8V, and the total energy of the field 
from W to TT -1- 8 

If El, E.j,... denote the total charges of the conductors, Vi, their 

potentials, and p the volume density at any point, 

W = ^-S.EV + ijjjpVdxdyds, 

so that, since the E’e and p remain unaltered by changes in K, we have 

BW^klESV+ijjjpSVdxdydz (lOfi). 

We also have 


BO that 






[dVdSV dVdSV 

dx ^dy dy ^ dz dz 


^dxdydz ...(107), 



190 - 102 ] EarmTiaw's Theorem 

By Green’s Theorem, the last line 

+1 ) +r. s)I ‘*'‘*!'* 
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\ cyj I 

^ + wiT + nK 
cic oy 02 


ds. 


the summation of surfitce integrals being over the aurfacee of all the 
conductors. 


‘IJJpSl^dxdydz + l JJa-SVclS 

< JJJpSV dxdydz + 2A’SF 


-25ir 

by equation (106). Thus equation (107) becomes 

6W = ~jjlli:‘&Kdxdydz-2BW, 

so that SW = -~JJ Ili^SKdxdydz. 

Thus S W is necessarily negative if BK is positive, proving the theorem. 

It is worth noticing that, on the molecular theory of liielectncs, the increase in the 
inductive capacity of the dielectric at any |>oint will be most readily accomplished by 
introducing now inolc<;ulc*<. If, as in Chap, v, these molecules are regarded as uncharged 
ixinducturs, the theorem ju.st proved Iwcorae-, identical with that of § 190. 


Eakn.shaw's Theorem. 

192 . Theorem. A charged body placed tn a/i electric field of force 
cannot rest in sUible e<ptilibrium under the infiuence of the electric forces 
alone. 

Let us suppose the charged body 4 to be in any position, in the field 
of force produced by other bodies B. B', — Firet suppose all the elec- 
tricity on A, B, B', ... to be fixed in position on these conductors. Let 
V denote the potential, at any point of the field, of the electricity on 
B, B', .... Let a*, y, * be the coordinates of any definite point in A, say its 
centre of gravity, and let x-t-a, y + 6, s-tc be the coordinates of any other 
point. The potential energj' of any eleinout of charge « at x + a, y + b, z + c 
is eV, whore V is evaluated at x + a, y + b, m + c. Denoting eF by w, we 
clearly have 

?-w dHo L 
?//’ ^ dx* ^ j j 

since F is * solution of Laplace’s equation, y 1 i / i 
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Let W be the total energy of the body A in the field of force from 
B, B', .... Then W and therefore 

a=)r d^_w 
da-^ V ^ 

i.e. the sum W = lu< satisfies Tjaplace’s equation, because this equation is 
satisfied by the terms of the sum separately. It follows from this e(piation, 
as in § 52, that cannot be a true maximum or a true minimum for any 
values of x, y, z. Thus, whatever the position of the body A, it will always 
be possible to find a di.splacemcnt — i.e. a change in the values of x, y, z — fur 
which W decreases. If, after this disjfiacement, the electricity on the con- 
ductors A, B,B\ ... is set free, so that each surface becomes an eijuipotential, 
it follows from § 189 that the energy of the field is still further lessened. 
Thus a displacement of the body A has been found which lessens the energy 
of the field, and therefore the body A cannot re.^t in stable equilibri\im. 

One physical apiilication of Eariishaws Theoreio is of estrcnie iiuporliiiKe. The 
theorem shews that an electron cannot rest in atjible cquilibriimi under the forces of 
attraction and repulsion from other eharge.s, go long a.M these foroe.s are sn)i]i-.sed to oliey 
the law of the inver.so square of the distance. Thus, if a molecule is to Ikj regarded as a 
cluster of electron.-) and positive charges, a.s in ^ lol, then the law of force must la: .some- 
thing diti'erent from that of the inverse square. 

TLci-e sei'ins to l>e no difficulty alauit the supjwsition that at very Hinall distance.s the 
law of force is different fre m the inverse square. On the contrary, there would be a ver>' 
real difficulty in supposing that the law l/r^ held down to zero values of r. For the tone 
between two charges at zero dist,ince would be infinite ; we .should have ch-nges of opjg>- 
site .sign continually ru.shing together and, when once together, no forre wt iild be aderpute 
to separate them. Thu.s the universe would in tiiuo con.si.'t only of doublets, each 
consisting of permanently interlockeil jrositive and negative charges. If tlio law 1,'r* 
held down to zero values of r, the distance apart of the eharges would be zero, so that 
the strength of each doublet would lie nil, ami there would lie no waj- of detecting its 
presence, Thu.s the matter in the universe would tend to shrink into uotlung or to 
diminish indefinitely in size. The observed jremiaueiice of matter precludes any such 
hypothesis. 

Earnsliaw’s Theorem accordingly limit-s u.s to two alternatives. Either the molecule 
does not consist of a cluster of electrons in relative rc-st,, or else the law of the iiner.se 
square fails at molecular distance.s. 

Recent experimental investigations decide very <lefiiiit<‘ly against the .secoiul alternative 
and in favour of the first. Recent ex{)eriiiieiit.s on the defieelion of the positively eliaigisi 
a-particles by matter indicate that the law of the inverse square holds down to distance.s 
of the order of 10~“ cms., a distance which is less than a thoii.saudth imi-t of the nulius of 
the hydrogen atom, and a large mass of other evidence, suggests, with a pi-ob;ibilit\ 
approximating to certainty, that the electrons in an atom or molecule must U; in nqiid 
orbital motion. Thus the problem of the structure of the molecule is removed from the 
province of Earnshaw’s Theorem. 
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Stressks in the Medium. 

193. Let ns take any surface S in the medium, enclosing any number 
of charges at points and on surfaces iS',. 

Lot /, m, n be the directVm-eosioi'.s of the normal at any point of 
.S',, iS'j, ... or S, the nm-mal being supposed drawn, as in Green’s Theorem, 
into the space between the surfaces. 

'^I’he total mechanical force acting on all the matter inside this surface 
is compounded of a forc<- eli in the direction of the intensity acting on every 
[)oint charge or element of volumc'charge c, and a force 27rcr= or \itR per 
unit area on caich element of conducting surface. If X, Y, Z are the com- 
jHmcnts parallel to the axes of the total mechanical force, 

X = ::tcX + S fficrXdS 


== Jj jpXfb d;idz + S fj i trXdS, 


where the surf.me integral is tak.-n ovi'r all conductors ... inside the 

MU face S, ami the volume integral throughout the space between S and these 
.surlaces. Substituting for p and <t, 


X= ~ 


1 r-r a=r fr 


1- - - . — rf.j d>idz 


47r J j j ( .r^ f'//" ' ('.f 


1 A It - - + »i — + n ^ ^ 

‘irr J > " \ (-v Cl/ 02 / Ox 


.(108). 


By Green’s Theorem, 




rc^VdV . , , fff?v d ,r l'\ , , , 

^ 5^- dxdydz = - I — - ] dxdydz 

Cy* ?x ' JJ' py Py \ p-r J 




ar ar 

«i ^ ^ rfS. 

aa- dy 


—Aff^'i^F-FCwF 
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80 that the last equation becomes 

+ 

and there is a similar value for 


[oa VII 


dx dy 
dV dV 




dS 

d% 


III 


^—dxdydt. 


dz* dx 

Substituting these values, equation (108) becomes 

Since we have at every point of the surface of a conductor 

^ ^ 

^ = ^ = — (109), 

I m ti 

it follows that the integral over each conductor vanishes, leaving -only the 
integral with respect to dS, which gives 

X = - jj {llix + ^tFxy + nPxi) d% 


where 




47r 

I 




If we write also 






the resultant force parallel to the axis of Y will be 

Y = + rnJ^ + n/J,) (13, 

and there is a similar value for Z. The action is therefore the same (cf, 
§ 159) as if there was a system of stresses of components 

Px> Pyj!' Pyzi Pixi Pwu> 

given by the above equations : %.e. these may be regarded as the stresses of 
the medium. 
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194. It remains to investigate the couples on the system inside S. If 
L, M, N are the moments of the resultant couple about the axes of x, y, z, 
we have 

L»= jjjp{yZ — zY) dxdydz + jja (yZ — iiV)dS 


,dv^ dv^ dV\ 

I ^ +m 5- + n^ 
oy cz 


Now 








so that 




rfs. 




47r JjJ \dx dx v dz dy / 


-1.1 

Stt 


IK 


,aF 

l 5 h m -r 1- 

ox dy 


dv BV 


dV 3 

/ dv 

dV 

^ 3y dy' 

87 ■ 

'dy. 

dV d , 

f dV 

dV' 

dz dz 


^ dy, 

dV 

dVy 

\dS 

WTz- 

dy) 

\/ dV 

8K' 

Ids ... 

1 

1 

|ft) 



■) 


The first term in this expression 


'dV d‘V dVBPV 8Fo*r\ 
^ dz dz‘ ) 


dr ?rdz dy dyds 

fdV d^V dVd^V dVd^V\], . , 

^ dxdy'^dy df ''' dz dydz)]^'^^^^ 

dxdydz 


d^_ dj^ 

dz *dy 


-iM 

“ ^ s / fiynR " - (111). 


The second terra in expression (110) for L may, in virtue of the relations 
(109), be expressed in the form 

-lx Jf(ynll’ - am W) dS, 

which is exactly cancelled by the first term in expression (111). 
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We are accordingly left with 

^ - 2 ^ ” Tir) (y IT- ^ I7)} 

= - [J {?/ (IJh + + nP,t) -e{lP^y+ }nP„, + ti S, 

verifying that the couples are also accounted for by the supposed system of 
ether-stresses. 

196. Thus the stresses in the ether are identieu,! with those aln'iidy 
found in Chapter vi, and these, as we have seen, may be supposed to 

consist of a tension j.— per unit area across the lines of force, and a 

OTT 

22 * 

pressure 3 — per unit area in directions perpendicular to the lines of force. 

OTT 


MECH.t.NiCAL Forces on Dielectrics in the Field. 

196. Let us begin by considering a field in which there are no surface 
charges, and no discontinuities in the structure of the dielectrics. We shall 
aftenvards be able to treat surface-charges and discontinuities as limiting 
cases, 

Let ns suppose that the mechanical forces on material bodies are H, H, Z 
per unit volume at any typical point x, rj, z of this Hold. 

Let us displace the material bodies in the field in such a way that- the 
point X, y, z comes to the point a;-h 8 x, y-\-hy, z-\-hz. The work done in 
the whole field will be 

= — jjJ(3Sx + fiSy -f ZSz) (Jj (lydz (112), 

and this must shew itself in an equal increase in the electric eiieig). The 
electric energy W can be put in either of the forms 

Vdxdydz, 


= «^///^ {(s)’ ^ 0 + ©■} 

When the displacement takes place, there will be a slight variation in 
the distribution of electricity and a slight alteration of the potential. 
There is also a slight change in the value of K at any point owing to 
the motion of the dielectrics in the field. Thus we can put 

where denotes the change produced in the function Wi by the varia- 
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tion of electrical density alone, (SW^),r that produced by the variation of 
potential alone, and so on. 

We have 

(iW'I )y = i dxdijdz, 

(SW,), - 4- JJ I A- ( - jj- + ?^ + S it) *’‘'2'*- 

By Green’s Theorem, the last expression transforms into 

- - 4; ///« (''■ 'i) * 1 ID + 5 I?)) 

j I jpSVdxdydz, 

so that 2 (gfF;),, = (59^)^. 

We accordingly haie 

^ir = 2«1F. - W, = 2 (31F,), - (5TF)j,, 

the variation produced by alterations in V no longer appearing. 

Now (S1F1)„=A j'j j SpVd rdyd^, 

- 1 C|)‘ + (li)} 


so that 


SW = 


VSp - S/cl dxdydz (113V 

H'TT j 


The change in p is due to two causes. In the first place, the electrifica- 
tion at X, y, z win* originally at x — ?.r, y —By, z— Bz, so that Bp has as part 
of its value 



9x' Cy Cz 


.(114). 


Again, the element of volume dxdydz becomes changed by displacement 
into an element 


|{ia; + ^ (hx) rfxj • dy t- ^ {Sy) di/| jdi + ^ {Bz) , 


or 


dx 


•dydz ^ 


(‘Bx dBy PSz'i 

?y 


.(115), 


so that, even if there were no motion of translation, an original charge 
pdxdydz would after displacement occupy the volume given by expression 
(11a), and this would give an increase in p of amount 

jdhx dSy dSz\ 
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Combining the two parts of Sp given by expressions (11,4) and (115), 
-we find 

Sp = - (ps*) + 1, (pSy) + ^ (pS*)} • 

The change in K ia also due to two causea In the first place the point 
which in the displaced position is at a, y, z was originally at a — hx, y — By, 
X - Bz. Hence as part of the value in BK we have 


dK . dK . dK . 


dx 


Also, with the displacement, the density of the medium is changed, so 
that its molecular structure is changed, and there is a corresponding change 
in K. If we denote the density of the medium by t, and the inorejvse in t 
produced by the displacement by Sr. the increase in K due to this cause 
will be 

dK. 

and we know, as in equation (116), that 

5 jdBx dBy dBz\ 

We now have, as the total value of BK, 

dy ^ dz 

_ _ ' dBz\ 

dr \dx dy ^ dz } ’ 


dx 

dK 'dBx 
. dx 

nnd hence, on substituting in equation (IIS) for Bp and BK, 


BW 


-Iff 


d(pdx) d(j)Sy) d(pSz} 
dx dy dz 


dxdydz • 




Stt dr \dx ' dy ^ ds J' 
Integrating by parts, this becomes 


AF* 


dv dV . dV s'.,, 

pox + pBy + -^ pBzi dxdydz 


■ ///( 

+/// £ (s ** + ^ ^ + ^ **) '**''3'* 


dy 
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or, rearranging the terms, 

+ [“•] + [•'■] 

Ciomparing with expression (112), we obtain 

_ dV R^dK^d/Jt* dK\ 

® ^ a* Sir a* ax Utt ar ) 

etc., giving the body forces acting on the matter of the dielectric. 


197. This may be written in the form 

», „ R^dK d (R} ZK\ 

^ ^ Utr bx^ hx \fiir ^ dr ) 

Thus in addition to the force of components (pX, pY, pZ) acting on the 
chargee of the dielectric, there is an additional force of components 

Sir dx ' Hit by ' Hit dz 

arising from variations in K, and also a force of components 


1 


dK\ 

0 , i? 

dK\ 

a a^\ 

dx 

\8-7r dr ) * 

dy VStt dr } ' 

di Istt ?t / 


which occurs when either the intensity of the held or the structure of the 
dielectric varies from point to point 


Stresses ih Dielectric Media. 


198. Replacing p by its value, as given by Laplace’s equation, we obtain 
equation (117) in the form 
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■ dVdV\ 
dx Be ) 


+ar ’■37)}' 


If we put 


_ KBVdV ^ 

^ ~ 47r a* a^ ’ ® 


Hir dr 


.(118), 

.(119), 


this becomes 


p _ ^ 4. 4- ^ 

dx'^ By Bz 


Let us suppose that a medium is subjected to a system of internal 
stresses P^y, etc.; and let it be found that a system of body forces 
of components 3', H', Z' is just sufiBcient to keep the medium at rest 
when under the action of these stresses. Then from equation (79) we 
must have 


E' = 


UPzx ^ ^Pxy ^ oPz, 

Kcx'*' ~-- 


<'y 


Bz 


Thus if lix, Pxy, etc. have the values given by equations (118) and (110), 
we have 

S' = - 3, eta 


This shews that the mechanical force 3, H, Z reversed would just be 
in equilibrium with the system of stresses P^^, P^, etc. given by equations 

(118) and (119). In other words, the mechanical forces which have been 
found to act on a dielectric can exactly be accounted for by a system <>1 
stresses in the medium, these stresses being given by equations (118) and 

(119) . 


199. The system of 8tresse.s given by equations (118) and (119) can be 
regarded as the superposition of two systems : 

I. A system in which 

II. A system in which 


br: 
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The first system is exactly K times the system which has been found to 
occur in free ether, while the second system represents a hydrostatic pressure 
of amount 


dj£ 

Sir 9r 

dK 

<In general will be positive, so that this pressure will be negative, and 
must be inteipreted as a tension.) 


Hence, as in § 1 65, the system of stresses may be supposed to consist of : 
Kli' 

(i) a tension — — per unit area in the direction of the lines of force; 

OTT 

KR* 

(ii) a pressure per unit area perpendicular to the lines of force; 

(iii) a hydrostatic pressure of amount — in all directions. 

OTT OT 


The system of stresses we have obtained was first given by Helmholtz. The system 

difiem from that given by Maxwell by including the pre^bure - ^ t The neglect of 

“tt 

this pressure by Maxwell, and by other writers who have followed him, does not appear to 
bo defensible, Helmholtz has shewn that still further terms are required if the dielectiic 
IS such that the value of K changes when the medium is subjected to distortion without 
change of votuma 


200. This system of stresses has not been proved to be the only system 
of stresses by which the mechanical forces can be replaced, and, as we have 
seen, it is not certain that the mechanical forces must be regarded as arising 
from a system of stresses at all, rather than from action at a distance. 


It may be noticetl, however, that whether or not these stresses actually 
exist, the resultant force on any piece of dielectric must be exactly the 
same as it would be if the stresses actually existed. For the resultant 
force on anv piece of dielectric has a component X parallel to the axis 
of X, given by 


, =JfjEdxdt/ds 

-m 


fdl^ 

dx 


dy 


dxdydf 


by Green’s Theorem, and this shews that the actual force is identical with 
what it would be if these stresses existed (cf. § 193). 


j. 


12 
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jPorc« on a charged conductor. 

20L The mechanical force on the surface of a charged conductor 
immersed in a dielectric can be obtained at once by regarding it as 
produced by the stresses in the ether. There will be no stresses in the 
interior of the conductor, so that the force on its surface may be regarded 
as due to the tensions of the tubes of force in the dielectric. The tension 
is accordingly of amount 

Klf ^ 

8ir Btt ^ dr 


per unit area, an expression which can be written in the simpler form 

Stt dr 




Force at boundary of a dielectric. 

202. Let us consider the equilibrium of a dielectric at a surface of 
discontinuity, at which the lines of force undergo refraction on passing 
from one medium of inductive capacity K, to a second of inductive 
capacity Jf,. 

Let axes be taken so that the boundary is the plane of <ry, while the 
lines of force at the point under consideration lie 
in the plane of ««. Let the components of 
intensity in the first medium be (X,, 0, Zi), while 
the corresponding quantities in the second medium 
are (X„ 0, Z^). The boundary conditions ob- 
tained in § 137 require that 

Xi = Xj, X 1 Z 2 = KtZ, = 47rA, 
where h is the normal component of polarisation. 

In view of a later physical interpretation of 
the forces, it will be convenient to regard these forces as divided up into 
the two systems mentioned in § 199, and to consider the contributions from 
these systems separately. 

As regards the contribution from the first system, the force per unit area 
acting on the dielectric from the first medium has components 

^21 A. 0, gw-JTA 

while that from the second medium has components 

V V A 


Fia. 55. 
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Since = K^X^Zj, it follows that the resultant force on the 

boundary is parallel to Oz — i.e. is norma] to the surface. Its amount, 
measured as a tension dragging the surface in the direction from medium 1 
to medium 2 

which after simplification can be shewn to be etpial to 


/JV,’ 2-rh‘‘\ 


This is always positive if if, > if,. Thus this force invariably tends to 
drag the surface from the medium in which if is greater, to that in which 
if is h.‘8s — i.e. to increa.se the region in which if is large at the expense of 
the region in which K is smalt. This normal force is ex.actly similar to the 
normal force on the surface of a conductor, which tends to increase the 
volume of the region enclosed by the conducting surface. 


Ou Maxwell’s Tlieory, the forces whicli have now been consideml are the oidy ones in 
eM-Uoiicc, so that according U> this theory the total meclianical force is that just found, 
and the bound, iry forces ought always to tend to increase tlie region in which K is large. 
This theory, a.s we have .s.sid, is incottiplete, so that it is not surprising that the result just 
stated is not wnifinned by exisTiinent. 


We now proceed to con.sider the action of the second system of forces — 
the system of negative hydro.sriitic pressures. There are pressures per unit 
area of amounts 

Stt Sr, ’ Mtt ’ CT, 

acting respectively on the two sides of the boundary. There is accordingly 
a resultant tension of amount 



per unit area, tending to drag the boundary surface from region 1 to region 2. 


Thus the total tension per unit area, dragging the surface into region 1, is 



+ 




In § 139, in considering a parallel plate condenser with a movable 
dielectric slab, we discovered the existence of a mechanical force tending 
to drag the dielectric in between the plates. This force is identical with the 
mechanical force just discussed. But we have now arrived at a mechanical 
interpretation of this force, for we can regard the pull on the dielectric as 
the resultant of the pulls of the tubes of force at tie different parts of the 
sur&ce of the dielectric. 


12—2 
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Let us attempt to assign physical interpretations to the terms of ex- 
pression (120) by considering their significance in this particular instance. 
Consider first a region in the condenser so far removed from the edges of 
the condenser and of the slab of dielectric, that the field may be treated 

as absolutely uniform (cf. fig. 44, p. 124). We put = = - 

in expression (120) and obtain 



as the force per unit area on either face of the dielectric, acting normally 
outwards. 


The forces will of course act in such a directiim that they tend to 
decrease the electrostatic energy of the field. Now this energy is made up 

of contributions per unit volume from air, and per unit volume 

from the dielectric. From the conditions of the problem h must remain 
unaltered. Thus the total energy can be decreased in either of two ways — 
by increasing the volume occupied by dielectric and decreasing that occupied 
by air, or by increasing the value of K in the dielectric. There will therefore 
be a tendency for the boundary of the dielectric to move in such a diieclion 
as to increase the volume occupied by dielectric, and also a tendency for this 
boundary to move so that K will be increased by the consequent change 
of density. These two tendencies are represented by the two terms of 
expression (121). 


’dK 

If is negative, an expansion of the dielectric will both increase the 

volume occupied by the dielectric, and will also increase the value of K 
inside the dielectric. In this case, then, both tendencies act towards an 
expansion of the dielectric, and we accordingly find that both terms in 
expression (121) are positive. 


dK 


If ^ 


is positive, the tendency to exj>ansion, represented by the first 


(positive) term of expression (121) is checked by a tendency to contraction 
(to increase t, and therefore K) represented by the second (now negative) 

dK 

term of expression (121). If — is not only positive, but is numerically 

large, expression (121) may be negative and the dielectric will contract. In 
this case the decrease in energy resulting on the increase of K produced by 
contraction will more than outweigh the gain resulting from the diminution 
of the volume occupied by dielectria 



Besses in Dielectric Media 


202, 203] 


161 


These oonsiderations enable us to see the physical significance of all the 

JP * 

terms in expression (120), except the first term ^ ~ 1). To interpret 

this term we must examine the conditions near the edge of the dielectric 
slab, for it is only here that has a value different from zero. We see at 
once that this term represents a pull at and near the edge of the dielectric, 
tending to suck the dielectric further between the i>late8 — in fact this force 
alone gives rise to the tendency to motion of the slab as a whole, which was 
discovered in § 139. 

Returning to the general systems of forces of § 199, we may say that 
the first system (which as we have seen always tends to drag the surface 
of the rlielectric into the region in which K ha-s the greater value) represent."? 
the tendency for the system to dccrc.ose its energy by increasing the volume 
occupied by dielectrics of large inductive capacity, whilst the second system 
(which tends to compress or expand the dielectric in such a way as to increase 
its inductive capacity) represents the tendency of the system to decrease its 
energy by increasing the inductive capacity of its dielectrics. That any 
increase in the inductive capacity is inr-ariably accompanied by a decrease 
of energy has already been proved in § 191. 


EleHrostriction. 

203. It will now be clear that the action of the various tractions on the 
surface of a dielectric must always be accompanied not only by a tendency 
for the dielectric to move as a whole, but also by a slight change in shape 
and dimensions of the dielectric as this yields to the forces acting on it. 
This latter phenomenon is known as electrostriction. It has been observed 
experimentally by Quincke and others. A convenient way of shewing its 
existence is to fill the bulb of a thermometer-tube with liquid, and place 
the whole in an electric field. The pulls on the surface of the glass result 
in an increase in the volume of the bulb, and the liquid is observed to 
fall in the tube. From what has already been said it will be clear that 
a dielectric may either expand or contract under the influence of electric 
forces. 

The stresses in the interior of a dielectric, as given in § 199, may also 
be accompanied by mechanical deformation. Thus it has been observed by 
Kerr and others, that a piece of non-crystalline glass acquires crystalline 
properties when placed in an electric field. Such a piece of glass reflects 
light like a uniaxal crystal of which the optic axis is in the direction of the 
lines of force. 
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Gheen’s Equivalent Stratum. 

204. Let S be any closed surface enclosing a number of electric charges, 
and let P be any point outside it. The potential at P due to the charges 
inside S is 

Vp’B III ^dxdydz. 


Fm. SB. 

where r is the distance from P to the element dxdydz, and the integration 
extends throughout S. By Green’s Theorem (equation (101)) 

lll(UV‘V^VV^[/)dxdydz=^ll(l/^-V^^)dS, 

where the normal is now drawn outwards from the surface S. 

In this equation, put f7 = i, then, since V*K = — 47rp, we have as the 
value of the first term, 

III UV* V dxdydt = — 4nVp. 

And since V’if = 0, the second term vanishes. The equation accordingly 
becomes 

022 > 

206. Suppose, first, that the surface S is an equipotential. Then 

- 0 , 

80 that equation (122) becomes 




(123). 
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204 - 207 ] Green' a Equivalent Stratum 

Thus the potential of any system of charges is the same at every point 
outside any selected equipotential which surrounds all the charges, as that 
of a charge of electricity spread over this equipotential, and having surface 

jL^r 

47r dn ‘ 

conductor, this will be the density on its outer surface. 



Obviously, in fact, if the equipotential is replaced by a 


If the surface is not an equipotential, the term 

will not vanish. Since, however, t'l® potential of a doublet of 

strength /j, and direction that of the outward normal, it follows that 

JJ V dS is the potential of a system of doublets arranged over the 

surface 6', the direction at every point being that of the outward normal, and 
the total strength of doublets per unit area at any j)oint being V. 

Thus the potential Vp may be regarded as due to the presence on the 
surface S of 

1 SV 

(i) a surface density of electricity ~ 

V 

(ii) a distribution of electric doublets, of strength ^ per unit area, 

and diicction that of the outward normal. 


207 . Bjuation (122) expresses the potential at any point in the space 

dV 

ouLside S in terms of the values of V and over the boundary of this space. 

W’e have .seen, howe'ver, that the value of the potential is uniquely determined 

dV 

by the values either of V or of over the boundary of the space. In actual 

electiytatic problems, the boundaries are generally conductors, and therefore 
etjuipotentials. In this case equation (123) expresses the values of the 
dV .... 

potential in terms of onl}', amounting in fact simply to 



What is genenvlly required is a knowledge of the value of Vp in terras of the 
values of V over the boundaries, and this the present method is unable to 
give. For special shapes of boundary, solutions have been obtained by 
various special methods, an# these it is proposed to discuss in the next 
chapter. 
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EXAMPLES. 

1. If the electricity in the field is confined to a given syetom of oonductore at given 
potentials, and the inductive capacity of the dielectric is slightly altered according to any 
law such that at no point is it duninished, and such that the differential coefficients of the 
increment are also small at all points, prove that the energy of the field is increased, 

2. A slah of dielectric of inductive capacity K and of thickness x is ydaced inside a 
parallel plate condenser so aa to bo parallel to the plates. Shew that the surface of the 
slab experiences a tension 

S. For a gas ff«l + dp, where p is the density and B is small. A conductor ia 
immersed in the gas : shew that if 0* is neglected the mechanical force on the oouductor 
is per unit area. Give a physical interpi elation of this result. 



CHAPTER Vin 

METHOTiS FOR TfTE SOLUTION OF SPRCTAL PROBLEMS 

The Method of Im^oes. 

Charge induced on an infinite uninsulated plane. 

208. The potential at P of charges e at a point A and -e at another 
point A' is 

jr ^ C 

^~AT^~A'F 

and this vanishes if P is on the plane which bisects AA' at right angles. 
Call this plane the plane S. Then the above value of V gives 1^=0 over 
the plane S, ¥= 0 at infinity, and satisfies Laplace’s equation in the region 
to the right of S, except at the point A, at which it gives a point charge e. 



These conditions, however, are exactly those which would have to be satisfied 
by the potential on the right of iS if S were a conducting plane at zero 
potential under the influence of a charge e at A. These conditions amount 
to a knowledge of the value of the potential at every point on the boundary 
of a certain region — namely, that to the right of the plane 6’ — and of the 
chaiges inside this regioa There is, as we know, only one value of the 
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potential inside this region which satishes these conditions (cf. § 18G), so that 
this value must be that given by equation (124). 

To the right of S the potential is the same, whether we have the 
charge —esXA' or the charge on the conducting plane 8. To the left of S 
in the latter case there is no electric field. Hence the lines of force, when 
the plane S is a conductor, are entirely to the right of S, and are the same 
as in the original field in which the two point-chargee were present. The 
lines end on the plane S, terminating of course on the charge induced on S. 

We can find the amount of this induced chuxge at any part of the plane 
by Coulomb’s Law. Taking the plane to be the plane of yz, and the point A 
to be the point (a, 0, 0) on the axis of x, we have 


cx 

dx (v// « - , 


I/'-' -1- z^ ’ 


■{x — ay + y + z- >/(* + «)“ + .!/■' -i- 
where the last line has to be calculated at the point on the plane S at which 
we require the density. We must therefore put x = 0 after differentiation, 
and so obtain for the density at the point 0, y, z on the plane S, 

0 


477(7 = — 


(a- -h y' -h 

or, if a* -(- y’ -H 2 ’ = r*, so that r is the distance of the point on the plane S 
from the point A, 

ae 


tr = — 


27rH 


•125 


Thus the surface density falls off inversely as the cube of the distance 
from the point A. The distribution of electricity on the 
plane is represented graphically in fig. 58, in which the 
thickness of the shaded part is proportional to the surface 
density of electricity. The negative electricity is, so to 
speak, heaped up near the point A under the influence 
of the attraction of the charge at A. The field produced 
by this distribution of electricity on the plane 8 at any 
point to the right of S is, as we know, exactly the same as 
would be produced by the point charge — c at A'. 

209. This problem affoixls the simplest illustration of a 
general method for the solution of electrostatic problems, 
which is known as the " method of images." The principle 
underlying this method is that of finding a system of electric 
charges such that a certain surface, ultimately to be made 
into a conductor, is caused to coincide with the equipotential F = 0. We 
then replace the charges inside this equipotential by the Green’s equivalent 


it 10 . 58. 
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stratum on its surface (cf. § 204). As this surface is an equipotential, we 
can imagine it to be replaced by a conductor and the charges on it will be 
in equilibrium. These charge.s now become charges induced on a conductor 
at potential zero by charges outside this conductor. 

From the analogy with optical images in a mirror, the system of point 
charges which have to be combined with the original charges to produce zero 
potential over a conductor are .spoken of as the “electrical images” of the 
original charges. For instance, in the exainj)lc already discussed, the field is 
produced partly by the charge at J, prtly by the charge induced on the 
infinite plane : the method of image.s enables us to replace the whole charge 
induced on the plane by a single p<nnt charge at A'. So also, if A were a 
candle placed in front of an infinite plane mirror, the illumination in front of 
the mirror would be prcaluced partly by the candle at A, partly by the light 
reflected from the infinite mirror; the method of optical images enables us to 
replace the whole of this reflected light by the light from a single source at A'. 

210. In an electrostatic field produced by any number of point charges, 
we can, as we have seen, select any equipotential and replace it by a con- 
ductor. The charges on either side of this equipotential are then the 
“images” of tho.se on the other side. 

^Thus if we can write the equation of any surface in the form 

£ + + =0 (125). 

r r r 

where r is the distance from a point outside the surface, and r', r”, ... are the 
distances from points inside the surface, then we may say that charges 
e'. e”. ... at these latter [wints are the images of a charge e at the former 
point. 

The method of images may be applied in a similar way to two-dimensional 
problems. Suppose that the equation of a cylindrical surface can be expressed 
in the form 

c — 2e log r - 2e' log r — 2e" log r" — 

where »• is the perpendicular distance from a fi.xed line on one side of the 
surface, and r', r", . . . are perpendicular distances from fixed lines on the other 
side. Then line-charges of line-densities e', e", ... at these latter lines may be 
taken to be the image of a line-charge of line-density e at the former line. 

Illustrations of the use of images in three dimensions are given in 

^ 211 219. An illustration of the use of a two-dimensional image will 

be found in § 220- 
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Charg«8 induced on InteraecUng planes. 


211. It will be found that charges 


e 

at 


y. 0. 

— e 

at 


y. 

0, 

— e 

at 


1 

p 

e 

at 

— 

-y. 

0 


give zero potential over the planes a: » 0, y = 0. 
The potential of these charges is therefore the 
same, in the quadrant in which x, y are both 
positive, as if the boundary of this quadrant 
were a conductor put to earth under the in- 
fluence of a charge e at the point x, y, 0. 

It will be found that a conductor consisting 
of three planes intersecting at right angles can 
be treated in the same way. 



212. The method of images also supplies a solution when the conductor 

TT 

conaista of two planes intersecting at any angle of the form — , where n is 



any positive integer. If we take polar coordinates, so that the two planes 
are ^ = 0, ^ == ~ i “id suppose the charge to be a charge e at the point r, 6, 
we shall find that charges 


e at (r, 6), 

(- 


e at (r, - 6), 


+ 

1 


^ve zero potential over the planes 

d = 0, d--. 

n 
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Charge induced on a sphere, 

213. The most obvious case, other than the infinite plane, of a snr&ce 
whose equation can be expressed in the form (126), is a spherei 



If R, Q are any two inverse points in the sphere, and P any point on the 
surface, we have 


so that 


RP:PQ = OC.OQ, 
PQ PR ~ 


Thus the image of a charge e at Q is a charge — e jjq at R, or the 
image of any point at a distance / from the centre of a sphere of radius a 
is a charge — ^ at the inverse point, i.e. at a point on the same radiua 

distant -r from the centre. 


Let us take polar coordinates, having the centre of the sphere for origin 
and the line OQ as 6 = 0. Our result is that at any point S outside the 
sphere, the potential due to a charge e at Q atid the charge induced on the 
surface of the sphere, supposed put to earth, is 

ea 

p- « T* 
e ea. 


where r, 9 are the coordinates of S. 
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214 . We can now find the surface-density of the induced charge. For 
at any point on the sphere 

^ 4^ 4ir dr ' 


in which we have to put r* o after differentiation. Clearly 

^r—y cos 


ea 


dV 


e(r—f cos 6) 
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be the total strength of the tubes ending on the image at R if the conductor 
-were not present. 

Figure 62 shews the lines of force when the strength of the image is a 
quarter of that of the original charge, so that f = 4o,. It is obtained from 
fig. 19 by replacing the spherical equipotential by a conductor, and annihi- 
lating the field inside. 


Svpfirpointion of Fields. 

216. We have seen that by adding the potentials of two separate fields 
at every point, we obtain the potential produced by charges equal to the total 
charges in the two fields. In this way we can arrive at the field produced 
by any number of point charges and uninsulated conductors of the kind we 
have described. The potential of each conductor is zero in the final solution 
because it is zero for each separate field. 

There is also another type of field which may be added to that 
obtained by the method of images, namely the field produced by raising the 
conductor or conductors to given potentials, without other charges being 
present. By superposing a field of this kind we can find the effect of point 
charges when the conductors are at any potential. 


216. For instance, suppose that, as in fig. 62, we have a point charge e 
and the conductor at potential 0. Let us superpose on to the field of force 
already found, the field which is obtained by raisiiig the conductor to potential 
V when the point charge is absent. The charge on the sphere in the second 
field is oF, so that the total charge is 


IT’ 

al'-j. 

By giving different values to V, we can obtain the total field, when the 
sphere has any given charge or potential 

If the sphere is to be uncharged, we must have V =^, so that a point 
charge placed at a distance / from the centre of an uncharged sphere raises 
it to potential^. , a result which is also obvious from the theorem of § 104. 
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Sphere in a uniform field of force. 

217. A uniform field of force of which the lines are parallel to the ftria 
of X may be regarded as due to an infinite charge £ at * = jR, and a charge 
— E at ar a* — U, when in the limit B and R both become infinite. The 
intensity at any point is 

1C 


parallel to the axis of *, so that to produce a uniform field in which the 
intensity is F parallel to the axis of x, we must suppose E and R to 
become infinite in such a way that 


2E 

R^ 


-F. 


Since, in this case, F = , the potential of such a field will clearly 

be —Fx + 0. 


Suppose that a sphere is placed in a uniform fi^ld of force of this kind, 
its centre being at the origin. We can suppose the charge E at, R to 
have an image of strength 

Ea a* 

— at X — , 


while the other charge has an image 


Ea ^ 


a’ 

R' 


Ea 

R 


These two images may be regarded as a doublet (c£ § 64) of strength 
X -g , and of direction parallel to the negative axis of x. The strength 


2a'‘E 

R? 


— Fa\ 


Thus we may say that the image of a uniform field of force of strength F 
is a doublet of strength Fa* and of direction parallel to that of the intensity 
of the uniform field. 


The potential of this doublet is 

FcCcoe 6 

r* 


and that of the field of original field of force is 

- Fx + O, 

— Fr cos 0 + 0, 


or, in polar coordinates. 
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so thftfc the potential of the whole field ) 

= ~FQosd(r- ^ + C (126). 



Fio. 63. 


As it ought, this gives a constant potential C over the surface of the 
sphere. 



The lines of force of the uniform field F disturbed by the presence of a 
doublet of strength Fa'' are shewn in fig. 63 On obliterating all the lines 
of force inside a sphere of radius a, we obtain fig. 64, which accordingly 
shews the lines of force when a sphere of radius a is placed in a field of 
intensity F. These figures are taken from Thomson’s Reprint of Papers on 
Electrostatics and Magnetism (pp. 488, 489)*. 

* I urn indebted to Loid Kelvin for permission tc use these figntes. 


J. 


IS 
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218. Lina of no eledrifioation.' The theory of lines of no electrification 
has already been, briefly given in § 98. We have seen that on any conductor 
on which the total charge is sero, and which is not entirely screened from 
an electric field, there must be some points at which the surface-density o- 
is positive, and some points at which it is negative. The regions in which er 
is positive and those in which <r is negative must be separated by a line or 
system of lines on the conductor, at every point of which <r = 0. These lines 
are known as lines of no electrification. 

If R is the resultant intensity, we have at any point on a line of no 
electrification, 

R = ^errtr = 0, 

BO that every point of a line of no electrification is a point of equilibrium. 
At such a point the equipotential intersects itself, and there are two or more 
lines of force. 

If the conductor possesses a single tangent plane at a point on a line of 
no electrification, then one sheet of the equipotential through this point will 
be the conductor itself ; by the theorem of § 69, the second sheet must 
intersect the conductor at right angles. 

These results are illustrated in the field of fig. 64. Clearly the line of no 
electrification on the sphere is the great circle in a plane perpendicular to 
the direction of the field. The equipotential which intcreects itself along 
the line of no electrification (V = C) consists of the sphere itself and the 
plane containing the line of no electrification. Indeed, from formula (1261, 

it is obvious that the potential is equal to C, either when 0 = ^, or 

£i 

when r=a. 

The intersection of the lines of force along the line of no electrification 
is shewn clearly in fig. 64. 


Plane face with hemispherical boss. h ^ 

219. If we regard the whole equipotential F = (7 as a conductor, we 
obtain the distribution of electricity on a plane conductor on which there 
is a hemispherical boss of radius a. If we take the plane to be w => 0, we 
have, by formula (126), 

r-c— 

At a point on the plane. 


(7 ■= 

and on the hemisphere 

a 


4ir 

Jl_ 

4ir 
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The whole charge on the hemisphere is found on integration to be 
/ ~ ^ 6 d6=\ Fa*, 


while, if the hemisphere were not present, the charge on the part of the 
plane now covered by the base of the hemisphere would be 



wfi’ = :J Fa*. 


Thus the presence of the boss results in there being three times as much 
electricity on this part of the plane as there would otherwise be ; this is 
compensated by the diminution of surface- density on those parts of the plane 
which immediately surround the boss. 


^ Capacity of a telegraph-wire. U 

220. An important practical application of the method of images is the 
determination of the capacity of a long straight wire placed parallel to an 
infinite plane at potential zero, at a distance h from the plane. This may be 
supposed to represent a telegraph-wire at height h alx>ve the surface of the 
cai th. 


Lot us suppose that the wire has a charge e per unit length. To find 
the field of foive we imagine an image charged with a charge -e per unit 
length at a distance h below the earth’s surface. The potential at a point at 
ilistances r, r’ from the wire and image respectively is, by §§75 and 100, 

0 — 2e log r 2e log r', 

and for this to vanish at the earth’s surface we must take C—0. Thus the 
potential is 

2e log — . 

° r 


At a small distance a from the line-charge which represents the telegraph- 
wire, we may put r' = 2h, so that the potential is 

2elog-, 


from which it appears that a cylinder of small radius a surrounding the 
wire is an equipotential. We may now suppose the wire to have a finite 
radius a, and to coincide with this equipotentiaL Thus the capacity of the 
wire per unit length is 

1 
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Infinite series of Images. 

221. Suppose we have two spheres, centres A, B and radii a, h, of which 
the centres are at distance c apart, and that we require to find the field when 
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both are charged. We can obtain this field by superposing an infinite series 
of separate fields (cf. § 116). 


Suppose first that A is at potential V while R is at potential zero. As a 
first field we can take that of a charge Va at A. This gives a uniform 
potential V over A, but docs not give zero potential over B. We can reduce 
the potential over B to zero by superposing a second field arising from 


the image of the original charge in sphere B, namely a charge — at B\ 

c 


where BB' — — . This new field has, however, disturbed the potential over 

A. To reduce this to its original value we superpose a new field arising 

from the image of the charge at B' in A, namely a charge at A', 

c 


c 


where AA' 



This field in turn disturbs the potential over B, and so 


c 

we superpose another field, and so on indefinitely. The strengths of the 
various fields, however, continually diminish, so that although we get an 
infinite series to express the potential, this series is convergent. As we shall 
see, this series can be summed as a definite integral, or it may be that a good 
approximation will be obtained by taking only a finite number of terms 


The total charge on A is clearly the sum of the original charge Va plus 
the strengths of the images A', A", ... etc., for this sum measures the 
aggregate strength of the tubes of force which end on A. Similarly the 
chaise on B is the sum of the strengths of the images at O', B" 

To obtain the field corresponding to given potentials of both A and B we 
superpose on to the field already found, the similar field obtained by raising 
B to the required potential while that of A remains zero. 
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If 3ii. 9a. 9i* are the coefficients of capacity and induction, the total charge 
on A when 5 is to earth and F= 1 is g,, ; similarly that on B is ja. In this 
way we can find the coefficients from the series of images already 

obtained. The result is found to be 

a-b , a*}A 
9n =• a + ctV 


ah 




c c {c»- 6* - a^) 

and from symmetry 

^ _ I, , , ^O!.’ 

^ - a* (c* - a^f~h^ 

As far as ^ , these results clearly agree with those of § 118. 

222. The series for , g^, qj, have been put in a more manageable form by Poisson 
and K.irchho£ 

Let A, denote the position of the «th of the scries of points A', A", and B, the rth 
of the series B', B", ... ; then A, is the image of B, m the sphere of radius a, and similarly 
B, is the image of in the sphere of radius b. Let a, = AA,, b,= BB,, and let the 
charges at A„ B, be resjiectivcly. 

Then a, (c — b,) =a* since , is the image of 

b,{c — a,^i) = h^ „ B, „ „ Af^i. 

Further, by comparing the strengths of a charge and its image, 

a ^ , b 


•,= - 


so that 
and similarly 
We have therefore 
and 


e-6. *’ 

«.= 




<tb 


(c-b,)(c-a,.j) 
ab 


C-U,_i 

e.-l 


f—u 


.(127), 






(c — 6,_,) 

ab a, b, a^-a* 


«,_i (c — 6,)(c — a b ab 
e, ^ (c-fe.^.i)(c-q.) ^ c(c- a.) _ 5 
«,+i ab ah a' 

By addition we eliminate a,, and obtain 


h- + .^‘ 




or, if we put 


«•-! «.♦! ab 
c*-a*-h> 




a6 




,.(128), 


and from symmetry it is obvious that the same difference equation must be satisfied by a 
quantity u',* i . 

The solution of the difference equation (128) may be taken to be 


where ■, J3 are the roota of 
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The prodnot of lieso roots is unity, so that if a is the root which is less than unity, we 


can suppose 

so that 
and similarly 
We now have 


B 

«,= .4a*+-. 








}j,”a+«i+^s+ —=“+2 


^n= e'i+e's+. 

To determine A, B, we have 


f A’a^+B'- 


BO that 
where 
Thus 


'"“d + /?”“* 

a a*h 

A B 1 

-fi”! a(l-f')’ 

, a+ba 


f 1 fl c* \ 

and 1 ■ 

To determine A', S', we have 


®s 


ab 

T> 


aVA 


A'a*+ff c{c‘-a‘-b-)’ 


from which, in the same way, 


ab 

7ij“- g (1- 


The value of can of course be written down by symmetry from that of g,|. 

The coefficients each depend on a sum of the type £ Tbw senes has been 

expressed in terms of definite integrals by Poisson. 

From the known formula 

/■* sinpt , + 1 

jo ^ 

we obtain, on putting p«= log Pa**, 




sin (log Pa**) t 


dt. 


^«-l 
So* sin (2 log ^ + 2s log a) / 


dt 


From this follows 

- o' ^ ^ ^ « ?* ^ 2 r 

1-Pa“ 2(l-a)" 2 l 0 g$+^T^ jo «*"-! 

1 r P* di -2 r (2<logP -osin(2<logp «) 

2jl-a)~Jo jo (e*"-l)[l-2aCOS(2<loga) + a»J • 
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Images 


The series has also been expressed in finite terms by E. W.,Bftme8 (Quart. Journ. 

138 (1903), p. 165) in terms of Double Oamma Functions, but neither of these forms is 
convenient for numerical computation. 

A. Russell (/Voc. Vhji. Sor. 23 (1911), p. 352) has shewn how the original series can be 
rearranged in a rapidly convergent form. If n is an integer, to be chosen suVjsequently, 


• =^1) 1 - f“n** ,1« 1 — ^ 


s“ a* ( ” V ) 

i~n ^ ' 


. »-l „• /iQ«',ap 


The larger n is chonen t<j Vie the more rapidly the si^oond series converges, although of 
course largo values for n ropiire the comjmtation of a laige number hi) of terms in the 
original senes. As an example, given V>y Russell, suppose tViatfl = 7r, h = r, e=»10r; it is 
sufficient to take « = 1 and the series arc found to )v» 


( 7 i , = 7r + ir ; 1 + O OOH9!-,09 +0 0000'i20 + 0 00(X)009 +...}»= 7 •576o970r, 

- </ij = 07r + f,, r ! 1 + 1 1 0003.580 + O OOOtUX) 1 + . . .} = O'Sl 4326er, 

92j=l-]fi0n24r, 

As a second exainiilc Kussidl takes a = 98r, 6=10 87-, and c = a+6 + 0-2r, so that the 
sphere.s are almost in cotit,i< t; tVie values of the coefficients are obtained to seven fisrure.s 
on tJiking « = 4 and computing seven terms of the second serie.s 


223. Having calculated the coefficients, we can obtain the relations 
between the charge.s and potentials, and ctin find also the mechanical force 
between the spheres. If this force is a force of repulsion I’, we have 


or again 


jr = - = E,E, - i E,*, 

oc oc dc VC 


F = 


^ ?|i‘ Vc + v; K + -i ^ 4 - V?. 

VC dc dc ' Cc ' 


The fulluvvmg table, aiiphcabie to two spheres of equal radius, taken to be unity, is 
compiled from matcnal-i given by Lord Kelvin*. 





1 i 

. .a- 


i 

. 0>1, / ri)«\ 

rPiS 

® CC 

6711 

e 

11 

Pl2 

Jl2 

'k 

1.C 

II 

1 ^ 

CC 

dc 

2-0 

•722 

•72-2 

X 

- OD 

t 

1 ^ 

oc 

X 

X 

21 

915 

■509 

l'.584 

-•882 

•154 

•0S3 

4.53 

1 138 

2 -.349 

2-2 

•939 

■475 

1 431 

-■724 

•306 

529 

1 127 

2 5 

•909 

•406 

1 253 

-•525 

( -0300 

■181 

■174 

■412 

3-0 

•986 

•335 

1146 

- -389 

1 -0122 

•115 

■060 

■180 

3-5 

•993 

•286 

1099 

-•317 

1 -00437 

■0825 

■0341 

■114 

4-0 

■im 

■250 

1072 

-■269 

-00216 

•0628 

•0207 

■079 

60 

■998 

•200 

1044 

-■209 

•00065 

■0401 

•0006 

■048 

60 

•999 

■167 

1030 

- 172 

1 -OOGEe 

■0278 

■0053 

■031 

00 

lO 

0 

10 


! 0 
i 

0 

0 

0 


Ratio of 
etweges {( 
eqQilibritii 


, 1 
I -391 
•204 
•169 
•0S9 
•053 
■034 
•016 
I 009 
! 0 


rapm on Electrottatict ond MagntHtm, p. 96, § 14-3. 
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Images in dielsetrics. 

224. The method of images can also be applied to find the field 
produced by point charges when half of the field is occupied by dielectric, 
the boundary of the dielectric being an infinite plane 

We begin by considering the field produced by a single charge e at P, it 
being possible to obtain the most general field by the superposition of simple 
fields of this kind. 

We shall shew that the field in air is the same as that due to a charge 
e at P and a certain charge «' at P', the image of P, while the field in the 
dielectric is the same as that due to a certain charge e" at P, if the whole 
field were occupied by air. \ 
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Let PP" be taken for axis of x, the origin 0 being in the boundary 
of the dielectnc, and let OP = a. Then we have to shew that the potential 
Vj in air is 


V = ” + g 

V(x + ay+ + V(x — ay + y’ + p’ 



while that in the dielectric is 


y’ + P 


A 


These potentials, we notice, satisfy Laplace’s equation in each medium, 
everywhere except at the point P, and they arise from a distribution of 
charges which consists of a single point charge e at P. The potential in air 
at the point 0, y, z on the boundary is 

Vo*+y* + **’ 
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while that in the dielectric at the same jioint ia 

^ ^ 

' Z) / — ' • 

V fl’ -(- 'lf‘ + z’ 

Thus the condition that the potential shall be continuous at each point 
of the boundary can be satisfied by taking 

e" = e-i-e' (129). 

The remaining condition to be satisfied is that at every point of the 
dV dV 

boundary, ^ in air shall be C(jual to ^ ^ in the dielectric; ie. that 


„ol^ 91^ , - 

K -=r- — — - , when a: = 0. 


cj Ox 


Now, when « = 0, 

OX 

dV. 


AV'a 
(a* -hy^-*- 


ea 


ea 


(a’ + y- 4- )■* (o’ + y* + x 

so that this last condition is satisfied by taking 


■r 


Ke' = e - e' 


.(180). 


' Thus the conditions of the problem are completely satisfied by giving 
e, e" values such as will satisfy relations (129) and (130); ie. by taking 




, = yTk^ 

. A' - 1 
* I 


.U31). 


225. The pull on the dielectric is that due to the tensions of the lines 
of force which cross its boundary. In air these lines of force are the same 
as if we had charges e, e at P, P" entirely in air, so that the whole tension 
in the direction P'P of the lines of force in au: is 

ee 

-ypi' 

4«»(yi.' + i.v 

This system of tensions shews itself as an attraction between the 
dielectric and the point charge. If the dielectric is free to move and 
the point charge fixed, the dielectric will be drawn towards the point 
charge by this force, and conversely if the dielectric is fixed the point 
charge will be attracted towards the dielectric by this force. 
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Inversion. 

226. The geometrical method of inversion may Bometimes be used to 
deduce the solution of one problem from that of another problem of which 
the solution is already known. 

Qeometrxcal Theory. 

227. Let 0 be any point which we shall call the centre of inversion, and 



let .dB be a sphere drawn about 0 with a radius K which we shall cal! the 
radius of inversion. 

Corresponding to any point P we can find a second point P, the inverse 
to P in the sphere. These two points are on the same radius at distances 
from 0 such that OP . OP = K'. 

As P describes any surface PQ..., P will describe some other surface 
PQ’..., each point O' on the second surface being the inverse of some point 
Q on the original surface. This second surface is said to be the inverse 
of the original surface, and the process of deducing the second surface from 
the first is described as inverting the first surface. 

It is clear that if PQ'... is the inverse of PQ..., then the inverse of 
PQ... will bePQ.... 

If the polar equation of a surface referred to the centre of inversion 
as origin be /(r, 0, <t>)=‘0, then the equation of its inverse will be 

^^ = 0. For the polar equation of the inverse surface is by 
definition /(r', 6, ^)«*0, where r/ = K* for all values of 6 and (f>. 
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Inverse of a sphere. Let chords PP', Q^, ... of a sphere toeet in Q 
(fig. 68). Then 

OP. OF^OQ. 0Q'=. 

where t is the length of the tangent from 0 to the sphere. Thus, if t is the 
radius of inversion, the surface PQ... is the inverse of P'Q..., i.e. the sphere 



Fio. 88. 


is its own inverse, With some other radius of inversion K, let P"Q'... be 
the inveree of PQ..., then 

OP. OF'^OQ . oqf '^ ... = K\ 


60 that 


OP" OQ" _ _1^ 

OP'"^ OQ' 


and the locus of P", Q", ... is seen to be a sphere. Thus the inverse of a 
sphere is always another sphere. 


A special investigation is needed 
when the sphere passes through 0. Let 
OS be the diameter through 0, and let 
S' be the point inverse to S. Then, if 
F is the inverse of any point P on the 
circle, 

OP.OF = OS.OS\ 

OP OS' 

OS ~ OF' ’ 

30 that POS, S'OF are similar triangles. 
Since OPS is a right angle, it follows 
that OS'F is a right angle, so that the 
locus of P' is a plane through S' perpen- 
dicular to OS'. Thus the inverse of a 
sphere which passes through the centre 
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of inversion is a plane, and, conversely, the inverse of any plane is a sphere 
which passes through the centre of inversion. 
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228. If P, Q are adjacent points on a surfece, and P, Q are the corre- 
sponding points on its inverse, then OPQ, 

OQ'P are similar triangles, so that PQ, 

PQ' make equal angles with OPP. By 
making PQ coincide, we find that the 
tangent plane at P to the surface PQ 
and the tangent plane at P to the sur- 
fisioe P'Q' make equal angles with OPP. 

Hence, if we invert two surfaces which Fio, 70 . 

intersect in P, we find that the angle 

between the two inverse surfaces at P is equal to the angle between the 
original surfaces at P, i.e. an angle of intersection ts not altered hy inversion. 

Also, if a small cone through Q cuts off areas dS, dS' from the surface 
PQ... and its inverse PQ'..., it follows that 

dS _ OP 
dS'~ OP*- 



ElectriccU Applications. 

229. Let PP, QQ' be two pairs of inverse points (fig. 70). Let a charge 
e at Q produce potential Vp at P, and let a charge e' at Q' produce potential 
T5»' at P, BO that 

K, - — K>' - ^ 

♦n OP 

Vp~ e- P<f~ e - OQ” 

Now let Q be a point of a conducting surface, and replace e by odS, 
the charge on the element of surface dS at Q. Let 1^ denote the potential 
of the whole surface at P, and let denote the potential at P due to a 
charge d on each element dS' of the inverse sur&ce, such that 

e' OQ! 

adS^^E"' 

K 

Then, since Vp =Vp for each element of charge, we have by addition 

’Vpjjip' 

Thus charges d on dS', etc. produce a potential 

MatP. 
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Now suppose that P is a point on the conducting surface Q, so t hat 
^ becomes simply the potential of this surface, say V, The charges e ob 
dS', etc. now produce a potential 

at F, 


so that if with these charges we combine a charge — VF at 0, the potential 
produced at P' is zero. Thus the given system of charges spread over the 
surface P'Q ' together with a charge — VK at the origin, make the 
surface F<^ ... an equipotential of potential zero. In other words, from a 
knowledge of the distribution which raises PQ... to potential V, we can 
find the distribution on the inverse sur&ce P'Q ... when it is put to earth 
under the influence of a charge — VK at the centre of inversion. 


If e, e are the charges on corresponding elements dS, dS' at Q, Q, w© 
have seen that 


while 


d a dS ' 
e <r~dti 


/OQ 

OQ~ K ~V 0Q‘ 
dS' _ OQ ’ 
dS ~ OQ’ • 


Hence 


<r' _(0Q'y^_ K> 
<T {OQJ ~(JQ' 


.(132), 


giving the ratio of the surface densities on the two conductors. 

Conversely, if we know the distribution induced on a conductor PQ ... at 
potential zero by a unit charge at a point 0, then by inversion about 0 we 
obtain the distribution on the inverse conductor P'Q... when raised to 

potential As before, the ratio of the densities is given by equation (132). 


Examples of Inversion. 

230. Sphere. The simplest electrical problem of which we know the 
solution is that of a sphere raised to a given potential. Let us examine 
what this solution becomes on inversion 

If we invert with respect to a point P outside the sphere, we obtain the 
distribution on another sphere when put to earth under the influence of a 
point charge P. This distribution has already been obtained in § 214 by 
the method of images. The result there obtained, that the surface-density 
varies inversely as the cube of the distance from P, can now be seen at once 
from equation (132). 

So also, if P is inside the sphere, we obtain the distribution on an 
uninsulated sphere produced by a point charge inside it, a result which can 
again be obtained by the method of images. 

When P is on the sphere, we obtain the distribution on an uninsulated 
plane, already obtained in § 208. 
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2SL Iittersecting Planes. As a more complicated example of inversion, 
iet US invert the results obtained in § 212. We there shewed how to find 



the distribution on two planes cutting at an angle — , when put to earth 

under the influence of a point charge an\'where in the acute angle between 
them. If we invert the solution we obtain the distribution on two spheres, 
cutting at an angle ir/n, raised to a given potential. By a suitable chmee 
of the radius and origin of inversion, we can give any radii we like to the 
two spheres. 

If we take the radius of one to be infinite, we get the distribution on a 
plane with an excrescence in the form of a piece of a sphere : in the par- 
ticular case of n = 2, this excrc.scence is hemispherical, and we obtain the 
distribution of electricity on a plane face with a hemispln rica! boss. This 
can, however, be obtained more directly by the method of § 219. 

Sl’HERICAL HaKMONU’8. 

232. The problem of finding the solution of any electrostatic problem is 
■equivalent to that of finding a solution of Laplace’s equation 

throughout the space not occupied by conductors, such as shall satisfy certain 
conditions at the boundaries of this apace — i.e. at infinity and on the surfaces 
■of conductore. The theory of spherical harmonics attempts to provide a 
general solution of the equation 

l^s is no convenient general solution in finite terms: we therefore 
examine solutions expressed as an infinite series. If each terra of such 
s eeiim is a solution of the equation, the sum of the series is necessarily 
je, solution. 
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238. Let us take spherical polar coordinates r, ff, tft, and search for 
solutions of the form 

V^RS, 

where iZ is a function of r only, and <Sf is a function of & and <f> only. 

Laplace’s equation, expressed in spherical polars, can be obtained analyti- 
cally from the equation 

d^v 




0 


by changing variables from x, y, z to r, B, <^, but is moat easily obtained by 
applying Gauss’ Theorem to the small clement of volume bounded by the 
spheres r and r + dr, the cones B and B + dB, and the diametral planes <f) and 
tf> -t- d(f». The equation is found to be 


0r V 0r j r* sin 6 dB 1®’” ^ ds) 
Substituting the value V = RS, we obtain 


8 d 
r' 

or, simplifying, 
1 d 


? 0 /_,0i£\ 

■’0r V dr)' 


R 


RdrK'^'drJ 


sin B dB 

1 0 

S sin B dB 


(si 


d8\ 


sin ^ ;:;r -1- -r 


1 ^ 

sin’ B d(f>^ 

R 


= 0 . 


do J r’ sin’ <1 0</>' 


IS-o, 


(“ 


sin B 


38 


0’S 


dBj ^ 8 sin’ B 0(^’ 


= 0 . 


The first term is a function of r only, while the last two terms are inde- 
pendent of r. Thus the equation can only be satisfied by taking 


033), 


(,in9®|) 


(S' sin B dB 


1 ^ 
8 sin’ B 0(^’ 


= -iir 


.(134), 


where ^ is a constant. Equation (133), regarded as a differential equation 
for R, can be solved, the solution being 

^ = (135). 

where A, B are arbitrary constants, and n (« -t- 1) = K. After simplification 
equation (134) becomes 
0 


sin BdB 


^ i) + ^ ^ 


Any solution of this equation will be denoted by Sn, the solution being a 
function of n as well as of ^ and <f). The solution of Laplace’s equation we 
have obtained is now 

V = RS = (Ar> + :^)s^. 

and by the addition of such solutions, the most general solution of Laplace’s 
equation may be reached. 
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234 . Definitions. Any solution of Laplace's equation is said to he a 
spherical harmonic. 

A solution which is homogeneous in ar, y, e of dimensions n is said to be a 
spherical harmonic of degree n. 

A spherical harmonic of degree n must be of the form r" multiplied by 
a function of 9 and it must therefore be of the form Ar'^Sn, where 8„ 
is a solution of equation (136). 

Any solution of equation (136) is said to be a sur/ace-harmontc of 
degree n. 


236. Theorem. If V is any spherical harmonic of degree n, then 
yy^i +2 ^ g, spherical harmonic of degree — (n + 1). 

For V must be of the form Ar"S,., so that 

V ^ A^n 

yn-ri * 

which is known to be a solution of Laplace’s equation, and is of dimensions 
— (» + !) in r. Conversely if F is a spherical harmonic of degree — (n + 1), 
then ?■»"+* F is a spherical harmonic of degree n. 


236. Theorem. If V is any Spheriad harmonic of degree n, then 

y 

dsfdfcz'* ’ 

where s, t, and u are any integers , «« a spherical harmonic of degree n — e — t — u. 


For 


cfV 

dx^ dy* dz- 


so that on differentiation s times with respect to a:, t times with respect to y, 
and « times with respect to z, 

gi+<+«H-jp grfl+u+jp" g»+i+i*-np’ 

da^dfdz'^ ?afdy**dz'^ dafd'fdz'^* 


or 

which proves the theorem. 


\jdaAdydz'*) 


0 , 


237 , Theorem If S„, Sn are two surface harmonics of different degrees 
m, n, then 

jjSnS^dw^O, 

where the integration is over the surface of a unit sphere. 

In Green’s Theorem (§ 181), - 

J [ |(<I>V«F - ^*4)) dzcdydz « _ JJ(cD ^ _ qr 

pot =» r^8n, ^ ■= and take the surface to be the unit sphere. 
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Then VXD = 0, V»>I^ = 0, and = 

on 6r dn 

Thus the volume integral vanishes, and the equation becomes 


//<■ 


l(nr”‘+”-‘SnS„ - do> = 0 , 

or, since n is, by hypothesis, not equal to m, 

fs„S„dti) - 0 . 


//^ 
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Harmonica of Integral Degree- 

238. The following table of examples of harmonics of integral degrees n=.0, - 1, -2, 
+ 1 , is taken from Thomson and Tait’s Natural Pkilosophy. 

„ , X iV . r + z ^ r +2 rzix^-y^) irxyz 

Also if Vo is any one of these harmonics, are harmonics of degree — 1, so 

that ?■ , r^— , r are harmonics of degree zero. As examples of harmonics derived 

Ox oy rz 

in this way may be given 




.^y 


xtj^yZ' + r + z' r-t' 

By differentiating any harmonic V'j any number » of times, multiplying by and 
differentiating again i-l times, we obtain more harmonics of degree zero. 

n = -1. Any harmonic of degree zero divided by r or differentiated with respect to 
X, y or 2 , e.g. 

11 1, ^ , 

;log- 


1 1 , -1^ 1 I '■ + * 

r’ r x' r »’ r(r+ 2 )‘ 


n = - 2. By differentiating harmonics of degree - 1 with respect to jr, y or z wo obtain 
harmonics of degree — 2, e.g. 

y 


- itau-'^ i 
,4' ,4’ x' 


r +2 z 

p-- 


n = l. Multiplying harmonics of degree — 2‘by r*, we obtain harmonics of degree I, e,g. 


x,y,z, 2 tan-' I , zlog^-2/'. 


Rational Integral Harmonics. 

239 . An important class of harmonic consists of rational integral algebraic 
functions of x, y, z. In the most general homogeneous function of x, y, « of 
degree n there are i (n + l)(n + 2) coeflScients. If we operate with V* we 
are left with a homogeneous function of x, y, z of degree n — 2, and therefore 
possessing \ n(n— 1) coefficients. For the original function to be a spherical 
harmonic, these Jn(«— 1) coefficients must all vanish, so that we must 
have ^n(» — 1) relations between the original ^(n + l)(n + 2) coefficients. 

U 


.T 
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Thus the number of coefficients which may be regarded as independent in 
the original function, subject to the condition of its being a harmonic, is 
i(n + 1) (n + 2) - in (n - 1), 

or 2n + 1. This, then, is the number of independent rational harmonics of 
degree n. 

For instance, when n ■■ 1 the most general harmonic is 

As + By + Cm, 

possessing three independent arbitraiy constants, and so representing three 
independent harmonics which may conveniently be taken to be y and s. 

When n»2, the most general harmonic is 

cue + + M* + dye + ezx + fxy, 

where o, h, c are subject to a4-t+c = 0. The five independent harmonics 
may conveniently be taken to be 

ys, ex, xy, a;* - y*. - e. 

When n = 0, 2n + 1 1. Thus there is only one harmonic of degree zero, 

and this may be taken to be V=l. 

Corresponding to a rational integral harmonic IJ, of positive degree n, 
y 

there is the harmonic of degree — (n + 1). These harmonics of degree 
— (n + 1) are accordingly 2n + 1 in number. Thus the only harmonic of 
this kind and of degree — 1 is 

Consider now the vanous expressions of the t}^ 


4} 


.(137), 


where « + f + « = n. 

These, as we know, are harmonics of degree — (n4- 1), and from § 235 


it is obvious that they must be of the form , where is a rational 
integral harmonic of degree n. Since ^ is harmonic, V* = 0, so that 

4)-{^^m) 


' 


The most general harmonic obtained by combining the harmopics of 
type (137) is 

a*+‘+“ 




4) 


**“3afay*9x- 

but by equatdon (188) this can be reduced at once to the form 


(139). 


^dxifdyt 
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where p + q- 


n — 1 and p' + q' 
gn-i 


' n. This again may be replaced by 


g pmn-l 

dz 3o 








so that there are 2n + 1 arbitrary constants in all, and it is obvious 
on examination that the harmonics, multiplied by all the coefficients 


Bp, ... Bp, ... are independent. Thus, by differentiating - n times, we have 

arrived at 2?! + 1 independent rational integral harmonics, and it is known 
that this is as many as there are. 


Expansion in Rational Integral Harmonics. 

240. Theorem*. The value of any finite single-valued function of 
position on a spherical surface can be expressed, at every point of the 
surface at which the function is continuous, as a series of rational integral 
harmonics, provided the function has only a finite number of lines and points 
of discontinuity and of maxima and minima on the surface. 

Let F be the arbitrary function of position on the sphere, and let the 
sphere be supposed of radius a. Let P be any point outside the sphere at a 
distance / from its centre 0, and let Q be any point on the surface of 
the sphere. 



Let PQ be equal to R, so that 

iJ’ =/’ + a* — 2af cos POQ. 
We have the identity 

- ■ rdS 


f^- a' 

■ 47ra 


*ffdS_a 

'.'J B?~f 


.(140), 


where the integration is taken over the surface of the sphere, a result 
which it is easy to prove by integration. 

A point charge e placed at P induces surface density -- — surface of 


the sphere (§ 214), and the total induced charge is - y. The identity is therefore 
obvious from electrostatic principles. 

* The proof of this theorem is stated in the form which seems best suited to the leqniianente 
of the etudent of alaotrioity and makei no pretence at absolote mathematical rigour. 

14 —* 
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Now introduce a quantity tt defined by 


u 


P-a* ([FdS 

4Tra JJ R’ 


(141), 


80 that u is a function of the position of P. If P is very close to the 
sphere, /• — a’ is small, and the important contributions to the integral arise 
fi^m those terms for which R is very small; i.e. from elements near to P. 

If the value of F does not change abruptly near to the point P, or 
oscillate with infinite frequency, we can suppose that as P approaches the 
sphere, all elements on the sphere from which the contribution to the 
integral (141) are of importance, have the same F. This value of F w’ill of 
course be the value at the point at which P ultimately touches the sphere, 
say Fp. Thus in the limit we have 


(/‘-a^)Fj. ffdS 

ina Jj jR'* 


(142), 



Fp. 


by equation (140), 


when in the limit f becomes equal to a. 

If the value of F oscillates with infinite frequency near to the point P, we obviously 
may not take F outside the sign of integration in passing from equation (141 ) to 
equation (142). 


If the value of F is discontinuous at the point F of the sphere with which /' 
ultimately coincides, we again cannot take F outside the sign of integration. Suppose, 
however, that we take coordinates p, 3 to express the position of a point F' on the surface 
of the sphere very near to F, the coordinate p being the distance FF', and 3 being the 
angle which FF' makes with any line through F m the tangent plane at F. Then F 
may be regarded as a function of p, 3, and the fact that Pis discontinuous at F is expressed 
by saying that as we ajiproacb the limit p — 0, the limiting value of F (fissuniiiig such a 
limit to exist) is a function of 3 — i.e. dejiends on the path by which F is approached. 
Let F (5) denote this limit. Then 


f‘‘ — a^ r F{3) pdpdB 
** 4ira J JP 

/*-a* 


4tra 


^ j F{3) (^d3, by equation (140). 
On passing to the limit and putting «»/, we find that 




.( 143 ), 
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i.e. u is the average value of F taken on a small circle of mfinitesimal radios surrouDding 
F. In particular, if F changes abruptly on crossing a certain lino through P, having a 
value Fi on one side, and a value on the other, then the limiting value ofuin 

u^i(F, + F^). 

If we take 0 to denote the angle POQ, 
i - (/’ - 2a/ cos 6 4- a*)~^ 

1/ < 1 ^— 2rt/‘cos (9\ -i { 

“7a ) 

1 1 “ 2 «y cos 6 , /o* — 2nf cos 8\* ] 

° 7 L T /"-J’ 

or, arranging in descending powers of/, 

■] 

in which i?, P,. are functions of d, being obviously rational integral 
functions of cos 0. When 0 = 0, 


and when 6 =Tr, 


so that when 0 = 0, 


1 1 1 \ 
Ti" a-f-JV'^ 

S-a+/-/l^ /^/‘ -V’ 


7? = 7?=...=1, 

and when 0 = vr, 

_/? = 7J = _;?=... = i. 

It is clear, therefore, that the series (144.) is convergent for 0 = 0 and 
0 = 7 r, and a consideration of the geometrical interpretation of this series 
will shew that it must be convergent for all intermediate values*. 
Differentiating etjuation (144) with respect to /, we get 


acos0— / _ 

W 


l(~] 

1 2P — -SP— — (145) 

-77 


R- d? ’/* 

If we multiply this equation by 2/ and add corresponding sides to 
equation (144), we obtain 

F 

Multiplying this equation by- and integrating over the surface of the 
sphere, we obtain 

/• - a» rrfdS V + 1 /■/'fp jq 

• Being a power aeries in ooa# it can only have a single radius of oonvergenoo, and this 
oanaot be between co8tf»l an»i ooefl=»~l* 
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or, by equation (141), 

If the function F is continuous and non-oscillatory at the point P, then 
on passing to the limit and putting f — a, we obtain 

^ = + 

F is discontinuous and non-osoillatory, then the value of the series on the right is 
not F, but IS the function defined in equation (143). 

Now it is known that 1/r is a spherical harmonic, so that we have 

where the differentiation is with respect to the coordinates of Q. Hence 1/P 
must be of the form (cf. § 233) 

i = + (147), 

where <?„ is a surface harmonic of order n. Comparing with equation (144), 
and remembering that a in this equation is the same as the r of equation 
(147), we sec that Pn , regarded as a function of the position of Q, is a surface 
harmonic of order n, and we have already seen that it is a series of powers 

of cos or of - , the highest power being the nth, so that is a rational 
integral harmonic of order n. It follows that 

jjFr-PndS, 


being the sum of a number of terms each of the form is also a rational 
integral harmonic of order n, say 1^, On the surface of the sphere 


V„:^a-lfFP„d3. 

so that equation (146) becomes 

„ 1 |2n + l 

^ 47ra*7 o» " 

which establishes the result ih question. 


(148), 


241. Theorem. The expansion of an arlitrary function of position on the 
surface of a sphere as a series of rational integral luirmonice ia unique. 

For if possible let the same function F be expanded in two ways, say 

F^1W„ (149), 

(160), 

where Wn, W,i are rational integral harmonics of order n. Then the function 
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is a spherical harmonic, which vanishes at every point of the sphere. Since 
= 0 at every point inside the sphere it is impossible for u to have either 
a maximum or a minimum value inside the sphere (cf. § 52), so that m = 0 
at every point inside the sphere. Since Wt — is a harmonic of order n, 
it must be of the form r''S„, where S„ is a surface harmonic, so that 

u = Sr"jS'„ = 0. 

Thus u is a power scrie.s in r which vanishes for all values of r from r = 0 
to r = a. Thus (S„ = 0 for all values of n. Hence Wn = ^n, and the two 
expansions (149) and (150) are seen to be identical. 


242. It is clear that in electrostatics we shall in general only be 
concerned with functions which are finite and single-valued at every point, 
and of which the discontinuities are finite in number. Thus the only classes 
of harmonica which are of importance are rational integral harmonics, and in 
future we confine our attention to these. We have found that 

(i) The rational integral harmonics of degree n are (2n-l-l) in number, 
and may all be derived from the harmonic ^ by differentiation. 


(ii) Any function of position on a spherical surface, which satisfies the 
conditions which obtain in a physical problem, can be 

expanded !us a series <if rational integral harmonics, p'p p' 

and this can be done only in one way. 

243. Before considering these harmonics in detail, 
we may try to form some idea of the physical concep- 
tions which lead to them most directly. 

The function ^ is the potential of a unit charge 

at the origin. If, as in § 64, we consider two charges 
± e at points O', 0" at equal small distances a, — a 
from the origin along the axis of x, we obtain as the 
potential at P, 

e ^ ^ ® 

Wp ~ Wp ~ OP' 



y = 


OP' 

If we take — « . PP' = 1, we have a doublet of strength — 1 parallel to the 

8 / 1 \ 

axis of X, and the potential at P is ^ f- j . In fact this potential is exactly 
the same ^ already found in § 64. 
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Thus the three harmonics of order — 1 obtained by dividing the rational 



\ ^ 


dx \r, 

)' dy\T. 

)' dzK 


are 

simply the potentials of three doublets each of unit strength, parallel to 
the negative axes of a, y, z respectively. 

If in fig. 73 we replace the charge e at O' by a doublet of strength e 
parallel to the negative axis of and the charge — e at 0" by a doublet 
of strength — e parallel to the negative axis of x, we obtain a potential 

da? \r) 

If instead of the doublets being parallel to the axis of x, we take them 
parallel to the axis of y, we obtain a potential 

— f-V 

dxdy \r) 

So we can go on indefinitely, for on differentiating the potential of 
a system with respect to x we get the potential of a system obtained 
by replacing each unit charge of the original system by a doublet of unit 
strength parallel to the axis of x. Thus all harmonics of type 

dx‘dy*dz'* \r) 

(cf. § 236) can be regarded as potentials of systems of doublets at the origin, 
and, as we have seen (§ 239), it is these potentials which give rise to the 
rational integral harmonics. 

244. For instance in finding a system to give potential , we may replace the 

charge 0 in fig. 73 by a charge i at distance 2a from 0 and — ^ at 0. The charge at 0' 

tid aO 

may be similarly treated, so that the whole system is seen to consist of charges 

E. -V.E, E, 

at the points x= —h, 0, h where 6 = 2o, and ^ ^ . 

A system of this kind placed alcng each axis gives a charge - GE at the origin and 
a charge E at each comer of a regular octahedron having the origin as centre. The 
potential 


da? \r J 
= 0 , 


fy 


© 4 © 


80 that such a system sends out no linos of force. 

246. The most important class of rational integral harmonics is formed 
by harmonics which are symmetrical about an axis, say that of «. There is 
one harmonic of each degree n, namely that derived from the function 

da?* \r/ 

These harmonics we proceed to investigate. 
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Legendre’s Coefficients. 

246. The function 

/"I 

— 2ar cos 0 + 

can, as we have already seen (cf. equation (144)), be expanded in a convergent 
series in the form 


Va’ — 2ar cos + r’ 


+ + - + + ( 152 ) 


if a is greater than r. Here the coefficients Pi,P„ ... are functions of cos 6, 
and are known as Legendre’s coefficients. When we wish to specify the 
particular value of cos 6, we write an P„ (cos 0). 

Interchanging r and a in equation (152) we find that, if r > a, 


1 

Va’ — 2ar cos 0 + 1 ^ ^ 



(153). 


We have already seen that the functions i?, ... are surface harmonics, 
each term of the equations (152) and (153) separately satisfying Laplace’s 
equation. The equation satisfied by the general surface harmonic jS„ of 
degree n. namely equation (136), is 






In the present case is independent of so that the differential equation 
satisfied by is 


_d_ 

sin 0 d0 ' 


^sin 0 +n(n +1)I^ = 0, 


or, if we write fi for cos 0, 

|^|(l-M’)|^|+n(n+l)P„ = 0 (154). 

This equation is known as Legendre’s equation. 


247. By actual expansion of expression (151) 




so that on picking out the coefficient of r". we obtain 


Pn 


1.3...2n-l „ 

TT 


1.3...2«-3 _ , , 1.3...2?i-5 
2.(n-2)! ^ 2.4.(n-4)!'^ 

(155). 


Thus is an even or odd function of /x according as « is even or odd. It 
will readily be verified that expression (155) is a solution in series of 
equation (164). 
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Let us take axes Ox, Oy, Oz, the axis Ox to coincide with the line 0 >=0, 
then /ir = r cos ^ = x. Then it appesu^ that ftr" is a rational integral function 
of X, y, and z of degree n, and, being a solution of Laplace’s equation, it must 
be a rational integral harmonic of degree n. We have seen that there can 
only be one harmonic of this type which is also symmetrical about an axis ; 
this, then, must be 


248. If we write 


(a* — 2ar/i + r*) ^ ==/(a) 
we have, by Maclaurin’s Theorem, 

/(a) -/(O) + a i; f-gL') ^ (156), 




If P is the point whose polar coordinates are u, 0 and 
Q is the point r, 0, then f (a) = . The Cartesian co- 
ordinates of P may be taken to be a, 0, 0 ; let those of Q be 
O', y, z. Then f (a) = — , so that as regards 


V(a: — a)“ + y* ’ 


differentiation of / (a). 


3^. 
3(1 ' 


dx' 



Pio. 74. 


Th» S^\ ?!A0) 

t Sa" ja-o \ C**" )a-0 ^ ^ cfa."* 




3" 


ax» Vx^ + y'-^- z* 

so that equation (156) becomes 

,, , 1 3 /1\ a* 0* 

r ®3xW‘^2!3a'’ t/“ 

and on comparison with expansion (153), we see that 

‘ nl 8»"l,rr 

giving the form for p which we have already found to exist in § 245. 


249. A more convenient form for P can be obtained as follows. 


Let 1 - Ay = (1 - 2//^ + A*)i (167), 

so that y - A* + ( 158 ). 
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From this relation we can expand y by Lagrange’s Theorem (cf. Eklwards, 
Differential Calculus, § 517) in the form 

DifiPerentiating with respect to ft. 

From equation (157), however, we find 

= (1 - 2A;i + /,,’)-^ = 1 + up + ... + + .... 

Elqnating the coeflBcients of A“ in the two expansions, we find 

OS’)- 


260. This last formula supplies the easiest way of calculating actual 
values of li. The values of /?, D , ... D are found to be 

Pi {ff) = M. 

^(M) = i(3M’-l). 

Pi iff) - 3 ^)* 

^(M) = i(35M*-30/.» + 3). 

7?(/.) = |(63^»-70.u’+15^), 

/? (m) = Vs (231p,' - 315>t‘ + 105|t» - 5), 

= Vs (42V - 693/*' + 315/i» - 35/*). 


251. The equation (/*’ — 1)" = 0 has 2n real roots, of which n may be 
regarded as coinciding at /* = 1, and n at /* = — 1. By a well-known theorem, 
the first derived equation. 


dy. 


(/*>-l)» = 0, 


will have 2n — 1 real roots separating those of the original equation. 
Passing to the nth derived equation, we find that the equation 




has n real roots, and that these must all lie between /* = — 1 and /* = + !. 
The roots are all separate, for two roots could only be coincident if the 
original equation (/*’ — 1)" = 0 had n -1- 1 coincident roots. 


Thus the n roots of the equation /i(/t) = 0 are all real and separate and 
lie between — 1 and /* = -1- 1. 
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262. Putting /* = 1, we obtain 

1 +J?A + ^A» ^ 

Vl -2A + A* 

« 1 +A + A*+ .... 

80 that i?= 1. Similarly, when /i = — 1, we find (cf. § 240) that 

_/?= + .^ = -.^=...=-l. 

We can now shew that throughout the range from /* = — 1 to /i = + l, 
the numerical value of ^ is never greater than unit)'. We have 

(1 - 2A cos ^ + A’)~ i = (1 - (1 - 




80 that on picking out coefficients of h", 

„ 1.3...2n-l- - 1 1.3...2a-3„ , . 

2.4...2>r - 2cosng + ^.- ^ ....- ^— 2co3(n-2)g4-.... 


Every coefficient is positive, so that /J is numerically greatest when each 
cosine is equal to unity, ye. when ^ = 0. Thus ^ is never greater than 
unity. 


Fig. 75 shews the graphs of P„ P, from /u. = — 1 to /a = + l, the 

value of 6 being taken as abscissa. 



Fio. 75. 



262, 268J 


Spherical Harmonics 


221 


Relations between eoeifficients of different orders. 

263. We have 

(1 - = 1 + Ia-*/?. (160). 

1 

Differentiating with regard to hy 

{fL - h) (1 - 2V + A*)" ^ (161), 

1 

so that (fi. — h){\+1h'^R) = (l—2kfj. + h^)%nh''~'Ri. 

1 1 

Equating coefficients of /i“, we obtain 

(n + 1) + nR^i = (2n + 1) nP„ (162). 

This is the difference equation satisfied by three successive coefficients. 
Again, if we differentiate equation (160) with respect to /«. 

A(l-2A^ + /i»)-^ = SA"|^, 
so that, by combining with (161), 

« S P 

2n/i"P„ = (/*-6)SA’‘^. 

1 

Equating coefficients of h”, 

p dpi dPi-i riRU\ 



Differentiating (162), we obtain 

dP 

Eliminating /x ~ from this and (163), 



By integration of this we obtain 

J P„ W dfj. = (165). 

whilst by the addition of successive equations of the type of (164), we 
obtain 

1 P„ = (2n - 1) PI-, + (2n - 5) Pn_ + (166). 

Oft 



222 M^hods for the Solution of Special Problenus [oh. viii 
254 . We have had the general theorem (§ 237) 

fs„S„do>=^0, 


from which the theorem 


//^ 


If 


^ (/i) (m) d*" = 0 


follows as a special case. Or since 

dec = sin 6ddd<p = — d/id(f>, 


I 


= 0 (167). 

To find j Hi* ifi) dfi, let us square the equation 

0 

multiply by dfi, and integrate from /it = — 1 to^ = 4-l. 

The result is 

(* + l X 

J -I 0 

all products of the form vanishing on integration, by equation (167). 


Thus 


[ PndfjL is the coefficient of h”'" m 

dfi 


/ 


%.e. m 


l-2A/t + A*’ 
1 , 1 -/( 
s‘”«rT7,’ 


and this coefficient is easily seen to be 
We accordingly have 


2/1 + 1 
2 





255. We can obtain this theorem in another way, and in a more general form, by 
using the expansion of § 240, namely 


f // dS, 


where 6 is the angle between the point P and the element dS on the sphere. This 
expansion is true for any function F subject to certain restrictioua Taking F to be a 
surface harmonic 8^ of order n, we obtain 


(-S.)p*=>^,T(2s + 1) [ js,P,{oosB) 


dJS 



264-256] Spherical Hcurmonics 223 

all otider integrals vanishing by the theorem of § 237. Thus 

or 

This is the general theorem, of which equation (168) expresses a partiaular case. To 
pass to this particular case, we replace by /(, {ft) and obtain, instead of equation (168), 

1 1 {/>. (p)}’ sin ed6d,}> = 2 ^-^ /'.(I), 
or, after integrating with respect to <(>, 

agreeing with equation (168). 


Expansions in Legendre's Coefficients. 

266. Thborem. TAe ralue of any function of 9, which is finite and 
single-valued from, 9 = 0 to 9 = v, and which has only a finite number of 
discontinuities and of maxima and minima within this range, can be 
expressed, for every value of 9 within this range for which the function is 
continuous, as a series of Legendre's Goeffixients. 

This is simply a particular case of the theorem of § 240. It is therefore 
unneoessuy to give a separate proof of the theorem. 

The expansion is easily found. Assume it to be 

f ip) = flo + dill 4- otjf? 4- ... 4- a,Ii 4- (IfO), 

then on multiplying by (/x) dp, and integrating from ^ = — 1 to ^ = 4 - 1 , 
we obtain 

/ Pn{p)f{p)dp= ^ a, I F,(p) E,(p)dp 
J —1 « = 0 J —I 

"Fan 

“2n + l’ 

every integral vanishing, except that for which s = a. Thus 


aw= /^VnO^)/(M) dp (171), 

giving the coefficients in the expansion. 

If f{p) has a discontinuity when p = Pt, the value assumed by the 
series (168) on putting p^po is, as in § 240, equal to 

if/.0*.)+/.W} (172), 


where /i(/u*) are the values ot f{p) on the two sides of the discon- 

tinoity. 
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Harmonic Potentials. 


267. We are now in a position to apply the results obtained to problems 
of electrostatics. 

Consider first a sphere having a surface density of electricity 8^. The 
potential at any internal point P is 






2ar cos d + r® 

= //f^ ( 1 + ^ ^ (cos t») + J /?(cos 0) + ...) dS 

47r 


2n 


a’ — 
l a" 


I ('S'n)oo»«-i. by the theorems of §§237 and 265, 


47r r")Sn 


2n 4- 1 a"“' 

this expression being evaluated at P. 

Similarly the potential at any external point P is 

47ra"+*<S« 


.(173). 


Vp = 


(in + 1) 


These potentials are obviously solutions of Laplace’s equation, and it is 
easy to verify that they correspond to the given surface density, for 




= 4Tr5.. 


insidf' 


This gives us the fundamental property of harmonics, on which their 
application to potential-problems dejiends • A distribution of surface density 
Sn on a sphere gives rise to a potential which at every point is proportional 
to S„. 


268. The density of the most general surface distribution can, by the 
theorem of § 240, be expressed as a sum of surface harmonics, say 

cr = 8(1+ Si + Sf+ 

in which is of course simply a constant. The potential, by the results of 
the last section, is 



at an internal point ...(174), 
at an external point ...(175). 
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Examples oe the use of Harmokic Potevtiaib. 

I. Potential of spherical cap and circxdar ring. 

269. As a first example, let us find the potential of a spherical cap 
of angle a — i.e. the surface cut from a sphere by 
a right circular cone of setnivertical angle a — 
electrified to a uniform surface density a„. 

We can regai-d this as a complete sphere 
electrified to surface density a-, where 

<r = (To from 6 = 0 to 6 = a, 

<r = 0 from 6 = a to 6 = tr. 

The value of a being symmetrical about the 
axis 0 = 0, let us assume for the value of a 
expanded in harmonics 76. 

(T =00 + 0 ,.^ (cos 0) + aj.^(cos0)+ 
then, by equation (171), 

a« = ^ f aPn (cos 6)d (cos 6) 

^ J »=«• 

97 > 4 - 1 

= ■— — <r„ I P„ (cos 6) d (cos 6) 

- J »=« 

“ i o-« [P„-, (cos a) - (cos tt)} 

by equation (165), except when n=0. For this case we have 

(•«=0 

o,= ^<tJ rf(cos0)= ^(T„(l-co3a). 

J 

Thus 

«T = J (To (1 - cos a) + P„-i (cos a) - /?,+, (cos a)l P„ (cos B) j . 

L 1 ' -1 

It is of interest to notice that when 9 = a, the value of cr given by 
this series is as it ought to be (cf. expression (172)). 



The potential at an external point may now be written down in the 
form 


/n\ »=> 

V = 2ira<To (1 — cos a) \^-j + S 


'a\ (cos g ) - (cos a) 

t) 2n + 1 


-j Pa (cos 9) 


and that at an internal point is 


V . w. [(1 - .) H- T «=i<521-^.i£S»£> g)’,. (OO. «)■ 


3 . 
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On differentiating with respect to a, we obtain the potential of a ring of 
line density <r„adcu At a point at which r > a, we differentiate expression 
(176), and obtain 

[ /a\ /aX”'*'’ ”] 

sina[-j+ 2 iJ(cosa)8ino ii(co8d)J, 

or, putting (uroda = r and simplifying, 

V = 2TrT 2 Pn (cos «) sin a (-\ iji (cos €) (178). 

n = 0 \'V 


Obviously the potential at a point at which r< a can be obtained on 
replacing by . 


260. These last results can be obtained more directly by considering 
that at any point on the axis 6 = 0 the potential is 

2'TrrtT sin a 


or, if r>a. 


V = 


7 = -^-,---^ ^ . 

vj- + a- — 2ar cos a 

2'7roT sin a ’'=* 


2 /Ucosa)(2 . 

«cO V / 


and expression (178) is the only expansion in Lagrange’s coefficients which 
satisfies Laplace’s equation and agrees with this expression when 6 = 0. 


II. Uninsulated sphere in field of farce, 

261. The method of harmonics enables us to find the field of force 
produced when a conducting sphere is introduced into any jJeruiunent field 
of force. Let us suppose first th.it the .sphere is uninsiilat-cfi 



Fio. 77. 
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Let the sphere be of radius a. Round the centre of the field describe 
a slightly larger sphere of radius d, so small as not to enclose any of the 
fixed charges by which the permanent field of force is produced. Between 
these two spheres the potential of the field will be capable of expression in 
a series of rational integral harmonics, say 

F = K + K + K+ (179). 

The problem is to sujierpose on this a potential, produced by the 
induced electrification on the sphere, which sh.all give a total potential 
equal to zero over the sphere r = a. Clearly the only form possible for 
this new potential is 

F=_i:Q_K(“y-K0y- (180). 

Thus the total potential between the spheres r = a and r = a'is 

K {l - 2} + K jl - (2)]+ r jl - (5)‘j + ... + K {l - (2)"*'} + .... 

Putting the surface density of electrification on the sphere is, 

by Coulomb’s Law, 


47r 

I 


dr V r-‘ 


--V-Sa''->(2u +1)S„ 

•iTT 


47rci 


2c2« + l)K.. 


This result is indeed obvious from § 258, on con.sidering that the 
surface electrification must give rise to the potential (180). 

If n is different from zero, 

where the integration is over any sphere, so that 


and 


Jl KdS=0 


(«ft0). 


.( 181 ). 


Thus the total charge on the sphere 

adS 


■II 


1 

47ra 


. 4'jra’' = - Y,a, 


and TJ was the potential of the original field at the centre of the sphere. 

15—2 
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262. Incidentally we may notice, as a consequence of (181), that the 
mean value of a potential averaged over the surface of any sphere which 
does not include any electric charge is equal to the potential at the 
centre (cf. § 50). 

If the sphere is introduced insulated, we superpose on to the field 
already given, the field of a charge E spread uniformly over the surface of 


E 


the sphere, and the potential of this field is We obtain the particular 
case of an uncharged sphere by taking E^Ka, and the potential of this 


field, namely IJ , 


just annihilates the first term in expression (180), to 


which it has to be added. 


It will easily be verified that, on taking the potential of the original 
field to be = we arrive at the results ahead}’ obuined in § 217. 


III. Diehctric sphere in a field of force. 

263. An analogous treatment will g^ve the solution when a homo- 
geneous dielectric sphere is placed in a permanent field of force. The 
treatment will, perhaps, be sufficiently exemplified by considering the case 
of the simple field of potential 

=» Ex^rSi. 

Let us assume for the potential TJ outside the sphere 

r,^rS,+ ^, 



Fio. 78. 


and for the potential Vi inside the sphere 


DO terra of the form 


§1 

r* 


being included in Fi, as it would give i nfini te* 
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potential at the 

origin. The constants a, /9 are to 

be deteimined from 

the conditions 

K=i: j 

r^a. 

dr dr j 


These give 

a + |, = ^a. 


whence 

»- K + 2“’- «-;f+-2' 


so that 







Thus thp linos nf force inside the dielectric are all parallel to those of 


the original field, but the intensity is diminished in the ratio The 

field is shewn in fig, 78. 


IV. Nearly spherical surfaces. 

264. If r = a, the surface r = a + w here x function of 0 and will 
lepresent a suil.ice which is nearly spherical if \ is small. In this case x 
may be regarded as a function of position on the surface of the sphere r = o, 
and expanded in a series of rational integral harmonics in the form 

X = <^0 + S, + Sj + , . . 
in which Su S,, ... are all small. 

The volume enclosed by this surface is 

i Ij t^dm 

* i j j (“’ + dm 


If iSo = 0. the volume is that of the original sphere rma. 
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The following special cases are of importance ; 

r s a 4- ePj. To obtain the form of this surface, we pass a distance e cos 6 
along the radius at each point of the sphere r = a. It is easily seen that 
■when e is small the locus of the points so obtained is a sphere of radius a, 
of which the centre is at a distance e from the origin. 

rsa + ajS]. The most geneml form for is Ix + my + ne, and this 
may be expressed as aecos^, where d is now measured from the line of 
which the direction cosines arc in the ratio I : m :n. Thus the surface is 
the same as before. 


rsa-t-Si. Since r is nearly equal to a, this may be written 

r* = a*+ 2aSa 
2 , 

= d’ + - r-S... 

a 

or ic* + y’ 4- z’ = a’ + an expression of the second degree. 

Thus the surface is an elli]>soid of which the centre is at the origin. It will 
easily be found that r = a + €i^ represents a spheroid of semi-axes a -t- e, a - | . 

A 

and therefore of ellipticity ~ . 


266. We can treat these nearly spherical surfaces in the same way in 
which spherical surfaces have been treated, neglecting the squares of the 
small harmonics as they occur. 


266. As an example, suppose the surfico r = a + S„ to be a conductor, 
raised to unit potential. We as.sume an external potential 


7 ' 



where A and B have to be found from the condition that F »> 1 when 


r = a+Sn. 

I^eglecting squares of iS'„, this gives 


, A 1 

S \ 



1 - - 1 + IIS, 


a \ 

a/ 

so that 

A - a, 

B = -, 



a’ 

and 

F = “ + 

r 

a” „ 


By applying Gauss’ Theorem to a sphere of radius greater than a we 
readily find that the total charge is a, the coefficient of Thus the 
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capacity of the conductor is different from that of the sphere only by 
terms in iS„*, but the surface distribution is different, for 

iva = - — = — — , if we neglect S„*, 




the surface density becoming uniform, as it ought, when n = 1, i.e. when the 
conductor is still spherical. 

267. As a second example, let us examine the field inside a spherical 
condenser when the two .spheres are not quite concentric. Taking the centre 
of the inner as origin, let the equations of the two spheres be 

r = a, 

r = i> + fT?. 

We have to find a potential which shall have, say, unit value over r=a. 

and shall vanish over r = 6 + til. As.sume 

.. A BR „ 

F = - + -^ + C + DP,r, 

T T* 

when B and D are small, then we must have 

l = + + C + 

a a’ 




These equations must be true all over the spheres, so that the coefficients 
of Jl and the terms which do not involve II must vanish separately. Thus 

^ + 0 - 1 = 0 ; -, + Da^O; 

a a’ 


+ C = 0, 


From the first two equations 


B j.,, ^ 


and this being the coefficient of - in the potential, is the capacity of the 

condenser. Thus to a first approximation, the capacity of the condenser 
remains unaltered, but since B and D do not vanish, the snrfiuje distribution 
is altered. 
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V. Collection of Electric Chargee. 


ifft a. If a collection of electric charges are arranged in any iray 
whatever subject only to the condition that none of them lie outside the 
sphere roo, then the potential at any point outside the sphere must be 


F 


-+—+—+ 


where e is the total charge inside the sphere (cf. § 266) and S,, 8t , ... are 
surface harmonics which depend on the arrangement of the chaises inside 
the sphere. 

If the total charge is not zero, the potential can also be treated as in 
§ 67, and on comparing the two expressions obtained for the potential, we 
can identify the harmonics S,, .... We find that 


S,- Se, I? ^ + y, -^ + r, ^ fr,* + y>* + r,n| , 

and it will be easily verified by differentiation that the e.xpressions on the 
right are harmonics. 

This example is of some interest in connection with the electron-theory of matter, for 
s collection of positive and negative charges all collected within a distance a of a centre 
may give some representation of the structure of a molecule. The total charge on a 
molecule js eero, so that we must take e=0, and the potential becomes 


.... 


The most general form for iSi is (cf. § 239) or^icosS, where 6 is the 

angle between the lines from the origin to the point x, y, t and that to the point A, li, C 
andfiis 


Thus the term which is important in the potential when r is large is ^ abewing 

that at a sufficient distance tbemolecule has the same field of force as a certain doublet of 
strength y. Clearly when y has any value different from zero, the molecule is “polarised* 
(cf. g 143) in Faraday’s sense. If ^-‘0,the potential becomes 


4 . 13 + 


shewing that the force now falls off as the inverse fourth power of the distance. 

It is worth noticing that the average force at any distance r is always sere, so that to 
ehtain forces which are, on the average, r^olsive^ we have to assume the presence of 
toms in the potential which, do not satisfy Laplace’s equation, and which aoeordingly 
SM not doivable from forces obeying the law *lt* (of. § 193). 
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Furtheb Analytical Theory of Harmonics. 

General Theory of Zonal Harmonics. 

268. The general equation satisfied by a surface harmonic of order n, 
which is symmetrical about an axis, has already been seen to be 



One solution is known to be so that we can find the other by 
a known method. Assume S„ = I^u as a solution, where w is a function 
of I*. The equation becomes 

I; {If “ + {^” « + |ij + n (n + 1) = 0 ...(183), 

and, since ^ is itself a solution, 

Multiplying this by u and subtracting from (183), we are left with 




' 0/* 


or, multiplying by P„ and rearranging. 


((1-p’) 


Sfi, 






:)-o. 


or 


again 1 ((1 - y?) |^ + 1(1 ' P*) (|^) = <>. 


On integration this becomes 

(] 

We may therefore take 


(1 — ^ = constant. 


in which the limits may be any we please. If we write 

Q» = ^ I 


dfi 


.( 184 ), 


(/X«-1)P;* 

the complete solution of equation (182) is 

Sn=P„U=AP„ + BQn. 

269. The two solutions and Q„ can be obttdned directly by solring 
the original equation (182) in a series of powers of ft. 

Assume a solution 


S« « btfiT + + ...» 
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substitute in equation (182), and equate to zero the coefficients of the 
different powers of The first coefficient is found to be h^r (r — 1 ), so 
that if this is to vanish we must have r = 0 or r = 1 . The value r » 0 leads 
to the solution 

n(n + l) (n-2)n(n+l)(n + 3) 

1.2.374 ^ •" 

while the value r = 1 leads to the solution 

(n-l)(« + 2) (n-3)(n-l)(a + 2)(«+4) 

' ^ 073 — ^ iT2 .37 475 ^ 

The complete solution of the equation is therefore 

aM„+ 

If n is integral one of the two series terminates, while the other does 
not. If n is even the series u® terminates, while if n is odd the terminating 
series is But we have already found one terminating series which is 

a solution of the original equation, namely /?,. Hence in either ca.se the 
terminating series must be projKu tion.a! to Pn, and therefore the infinite 
series must be proportional to Qn- 


270. We can obtain a more useful form for from expression (184). 
The roots of ^,(/t) = 0 are, as we have seen, n in number, all real and 
separate, and lying between — 1 and + 1. Let us take these root.s to be 
Oj, a,, ... oLn. Then 

1 ^ 1 

(>i’- 1) (m)}’ (M - 1)(m+ 1) (M - - Ojl’ •.. - a,,)* 


(X h ^ f Cg d j , 

= ^ P 2 - — — — - - i 

fi—l n + l \^-a, 


on resolving into partial fractions. Putting /x = + 1 and — 1, wc find at once 
that « = ^, 6 = - 

In the general fraction 

i= 1 

let us suppose all the factors in the denominator to be distinct, so that we 
may write 

— — j- ^ , 

V w — a, m — a. 

On putting « = Oj, we obtain at once 

1 

C — . - — 

‘ (a, -a,)(a,-a,)(ch-fl4)...’ 
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Now let Oi and a, become very nearly equal, say a, = Oi + da^, then 


Cl - - 


da, (a, — «j) (rt, ~ a,) . . . ’ 


The fractions 


doj (a, - a,)(a■J-a^) .. 


^ 

CC ~~ CTj CC (Zj 


, (c, + c,)x-(c,a„-aia,) 

now combine into ■ , 

(ar - a,y 

and on putting this oqual to 

Cl' ^ c./ 

or — a, (u^ — a, p ’ 

it is clear that the value of c/ must be taken to be Ci + c.. Now 


C, + Ca : 


1 i I 

(n. — aj)... (a, ~ as) (a, ~ at) ...} 


' da, [(a,, — a3}{n . — a,) ... (a, ~ as) {a, ~ at) 

~ da, |?X ((iC - (fa) (i - tta) . 

= 1 K"® ~ "‘)!l 

and this remains true however many of the roots ffa, Oi ....coincide among 
themselves, so long as they do not coincide with the root Oi, Thus, in 
expression (185), the value of c, is 


Putting 
we find tliat 


^ (m~ 


M 1 I _ M 1 1 

ti 1 - M’) \ii 5a, t(i - «;-) R • 

Since {fi — a,) li (jx) is a solution of equation (182), we find that 

(1 - ,a=)|/i(^) + (ft-a,)|^| + « (ff + l)(/t - a.) ii = 0. 

On putting fi = a,, this reduces to 

A {(1 _ a.») R (a.)] + (1 - a.») = 0, 

giving, on multiplication by iJ (a,), 

5^[(l-o.»){i2(a.)]’] = 0. 


Hence c, » 0. 
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Equatdon (185) oow becomes 

=s 1 r ^ L_^ 4. V 

m+ 1/' (M-a.)*’ 


so that, on integration. 




dfi 


,= ilog^ + S- 


(M’ - 1) 1P„ M-a. 

On multiplying by we obtain from equation (184), 

Q„ (m) = P. j‘ (P) ‘“g ^ <^86), 

where l?^_j is a rational integral function of ^ of degree « — 1. 

It is now clear that Qn (fi) is finite and continuous from /i. = — 1 to/i= + l, 
but becomes infinite at the actual values /* = i 1. 

To find the value of TI^_, we substitute expression (186) in Legendre’s 
equation, of which it is known to be a solution, and obtain 


= 2 


dfi 

J 

li 

dfj. 


+ ti (n + 1 ) 


= 2{(2n-l)^;_, + (2«-5)/;_,+ ..} 


.(187). 


Since is a rational integral algebraic function ol ^ ol degree n — 1, it 
can be expanded in the form 

so that 




' 'S.a, 

■ 


?P 

+7i(n + l)/J , 


« (« + !)-(«- tf) («- s + 1)}^,. 


Clomparing with (187), we find that a, = 0 when s is odd, and is equal to 

2(2n-2«+ 1) 


when 8 is even. 
Thus 


s(2« — s + 1) 


?P I 2a — 5 „ . 2n - 9 „ 


and + 

fh X X • f» 


2n-6 

3(n-l) 
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271. When we are dealing with complete spheres it is impossible for 
the solution to occur. If the space is limited in such a way that the 
infinities of the harmonic are excluded, it may be necessaiy to take 
into account both the ^ and Qa harmonics. An instance of such a case 
occurs in considering the potential at points outside a conductor of which 
the shape is that of a complete cone. 


Tesseral Harmonics. 

272. The equation satisfied by the general surface harmonic is 

0 / . .ds,\ 1 0 ’.s„ , , « ^ 

-r-2^(sin 0 1 ^) + •— «(« + 1) 'S» = 0. 

sin 0 da V da J sm* 6 d<f>- ' 

As a solution, let us examine 

S„=B4>, 

where 0 is a function of 0 only, and <I> is a function of (f) only. On 
substituting this value in the equation, and dividing by we obtain 


sin d 0 / - ^ 0H\ 1 0’‘P / , 1 X -an 

We must therefore have 


1 0^4> 




4> l(f>‘ 


mn0 d f . a 


0 de\! 


sin 0 


d0j 


+ n (n + 1 ) sin* ^ 


The solution of the former equation is single valued only when * is of the 
form — m*, where m is an integer. In this ciise 
4» = (7to cos m<fi + Dm sin 

and 0 is given by 

1 ^ 
sin 0 d6 

or, in terms of 

d \ 


sin^^|) + |«(» + l)-^.^j0 = O, 


0 I , .X 90 1 / .IX 

an equation which reduces to Legendre’s equation when wi = 0. 

273. To obtain the general .solution of equation (188), consider the 
differential equation 

(1-M*)^ + 2»m^ = 0 (189), 

of which the solution is readily seen to be 

z=C(l-/i*)" (190). 

If we differentiate equation (189) s times we obtain 




m-' 


0=0 


.(188), 


0*+*z ... X d'z 




0'-»z 
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If in this we put and again differentiate with respect to /t, we 

obtain 

si I; 0)} + " « (P) - 

s 

which is Legendre’s equation with as variable. Thus a solution of this 
equation is seen to be 

giving at once the form for /Jl already obtained in § 249. The general 
solution of equation (192) we know to be 

If we now differentiate (192) vi times, the result is the same as that of 
differentiating (189) m + ji + 1 times, and is therefore obtained by putting 
s = m+ n+ 1 in (191). This gives 

g»ft+n+2« ^m+rt+1^ nm + rt* 


dp. 


Cp" 


■“ ~ multiplying by (1 - p^Y , 

“ P)in hn+i , 

•2(m + 1 )m(1 


(1-p 


dp” 


iV. 


p^»H+n+l 

^ Sm+n • 

+ (77i + n + l)(n-m)(l =0 


..(193), 


Let 


Then 


(1 - pn 


dp” 


i =P. 


d 


^j. '' ^ dp”'”'”'^ dp”'"'”’ 






(m 


= — t) l» 

(t 


-m |(l-/4--‘)“-mM’(l -P^Y 

+ n+l)(n-m) + m — ^ , by equation (193), 


pm+n+i^ 

^'j^nTn+'x 

-l) 0''*+"^ 




Thus V sat 




(sfies 
/ 0 


and this same as equation (188), which is satisfied by 0 , 


/ dp 
list,. 
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274 . The solution of equation (188) has now been seen to be 


239 


where 

Hence 


™ am+n- 


The functions (1 (1 

arc known as the associated Logendrian functions of the first and second 
kinds, and are generally denoted by P™ (/x), Q”* (/x). As regards the former 
we may replace /J, from equation (159), by 


1 ^ 
2'‘», ! c/x" 


(P‘- 


1)". 


and obtain the function in the form 




0^^ H 


(m' - 1)” 


,(194). 


It is clear from this form that the function vanishes if m + n> 2n, i.e. if 
nt > n. It is also clear that it is a rational integral function of sin S and 
cos d. From the form of (^„(|cx), which is not a rational integral function of /x, 
it is clear that Q'i {^^) cannot be a rational integral function of sin 0 and 
Cos 6. 


Thus of the solution we ha\e obtained for -S’„, only the part 
i-’J (fi) (C,„ cos nt<j) + D,n sin m<f>) 

gives rise to rational integral harmonics. The terms (fi) cos 7n(f> and 
P” (/x) sin TH^ arc known as tesseml harmonics. 

Clearly there are (2« + 1) tesseral harmonics of degree «, namely 
P„ (/x), cos (p P ‘ {fi), ship PI, (fi), ... cos up P"„ (n), sill np Pi (ji). 

These may be regarded as the (2»i + 1) independent rational integral har- 
monics of degree n of which the existence has already been proved in § 239. 


Using the formula 




0/x’“ 


and substituting the value obtained in § 247 for Pi(^) (cf. equation (155)), 
we obtain P* (p.) in the form 


n (p) 2'* al (n — at) ! I 2(2)t — 


(n — Tn)(n — m — 1) 

_ 


{« — ?>i) (u - m - 1) (n -m — 2) ( n — m — 3) 
2.4(2rt-r)(2«-3) 


COS 

cos'*-"-^ 0 


<6 
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The values of the tesseral harmonics of the first four orders are given in 
the following table. 

Order 1. cos 6, sin B cos sin 6 sin 4>- 

Order 2. J(3 cos” — 1), 3 sin 0 cos 0 cos 3 sin 0 cos 0 sin 

3 sin’ 6 cos 2^, 3 sin* 6 sin 2<f). 

Order B. ^ (5 cos’ — 3 cos ^), f 8in^(5co8*^— l)cos(^, 
f sin 6 (5 cos’ B—1 ) sin <^, 15 sin’ B cos B cos 2</), 

1 5 sin’ ^ cos ^ sin 2<^, 15 sin’ B cos 3<p, 1 5 sin’ ^ si n 3d>. 

Order 4. (36 cos* ^ — 30 cos’ ^ + 3), f sin B (7 cos’ B — 3 cos B) cos <f>, 

I sin 6 (7 cos’ 0 — 3 cos 6) sin sin’ 6 (7 cos’ ^ — 1 ) cos 2(^, 

sin’ B (7 cos’ ^ — 1) sin 2<f>, 105 sin’ B cos B cos 3^, 

105 sin’ B cos ^ si n 3<f>, 105 sin’ B cos 4<^, 105 sin’ B sin 4<^. 

275 . We have now found that the most general rational integral surface 
hsirmonic is of the form 

n 

iSrt = 2 P” (^) (j4m cos m<f> + Bn sin m(f>), 

0 

in which is to be interpreted to mean Pin), when m=-0. 

Let us denote any tesseral harmonics of the type 

cos Jn<^ + P sin7Ji<^) by .s'™. 

Then by § 237, j j S^. da» = 0 

if n 4= n'. If 71 = n', then 

jjs!^S^'=jjF^in)Pn in) cos nKp + sin mef,) 

m' COS 7 fi <f> -{■ Sfft Sin vi' (f>) c/a>, 

and this vanishes except when m = m'. 

When n = n' and m=m' the value of JJ S;^ P;;' dco clearly depends on 
that of J {B^(n)}*dn, and this we now proceed to obtain. 


r+1 /^m p\2 

{P’:(n)}‘dn=‘Jji-nT{^^) dn 


am P am -1 p 


^=+1 

Jm=-i 




..( 195 ). 


We have 
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Since = TJ; is a solution of equation (191), we obtain, on taking « = tw + n 
in this equation, and multiplying throughout by (1 — 
gm+iP gmP 

gm-i p 

+ (n + »t) (n - mq- 1) (1 - , 

which, again, may be written 

1 1(1 - M’)”* 01 = - (a + m) (a - m + 1) (1 - 05 • 

In e(piation (195) the first term on the right-hand vanishes, so that 

r+i fn fh”'~'-P 

j ^ (7-’“ (p.);' d^ = (n+m)(n -m + l)J ^ (1 - g-)'""' g^,„zrj 

= (n -(- m)(n -wi-H) f jP"-' (/*);’ d/x, 

- -1 

a reduction formula from which we readily obtain 

2 (n + T/i)l 
2)1 -H 1 (n — m ) !' 

These results enable us to find any integral of the type jJs,^S\ du. 


Biasal Harmonics. 

276. It is often convenient to be able to express zonal harmonics 
referred to one axis in terms of harmonics referred to other axes — i.e. to 
be able to change the axes of reference of zonal harmonies. 

Let P, be a harmonic having OP as axis. At Q the value of this is 
P, (cos 7), where 7 is the angle PQ, and our problem is to express this 
harmonic of order n as a sum of zonal and tesseral harmonics referred to 
other axes. With reference to these axes, let the coordinates of Q be 0, <)!>, 
let those of P be 0, 4>, and let us assume a series of the type 

ITS M 

P (cos 7) = - Pi (cos 6) (d , cos s<t> -b B, sin s<^). 

4 = 0 

Let us multiply by Pi(cos fi) cos s<^ and integrate over the surface of a unit 
sphere. We obtain 

jj p (cos 7) (cos 0) cos sip] dw = AtfJ (Pi (cos 6))’ cos’ sp dco. 


j. 


16 
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By equation (169), 

Jj (cos 7) {P^ (cos ff) cos s<j>\ deo = {P'n (cos 6) cos «<#>} 


Y-O 


4»7r 

= - Pi (cos @) cos S<I>, 

and JJfi (cos 0)}^ cos- s(p da = j d/j. cos^ 


Thus 

and similarly 


_ 2'7r (a 4- s) ! 

“ 2 ji + 1 ! ' 

^ j -^n (*^0® ®) <^0® 


B, = 2 ^ Pi (cos @) sin s4>. 

(n + s)! 

This analysis needs modification when s= 0, but it is readily found that 

-d 0 = (cos ©), Po = 0, 


so that 


li (cos y)=Pn (cos 6) Pn (cOS 0) + S 2 7^^ Pi (cos 6) Pi (cos Bi cos s ((^ - d>) 

«=i (n + s)! 

(106). 


(jIeneral Theory of Curvilinear Coordinates. 

A 277 . Let us write 

^ (x, y, z) = X, 
ir(x,y, z)=/z, 

X(a;, y, z) = v, 

■where denote any functions of x, y, z. Then we may suppose a point 

in space specified by the values of X, v at the point, i.e. by a knowledge of 
those members of the three families of surfaces 

4> (^. y. «) = cona ; yjr (x, y, z) = cons. ; x (*> S'- ■*) = 
which pass through it. 

The values of fi, p are called “ curvilinear coordinates " of the point. 
A great simplification is introduced into the analysis connected with 
curvilinear coordinates, if the three families of surfaces are chosen in such 
a way that they cut orthogonally at evef^ point. In what follows we shall 
suppose this to be the case — the coordinates will be " orthogonal curvilinear 
coordinates.” 

The points X, p and X + dX, p., p will be adjacent points, and the 
disrtance between them will be equal to dX multiplied by a function of 
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dX 


X, fi, and V — let us assume it equal to -r- . Similarly, let the distance 

hi 

from fi, V to X, (I dfjt,, v be ^ , and let the distance from X, fi, v to 


X, fi, V + dv be 


dv 

T- 


Then the distance da from X, r to X + dX, fi + d/j,, v + dv will be 
given by 

~ ''"nr 

this being the diagonal of a rectangular parallelepiped of edges 

dX dfi , dv 
-j-, -T- and -T-. 

Aj A, A, 


Laplace’s equation in curvilinear coordinates is obtained most readily by 
applying Gauss’ Theorem to the small rectangular parallelepiped of which 
the edges are the eight points 

X±idX, fi+^dfi, v±^dv. 


In this way we obtain the relation 


in the form 



.(197) 

(198). 


and as we have already seen that equation (197) is exactly equivalent to 
Laplace’s equation V’K = 0, it appears that equation (198) must represent 
Laplace’s equation transformed into curvilinear coordinates. 


In any particular system of curvilinear coordinates the method of pro- 
cedure is to express A,, A,,, Aj in terms of X, n and v, and then try to obtain 
solutions of equation (198). giving F as a function of X, ji and v. 


Spherical Polar Coordinates. 


278. The system of surfaces r = cons., 6 = cons., <f> = cons, in spherical 
polar coordinates gives a system of orthogonal curvilinear coordinates. In 
these coordinates equation (198) ^umes the form 




dr\ dr J sin ff 




sin- & dffy 




already obtained in § 233, which has been found to lead to the theory of 
spherical harmonics. 


1C- 2 
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CONFOCAL COOBDINATES. 

^ 279. After spherical polar coordinates, the system of curvilinear coordi- 
nates which comes next in order of simplicity and importance is that in 
which the surfaces are confocal ellipsoids and hyperboloids of one and two 
sheets. This system will now be examined. 


Taking the ellipsoid 


as a standard, the conicoid 


— s — — = 1 


,(199) 


a’ y- z- 

a‘-{- 0"^ b^+ 0"^ + 0 


,( 200 ) 


will be confocal with the standard ellipsoid whatever value 0 may have, and 
all confocal conicoids are represented in turn by this equation as 0 passes 
from — 00 to + 00 . 


If the values of x, y, z are given, equation (200) is a cubic equation in 0. 
It can be shewn that the three roots in 0 are all real, so that three confocals 
pass through any point in space, and it can further be shewn that at every 
point these three confocals are orthogonal. It can also be shewn that of 
these confocals one is an ellipsoid, one a hyperboloid of one sheet, and one 
a hyperboloid of two sheets. 

Let X, n, V be the three values of 0 which satisfy equation (200) at any* 
point, and let y,,'p refer respectively to the ellipsoid, hyperboloid of one 
sheet, and hyperboloid of two sheets. Then X, y, v may be taken to be 
orthogonal curvilinear coordinates, the families of surfaces A = cons., y. — cons., 
V = cons, being respectively the system of ellipsoids, hyperboloids of one 
sheet, and hyperboloids of two sheets, which are confocal with the stmidard 
ellipsoid (199). 


|tv 280. The first problem, as already explained, is to find the quantities 
which have been denoted in § 277 by hj, /tj, hg. As a step towai-ds this, we 
begin by expressing x, y, z as functions of the curvilinear coordinates X, y,, v. 


The expression 

(a* 0) (l>- + 0)(0‘ + 0) 


x^ y" z^ 

a'‘+ 0^ b'^ + 0"^ d‘ + 6 


is clearly a rational integral function of 0 of degree 3, the coefficient of 0* 
being - 1. It vanishes when 6 is equal p X, y ot v, these being the curvi- 
linear coordinates of the point x, y, z. Hence the expression must be equal, 
identically, to 

-{0-X){0-y){0-v). 

Putting (?= - a* in the identity obtained in this way, we get the relation 
a? (t’ - a») (c“ - a?) = (a» + X) (a> + y) (a> + p), 



279-282] Confoeal Coordinates 

so that y, z arc given as functions of fi, v by the relations 

+ m) + v) 

{h^ — a^)(d‘ — a?) 
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.( 201 ). 


281. To examine changes as we along the normal to the surface 

X = cons., we must keep fj. and v constant Thus we have, on logarithmic 
differentiation of equation (201), 


2 il-c _ d\ 


X a- + X ’ 

.and there are of course similar equations giving dy and dz. Thus for the 
length ds of an element of the normal to X = constant, we have 

{dsf = {dxY + {JyY + {dzf 


= i W 


(d\y 

(a^ + fi) (a- -f y) 
.T,,(a* + X)ff>»-u’)(cr‘-a’) 

(X v) 

(tt’ + X)(fe‘ + X)(c* + X)‘ 


The quantity ds is, however, identical with the quantity called ^ in 
§ 277, 80 that we have 

, , _ 4 (a’ + X) (^ + X) (c=_+X) , ^ . 

(X-,a)(X-i.) 

and clearly A, and A, can be obtained by cyclic interchange of the letters 
X, fi and V. 

282. If for brevity we write 


we find that 


Ax = s\d' + X) (6’ + X) (o’ + X), 
h, Ax 


so that by substitution in equation (198), Laplace’s equation in the present 
cooi-dinates is seen to be 


_a 

?x 


, Ax aFi a r a„ an , a f,, , a, sfi „ 

A„A. ax j dM- r" A,Ax 8/. p ?i^ r ^ 3*- ) ^ 

« (203). 

On multiplying throughout by AxA„A„ this equation becomes 

k I? ) + k I ° ® 


.(204). 
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Let us now introduce new variables a, / 8 , 7 , given by 

Pd\ 

p d;> 

^^1 A / 


then we have 

and equation (204) becomes 


3 A ^ 

a;-**;!' 


^ .6^F , , .0’F . 


Distribution of Electricity on a freely-charged Ellipsoid. 

283. Before discussing the general solution of Laplace's equation, it will 
be advantageous to examine a few special problems. 

In the first place, it is clear that a particular solution of equation (205) is 

V^A+Ba (206), 

where A, B are arbitrary constants. The equipotmitials are the surfaces 
a = constant, and are therefore confocal ellipsoids. Thus we can, from this 
solution, obtain the field when an ellipsoidal conductor is freely electrified. 
For instance, if the ellipsoid 

x‘ y- z- . 

is raised to unit potential, the potential at any external point will be given 
by equation (206) provided we choose A and B so as to have V=1 when 
\ = 0, and F=0 when X = oo. In this way we obtain 

Tr J A A* 


The surface density at any point on the ellip.soid is given by 
^ dV 0F0\ , 0 F 


Jo Aa 


,( 208 ). 
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Thus the surface density at different points of the ellipsoid is proportional 
to 

284. The quantity Aj admits of a simple geometrical interpretation. 
Let OT, n be the direction-cosines of the tangent plane to the ellipsoid at 



any point X, v, and let p be the perpendicular from the origin on to this 
tangent plane. Then from the geometry of the ellipsoid we have 

P>=(n->+\)l* + (b*+\)m‘ + {c‘+X)n' (209). 

Moving along the normal, we shall come to the point X -i- d\, p, v. The 
tangent plane at this point has the same direction-cosines I, m, n as before, 

but the perpendicular from the origin will be p+dp, where = To 

obtain dp we differentiate equation (209), allowing X alone to vary, and so 
have 

2pdp = dX (P m’ -1- n’) = d\. 

Comparing this with dp = ^ , we see that fii = 2p. 

'*1 

Thus the surface density at any point is proportional to the perpendicular 
from the centre on to the tangent plane at the point. 

In fig. 79, the thickness of the shading at any point is proportional to 
the perpendicular from the centre on to the tangent plane, so that the 
shading represents the distribution of electricity on a freely electrified 
ellipsoid. 

It will be easily verified that the outer boundary of this shading must 
be an ellipsoid, similar to and concentric with the original ellipsoid. 


286. Replacing A, by 2p in equation (208), we find for the total charge E 
on the ellipsoid, 

Jo 

Since JJ’pdS is three times the volume of the ellipsoid, and therefore 
equal to 4-ira6c, this reduces to 

£=- 


2 
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Since the ellipsoid is supposed to be raised to unit potential, this quantity 
E gives the capacity of an ellipsoidal conductor electrified in free space. 

The capacity can however be obtained more readily by examining the 
form of the potential at infinity. At points which are at a distance r 
from the centre of the ellipsoid so great that a, b, c may be neglected in 
comparison with r, \ becomes equal to r®, so that = r^, and 


/: 


IX A* ~ r ‘ 

Thus at infinity the limiting form assumed by equation (207) is 

2 


V = 


Jo Ax 


E 


and since the value of V at infinity must be - the value of E follows at 
once. 


A freely-charged spheroid. 
f* d\ 

286. The integral j ^ integrable if any two of the semi-axes 
become equal to one another. 

If 6 = c, the ellipsoid is a prolate spheroid, and its capacity is found to be 

2 2ae 


E = - 


r - — , 

+ 'u-«/ 

where e is the eccentricity. 

If a = b, the ellipsoid is an oblate spheroid, and its capacity is found to be 

2 ae 


E = 


Jo (a’-h 


dX 


8m“‘ ae 


{a^ + \)(c^ + \)h 


Elliptic Disc. 

287. In the preceding analysis, let a become vanishingly small, then 
the conductor becomes an elliptic disc of semi-axes h and c. 

The perpendicular from the origin on to the tangent-plane is given, as in 
the ellipsoid, by 

r yt I*' 

-4 

a* 6* ^ c* 
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and when a is made veiy small in the limit, this becomes 



so that the surface density at any point x, y in the disc is proportional to 



( 210 ). 


Circular Disc. 


288. On further simplif 3 'ing bj' putting b=c,vi& arrive at the case of a 
circular disc. The density of electrification is seen at once from expression 
(210) to be proportional to 



and therefore varies inversely as the shortest chord which can be drawn 
through the point. 

Moreover, when a = 0 and 6 = c, we have A* = (c“ + X) V\, so that 


i* 



TT 

C ’ 


Thus the capacitj- of a circular disc is — , and when the disc is raised to 
potential unity, the potential at any external point is 


2 

— tJin 


-1 


TT 



where X is the positive root of 



Jdli.’ 

c’ + X 


289. Lord Kelvin* quotes some iutereeling exi>eri«nents by Coulomb on the density 
at difl'ereiit points on a circular plate of radius 5 inches. Tlie results are given in the 
following table : 


Distances from the 
plate’s edge 

Observed Densities 

Calculated Densities 

5 ins. 

1 

1 

4 

IWl 

1-020 

3 

1-005 

1-090 

2 

1-17 

1-250 

i 

1 52 

1-667 

0-5 

2-07 

2-294 

0 

2-<JO 

ac 


Paptr$ on Kltct. and Mai), p. 179. 
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Ifnoh more remarkable ia Cavendish’s experimental determination of the capacity of a 
circular disc. Cavendish found this to be times that of a sphere of equal radius, 

while theory shews the true value of the denominator to be ^ or 1"6708 1 

A 

290. By inverting the distribution of electricity on a circular disc, taking 
the origin of inversion to be a point in the plane of the disc, Kelvin* has 
obtained the distribution of electricity on a disc influenced by a point charge 
in its plane, a problem previously solved by another method by Green. The 
general Green’s function for a circular disc has been obtained by Hobson f. 


Spherical Bowl. 

291. Lord Kelvin has also, by inversion, obtained the solution for a 
spherical bowl of any angle freely electrified. Let the bowl be a piece of 
a sphere of diameter f. Let the distance from tlie 
middle point of the bowl to any point of the bowl j 

be r, and let the greatest value of r, t.e. the dis- 
tance from a point on the edge to the middle point 
of the bowl, be a. Then Kelvin finds for the elec- 
tric densities inside and outside the bowl : 


V_ 

Pi)= Pi + 




27r/’ 



Some numerical results calculated from these formulee are of interest. The six values 
in the following tables refer to the middle point and the five points dividing the arc from 
the middle point to the edge into six equal parts. 


Plane disc Curved disc arc 10° Curved disc arc 20’ 


Pi 

Po 

Mean 

N 

100 

1-00 

10000 

-91 

101 

lOl 

1-0142 

-95 

1-06 

1-06 

10607 

-99 

1-16 

1-15 

1-1647 

109 

1-34 

1-34 

1-3416 

1-27 

1-81 

1-81 

1-8091 

1-74 


Pc 

Mean 

Pi 

PO 

1-06 

1-0000 

-86 

1-14 

108 

10141 

-88 

1-16 

M3 

10605 

■92 

1-20 

1 22 

11642 

102 

1-29 

141 

1-3407 

1-29 

1-66 

1-88 

1-8071 

1-67 

1-94 


Mean 


10000 

lOOlO 

10369 

11106 

1-2606 

ie474 


* Paper! on Elect, and Mag. p. 183. 
f Tram. Comb. Phil. Soe. xviu. p. 877. 
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Bowl ar« 270° 


Bowl arc 340^ 



Pi 

Po 

i Mean 

Pi 

Po i 

•013 

1-986 

j 1-0000 

-0001 

1-9999 

•014 

1-987 

10009 

-0002 

1-9999 

•018 

1-991 

1 0041 

0002 

2 0000 

•02:. 

1-998 

10118 

0004 

2-0001 

'04.’> 

2018 

10316 

•0009 

20006 

•120 

2-093 

i 1-1060 

•0042 

2 0040 ' 


Mean 


1-0000 
1-CHX»0 
1-0001 
1 -fX»0-2 
1-(XXI7 
1 - 00-11 


Discussing tbesc results, Lord Kelvin says: “It is remarkaUe how slight an amount 
of curvature produces a very sensible excess of density on the coinei side in the first two 
cases (10° and 20°), yet how nearly the mean of the densities on the convex and concave 
sides at any point agrees with that at the corresponding point on a plane disc shewn in 
the first column. The results for bowls of 270° and 340° illustrate the tendency of the 
whole charge to the convex surface, as the case of a thin spherical conducting surface with 
an infinitely small aperture is approached.” 


Ellipsoidal Harmonics. 


292. We now return to the general equations (20.5), namely 

3’F 3’F B=F 

+ = 0 ( 211 ), 

and examine the nature of the general solutions of this equation. 

Let us assume a tentative solution 


V=LMN, 


in which i is a function of X only, M a function of ^ only, and N a function 
of V only. Substituting this solution the equation reduces to 




We cannot solve this equation by methods of the kind used in developing 
the theory of spherical harmonics, but it is easy to obtain solutions of limited 
generality in which 

1 B’Z 1 a*ilf ,1 
I ’ M dff' N 87* 

are rational integral functions of X, ^ and p respectively. These will be 
found to correspond to the solution, in spherical polar coordinates, in a series 
of rational integral harmonics. 
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293. Assume general power series of the form 

7 !^ = ^ + 5x + (7\»+..., 

L 3a’ 


Md/3^ 
N" dy- 


= A' + B'fj. + 4- . . ., 


= A" + B''v + G’'v^ + 


then on suhstitution in equation (211), it will be found that we must have 


A" = A' = A, 


C= O' = (?" = .. . =0. 

Thus wo must have 

^ = (A+£\)X (212), 


and similar equations, with the same constants A and B, must be satisfied 
by M and N. 


liquation (212), on substituting for a in terms of becomes 

< 21 , 3 ), 

a differential equation of the second order in X, while M and N satisfy 
equations which are identical except that n and v are the variables. 


The solution of equation (213) is knowm as a Lame’s function, or ellip- 
soidal harmonic. The function is commonly written as X’S(X), where />. n 
are new arbitrary constants, connected with the constants A and B by the 
relations 

n{n+ 1) = B, and (6’ -t c’) p = — A. 

Thus A'S(X) is a solution of 
PflT 

g=!n(«-fl)X-p(6’-t-c’)}i, 
and a solution of equation (211) is 

(214). 

p n 


294. Equation (213) being of the second order, must have two inde- 
pendent solutions. Denoting one by L, let the other be supposed to be Lu. 
Then we must have 




3’ {Lu) 
0a’ 


(A + BK) Lu ; 
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80 that on multiplying the former equation by u, and subtracting horn the 
latter, 

and the complete solution is seen to be 

CL + DL 


. [ d\ 


where C and D are arbitrary constants. 

Accordingly, the complete solution of equation (211') can be w ritten as 


'*■ i )rA J 

EfXfj.) + I 

+ D„;' A’S(.) 


This corresponds exactly to the general solution in rational integral 
spherical harmonics, namely 


p « 


(Cnp'e'f* + Ap'e-'^) 

( ^^"^^(cos 6) + D„f" /^(cos 6)). 


Ellipsoid in vniform field of force. 

295 . As an illustration of the use of confocal coordinates, let os examine 
the field produced by placing an uninsulated ellipsoid in a uniform field of 
force. 


The potential of the undisturbed field of force may be taken to be K = 
or in confocal coordinates (cf. equation (201)) 


■ Fx, 


■=V' 


(g- + X> (n- + ^1 (fi- + V) 
{b? — a*) (c* — a*) 


This is of the form V= GLMX, 

where G is the constant F (5’ - «=) “ ^ (c’ - a>) “ ^ , and L, M, N are functions of 
X only, fi, only and v only, respectively, namely L = Vn- + X, etc. 

Since V = LMN is a solution of Laplace’s equation, there must, as in § 294. 
be a second solution V= La. MX, where 


dK f d\ 
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The upper limit of integration is arbitrary : if we take it to be infinite, 
both u and Lu will vanish at infinity, while M and N are in any case finite 
at infinity. Thus Lu.MN is a potential which vanishes at infinity and is 
proportional (since u is a function of X only) at every point of any one of the 
surfaces X = cons., to the potential of the original field. Thu.s the solution 

V=CLMN +DLU.MN (215) 

can be made to give zero potential over any one of the surfaces X = cons., by 
a suitable choice of the con.stant D. 


For instance if the conductor is X = 0, we have, on the conductor, 

f* d\ 

“~jo (a’ + X)A;,- 


Thus on the conductor we have 




The condition for this to vanish gives the value of D, and on substituting 
this value of D, equation (215) becomes 

V=CLM!^(l- “ 


\ .^0 (u*+X)A;,/ 


d\ 


^Fx\ 1-t 


* (a’ + X)A,^ 


f' __dX_ 

.' 0 (o' + X) Aa 
d\ 


Pg- - <1 ((/’‘ + X)Aa 

* f” 

J 0 + X) Aa 


.(216). 


This gives the field when the original field is parallel to the major axis 
of the ellipsoid. If the original field is in any other direction we can resolve 
it into three fields parallel to the three axes of the ellipsoid, and the final 
field is then found by the superposition of three fields of the tyj)e of that 
given by equation (210). 


Spheroidal Harmonics. 


296. When any two semi-axes of the standard ellipsoid become equal 
the method of confocal coordinates breaks down. For the equation 


a? ^ 


.( 217 ) 
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reduces to a quadratic, and has therefore only two roots, say \ ft. The 
surfaces X = cons, and fi = cons, are now confocal ellipsoids and hyperboloids 
of revolution, but obviously a third family of surfaces is required before the 
position of a point can be fixed. Such a family of surfaces, orthogonal to 
the two present families, is supplied by the system of diametral planes 
through the axis of revolution of the standard ellipsoid. 

The two cases in which the standard ellipsoid is a prolate spheroid and 
an oblate spheroid require separate examination. 


Prolate Spheroids. 


297. Let the standard surface be the prolate spheroid 

if + 2^ 


in which n > b. If we write 

ij — nr cos <^, e = nr sin 


then the curvilinear coordinates may be taken to be X, p, <f), where X, p are 
the roots of 




(218). 


In this equation, put a’— and a’ + ^=c*^’, then the equation 
l>ecomes 


If f are the roots of this equation in 6"’, we readily find that 3^ = ^f(^, 


so that we may take 

x = cfu (219), 

w = c V'(l-?’)t^’- 1) (220) 


in which r) is taken to be the greater of the two roots. 

The surfaces f= cons., ij = cons, are identical ^vith the surfaces ^ = cons., 
and are accordingly confocal ellipsoids and hyperboloids. The coordinates 
f, 17 , tf) may now be taken to be orthogonal curvilinear coordinates. 


It is easily found that 


^‘“cV *>-cV 737.- 


cV(l-f‘)(»?’-l)’ 


from which Laplace’s equation is obtained in the form 


7 



a. 9 1/1 .V a. S*F 

3|J 5,,^ (l-f)(V-l)9^'“ 


0 . 
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298. Let us search for solutions of the form 

F=HH4>, 

where S, H, are solutions solely of f, 17 and <f> respectively. On substituting 
this tentative solution and simplifying, we obtain 

dr)] 




LH a? 


3? 


H dr) 


41 +1^ = 0 


As in the theory of spherical harmonics, the only possible solution results 
from taking 


1 3^^ 
^ d<f>^ 


= — vi'. 


where - m’ is a constant, and m must be an integer if the solution is to be 
single valued. The solution is 

^ = C coa m<f> + 1> sin 7)i(f> (221^. 

We must now have 

an) n?-(77’ — f’) 

(i-fW-T) 






(V-l) 


dr) 1 


m- 




and this can only be satisfied by taking 




together with 


a f,, «l*H TT n r...'. 

’’> 95 } -nr-,. + <223) 


Equations (222) and (223) are identical with the equation already dis- 
cussed in §§ 273, 274. The solutions are known to be 

E = AF^(^) + BQ^(^), 

H =A'P’^(v)+ B’Q:Wh 

where s = n (n -I- 1) and P", are the associated Legendrian functions 
already investigated. Combining the values just obtained for a, H with 
the value for <!> given by equation (221), we obtain the general solution 
F = E25H<I> 

run 

= S2 {AP“(|) -I- PQ™(^)) {A' B'^{r)) + B'Q’;i{r))] [C cos m<t> + BaiiDii A) . 

mn ^ 

At infinity it is easily found that 


17 = 00, f = 


w 


+ 


= cos $, 


while at the origin V = T-i f = 0. 

Thus in the space outside any spheroid, the solution P™(f) Q?(i7) is finite 
eveiywhere, while, in the space inside, the finite solution is Pi'*(f) P"‘(r)). 
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Oblate Spheroids. 

299. For an oblate spheroid. a^ — lP i.s negative, so that in equation {'218) 
we replace a? by so that K = ic, and obtain, in place of equations (219) 
and (220), 

X = 

icr = >c V(1 _f=)(l _^J). 

Replacing iv by f, we may take f, f and <f> a.s real orthogonal curvilinear 
coordinates, connected with Cartesian coordinates by the relations 

^ 

ST = *V(1 -fq(l +0. 

We proceed to search for solutions of the t 3 'pe 

F==Zd>, 

and find that H, must sati.sfy the same equations as before, while Z must 
satisly 

The solution of this is 

Z = A'P^(ii;) + B'Q:;(iO, 

and the most general solution may now be written down as before. 


PnonnEM.s in two Dimex.sions. 

300. Often when a solution of a three-dimensional problem cannot be 
obtained, it is found possible to solve a similar but simpler two-dimensional 
]irobU'm, and to infer the main physical features of the three-dimensional 
problem from those of the two-dimensional problem. We are accordingly 
led to e.xamine methods for the solution of electrostatic problems in two 
(hmeiisiuns. 

At the outset we notice that the unit i.s no longer the point-charge, but 
the tinilorui luio-charge, a line-charge of line-deusiiy cr having a potential 

tel. § 75> 

C — 2ct log r 


ilethod of Imapes. 

301. The method of images is available in two dimensions, but presents 
no special features. An example of its use has ali-eady been given in § 220. 



2S8 


Methods for the Solution of Special Problems [oh. vra 


Method of Inversion. 

302. In two dimensions the inversion is of course about a line. Let this 
be represented by the point 0 in fig. 81. 

Let TP', QQ' be two pairs of inverse points. Let a line-charge e at Q 
produce potential T5> at P, and lot a 
line-charge e' at Q produce potential 
at P', so that 

Vp = r-2e]ogPQ; 

Fp. = (7'-2e'logPQ'. 

If we take e = e', we obtain 

lJ-Fp.= C"-2elog;,,J, 

= 0"-2elog^^^, (224). 

Let P be a point on an equipotcntial when there arc cliiuge.s e, at (J,, 
Oi at Q 2 , etc., and let F denote the potential of tliis equipoteTitial. Let F 
denote the potential at P' under the influence of eliargrs e,, e., ... at the 
inverse points of Q,, Q^, .... Then, by summation of equations such as (224), 
F— F = — S (2e log OP') -h — (2e log OQ) -|- constants, 
or F= constants — 2 (lie) log OP' (225). 

The potential at P' of charges e,, e.j, ... at the inverse points of Q,, Q.„ ... 
plus a charge — at 0 is 

F+ (7-1-2 (lie) log OP'. 

and this by equation (225) is a constant. This rcMilt gives the method of 
inversion in two dimensions: 

If a surface S is an equipotential under the influence of line-charges 
Bi, fij, ... at Qi, Qi, .... then the surface which is the inverse of H about 
a line 0 will be an equipotential under the influence of line-charge.i Cj, e^, ... 
on the lines inverse to Qi, Q,, ... together ivith a charge — 2e at the line 0. 

Two-dimensional Harmonics. 

303. A solution of Laplace’s equation can be obtained which is the 
analogue in two dimensions of the three-dimensional solution in spherical 
harmonics. 

In two dimensions we have two coordinates, r, 6, these becoming 
identical with ordinary two-dimensional polar coordinates. Laplace’s equa- 
tion becomes 

i_a / dV\ d^V 
r dr V ^r ) 



0 , 



269 


302 - 304 ] Problems in two Dimensions 

and on assuming the form 

v=m, 

in which J? is a function of r only, and © a function of 6 only, we obtain the 
solution in the form 

V = ^ (-d r" + -^ ) (C' cos n<p + 1) sin v^). 

11=0 ' ' y 

Thus the “ liarmonic-functions ’’ in two dimensions are the familiar sine 
and cosine functions. The functions which correspond to rational integral 
harmonics arc the functions 

r"sin((0, r" cos 

In X, y coordinates these are obviousl}' rational integral functions of x 
and y of degree n. 

Corri'.sponding to the theorem of § 240, that any function of position 
on the surface of a sphere can (subject to certain restrictions) be expanded 
ill a series of rational integral harmonic.s, w'e have the famous theorem of 
l’'ouri<‘r, that any function of yjosition on the circurnl'erence of a circle can 
(.subject to certain restrictions) bo expanded in a series of sines and cosines. 
In tie’ proof w hieh fellows (as also in the jiroof of § 240), no attempt is made 
at ab.sointe mathematical rigour: as before, the iorm of proof given is that 
which acema beat auited to the ueeda of the atudeiit of electrical theory. 


Foitriers Theorem. 


304 . The value of any function F of position on the circumference of a 
circle can he c-cpresscd, at every point of the circumference at which the 
function is continuous, as a series of sines and cosines, provided the function is 
sinyle-vnlued, and has only a finite number of discontinuities and of maxcima 
and minima on the circumference of the circle. 


Let F (f a) be any puint outside the circle, then if di is the distance 
from P to the element ds of the circle 
(a, 6) we have 

i F - u’ 


iR 


ds = 1. 


This ncsult can (wisily Iw obtained by inte- 
gration, or can t)o seen at once from physical 
ennsideratiouB, for tl\e integraiul is the chaise 
induced on a conducting cylinder by unit line- 
charge at P, 



17—3 



200 Methods for the Solution of Special Problems [oh. vm 

Let U8 now introduce a function u defined by 


u = 


JR^ 


2Tra 


d<t 


.(226). 


Then, stibiect to the conditions stated for F we find, as in § 240, that on 
the circumference of the circle, the function u becomes identical with F. 
Also we have 

1 

it* /* + a* — 2a/cos (d — a) 

1 


(/ — ae' ) (/— *’ ) 

eHe 


f 


Hence 


_ ( g 

/ * — a* I y — ae* o — /e‘ ] 

" ■ 5^/ ■*’{> + 2 1 (7)*'" " ■ “>! * 


1 /•d-2*r n flo / ft ' a /‘ff-Sir 

= jj— I Fd6 + -':i{-y] I Fcoan (6 ~ a) (J6, 
awi 9=0 TT 1 \f J J e=o 

and on passing to the limit and putting a=f, tins becomes 

1 f9-2iT 1 » r^=Zn 

F^^f- Fd0+^S Fcosn(0~oi)d9 (227), 

* 277 j 0.0 TT 1 J »=0 

expressing i* as a series of sines and cosines of multiples of a. 

We can put this result in the form 

«/ 

F = F + 1 (On cos 7ia + b„ ^in na), 

where 



1 / 

•2ir 

fljj — 

- 

i 


ttJ 

0 


1 1 

*2ir 


- 

1 


tt ] 

0 

F = 

1 

r 


27r 

J 0 


and ^ = 

• 80 that F is the mean value of F. 

If F has a discontinuity at any point ^ = /3 of the circle, and if ij, are 
the values of F at the discontinuity, then obviously at the point 6 = ^ on 
the circle, equation (22G) becomes 

M = i(i? + i?). 

so that the value of the series (227) at a discontinuity is the arithmetic 
mekn of the two values of F at the discontinuity (cf. § 256). 
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305. We could go on to develop the theory of ellipsoidal harmonics etc. 
in two dimensions, hut all such theories are simply particular cases of a very 
general theory which will now be explained. 


Conjugate Fi:nctions. 


General Theory. 


306. In two-dimensional problems, the equation to be satisfied by the 
potential is 


h^V h-V 
r.r^ dy^ 


(228); 


and this has a general solution in finite terms, namely 

+ iy) + - iy) (229), 

where / and F are aibitrary functions, in which the coefficients may of 
course involve the imaginary i 

For V to be wholly real, F must be the function obtained from / on 
changing i into *— i. Let /(x + iy) be equal to n + iv where u and v are 
real, then F{x + iy) must be equal to u — iv, so that wo must have V = 2u. 
If we introduce a second function U ofjual to — ’2v, we have 

U + iV ^ — 2i> 4- 2i!i 

= 2t (it + iv) 

= 2t/(a.' + ry) 

— 4>{x + iy) (230), 

where <t>{x + iy) is a completely general function of the single variable x -t- iy. 

Thus the most general form of the potential which is wholly real, can be 
derived from the most general arbitrary function of the single variable x + iy, 
on taking the potential to be the imaginary part of this function. 


307. If <t> (x •+ iy) is a function of x -f iy, then i<p (.v + iy) will also be 
a function, and the imaginary part of this function wull also give a possible 
potential We have, however, from equation (230), 

j</i (a; + iy) = i{U -1- iV) 

^^V+iU. 

shewing that 17 is a possible potential. 

Thus when we have a relation of the type expressed by equation (230), 
either U or V will be a possible potential 
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308. Taking F to be the potential, we have by differentiation of 
equation (230), 


djj .dv 
dm ^ dx 


(f,'(x + {y). 


dU , .dV 
dy'^'^dy’ 


iif>{x + iy), 


and henoe 

Equating real 


,/dU .dV\ dU .dV 
* V0a; '^^dx/’^dy'^^dy' 

and imaginary parts in the above equation, we obtain 


dx dy ’ 


so that 


dy dx * 

dj[d_v djJdj 

dx dx dy dy 


(231). 


This however is the condition that the families of curves IT = cons., 
V = cons., should cut orthogonally at every point. Thus the curves 
{7 = cons, are the orthogonal trajectories of the equipotentials — i.e. are 
the lines of force. 


Representation of complex quantities. 

309. If we write 

z = x-^ iy 

so that 2 is a complex quantity, we can suppose 
the position of the point P indicated by the value 
of the single complex variable z. If z is expressed 
in Demoivre’s form 

z = re** = r (cos 5 + i sin d), 

then we find that r = *Ja?+y^ and d = tan“' The 

X 

quantity r is known as the modulus of z and is denoted by | 2 ), while 0 is 
known as the argument of 2 and is denoted by arg s. The representation of 
a complex quantity in a plane in this way is known as an Argand diagram. 

310. Addition of complex quantities. Let P be 2 = a; + iy, anti let P' be 
z' = x' + i'f. The value of 2 + 2 ' is (* + «') + » (y + y'). so that if Q represents 
the value 2 + 2 ' it is clear that OPQP' will be a parallelogram. Thus to 
add together the complex quantities 2 and 2 ' we complete the parallelogram 
OPP', and the fourth point of this parallelogram will represent 2 + 2 '. 
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The matter may be put more simply by supposing the complex quantity 
iy represented by the direction and length of a line, such that its 
projections on two rectangular axes are x, y. For instance in fig. 83, the 
value of z will be represented equally b}- either OP or P'Q. We now have 
the following rule for the addition of complex quantities. 

To find z + z, describe a path from the' origin representing z in magnitude 
and direction, and from the extremity of this describe a path representing z. 
The line joining the origin to the extremity of this second path will repre- 
sent z + z' 

311. Multiplication of complex quantities. If 

z = X ■‘riy —r (cos 9 + i sin 6 ), 
and z' = x' + iy' = r' (cos S' + i sin 9'), 

then, by multiplication 

zz' — n-' {cos (9 + 9') + i sin (9 -f 9^)], 
so that \zz' \ = rr' =\z\ \z'\, 

arg {zz’) = 9 + 9' = arg z + arg /, 

and clearly we can extend this result to any number of factors. Thus we 
have the important rules : 

The modulus of a product is the product of the moduli of the factors. 

The argument of a product is the sum of the arguments of the factors. 

There is a geometrical interpretation of multiplication. 

Ill fig. 84, let OA = 1, OP = z, OP" — z and OQ = zz' . 

Then the angles QOA , FOA being equal to ^ ^ and 9 respectively, 
the angle QOP" must be equal to 9, and therefore to POA. 

Moreover 

OQ _ OP 
OP~ OA' 

each ratio being equal to r, so that the triangles 
QOP' and POA are similar. Thus to multiply 
the vector OP’ by the vector OP, we simply 
construci on OP’ a triangle similar to AOP. 

The same result can be more shortly ex- 
pressed by saying that to multiply z' {= OP') hy 
z{— OP), we multiply the length OP’ by \z \ and 
turn it through an angle arg r. 

So also to divide by z, we divide the length 
of the line representing the dividend by U| and 
turn through an angle — arg z. In either case an angle is positive w'hen 
the turning is in the direction which brings us from the axis x to that 
of y after an angle ir/2. 


Q 



Fia. 84. 
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Conformal Representation. 

312 . We can now consider more fully the meaning of the relation , 

U + iV -^{x-\-iy). 

Let us write z^x + iy, and W=JI+iV, z and W being complex 
imaginaries, which we must now suppose in accordance with equation (2.S0) 
to be connected by the relation 

W = <^(i) (232). 

We can represent %’alues of z in one Argand diagram, and values of W in 
another. The plane in which values of z are represented will be called the 
5-plane, the other will be called the IF-plane. Any point J* in the r-plane 
corresponds to a definite value of z and thi.s, by equation (232), may give one 
or more values of W, according as <|> is or is not a single-valued function. 
If Q is a point in the TT-plane which repre.sents one of these values of W, 
the points P and Q are said to correspond. 

As P describes any curve S in the 5-plane, the point Q in the W-plane 
which corresponds to P will describe some curve T in the ir-planc, and the 
curve T is said to correspond to the curve S. In particular, corresponding 
to any infinitesimal linear path PP' in the a-plane, there will correspond 
a small linear element QQ' in the ir-plane. If OP, OP' represent the values 
z, z + dz respectively, then the element PP' will represent dz. Similarly the 

dW 

element QQ' will represent dW or-j-dz. 


Hence we can get the element QQ' from the element PP' on inultiplving 

it by i.e. by ^^( 2 ), or by (a: -t- ly). This multiplier depends solely 

on the position of the point P in the r-plane, and not on the length or 

dW 

direction of the element dz. If we express or <)>' (x iy) in the form 

dW , . . • ■ , 

=<f) (x + iy) = p (cos X + I sin x), 


we find that the element dW can be obtained from the corresponding 

dW 

element dz by multiplying its length by p or , and turning it through 
/dlF’i 

an angle x< or arg ( ) • It follows that any element of area in the 5 -plane 

is represented in the W-plane by an element of area of which the shape 
is exactly similar to that of the original element, the linear dimensions are 


p times as great, and the orientation is obtained by turning the original 
element through an angle x- 
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From the circumstance that the shapes of two corresponding elements 
in the two planes are the same, the process of passing from one plane to 
the other is known as conformal representation. 

313. Let us examine the value of the quantity p which, as we have 
seen, measures the linear magnification produced in a small area on passing 
from the ^-plane to the Tr-plane. 


We have 


p (cos X + » sin x) = = ^' (a; + iy) 


dz 

dJU 

dx 


.dV 
^ dx 


so that 


dV .dV 

p = h I — 

cy Cx 

IdWi 


?»/ ^ 9x ’ 

//9F,* /dV\» 

V (axj ^ (ay) ■ 


The quantity p, or j I , is called the “ modulus of transformation.” 
We now see that if V is the potential, this modulus measures the electric 
intensity R, or \/(^^“) + ■ '*^ince fj = 4Tra-, this circumstance pro- 

vides a .simple means of finding «r, the surface-density of electricity at 
any point of a conducting surface. 

0 

xt 314. If ::r- (lenote differentiation along the surface of a conductor, on 
cs 

which the potential V is constant, w'e have 

.dWf_dJ7 


i dz 


ds ’ 


so that 


„ = ±T}=±^J[ 

in in ds ■ 


The total charge on a strip <>f unit width between any two points P, Q of 
the conductor is accordingly 


H-l!. 


<idU 
p ds 




.(233). 


316. If, on equating real and imaginary parts of any transformation of 
the form 

U + iV — <f> (x + iy) (234), 

it is found that the curve f(x,y} = 0 corresponds to the constant value 
V = C, then clearly the general value of V obtained from equation (234) 
will be a solution of Laplace’s equation subject to the condition of having 
the constant value V= C over the boundary / (a;, y) = 0. It will therefore 
be the potential in an electrostatic field in which the curve f{x, y) ■« 0 may 
be taken to be a conductor raised to potential C. 
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316. From a given transformation it is obviously always possible to 
deduce the corresponding electrostatic field, but on being given the con- 
ductors and potentials in the field, it is by no means always possible to 
deduce the required transformation. We shall begin by the examination of 
a few fields which are given by simple known transformations. 


Special Tbansformatioxs. 

I. = 

317. Considering the transformation W = r", we have 
Z7 -t- 1 F = (a; + ty)“ = r" (cos u d -t - 1 sii d), 

so that F=r*sinnd. Thus any one of the surfaces r" sin nd =s constant 
may be supposed to be an equipotontial, including as a special case 

sin n6 = 0, 

in which the equipotential consists of two planes cutting at an angle - . 

This transformation can be further discussed by assigning particular 
values to n. 

n = l. This gives simply F = a;, a uniform field of force. 

n = 2. This gives F=2a:y, so that the cquipotentials are rectangular 
hyperbolic cylinders, including as a special case two planes intersecting 
at right angles (fig. 85), 



Pm. 85. 


Pm. 88. 
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This transformation gives the field in the immediate neighbourhood of 
two conducting planes meeting at right angles in any field of force. It also 
gives the field between two coaxal rectangular hyperbolas. 



n = This gives a: + ty = ( i[r+ iF)*, so that 
x= U*—V\ y = 2 UV, 
and on eliminating U we obtain 

y’ = 4 (a; + F*). 

Thus the equipotentials are confocal and coaxal parabolic cylinders, in- 
cluding as a special case (F = 0) a semi-infinite plane bounded by the line 
of foci. 

This transformation clearly gives the field in the immediate neighbour- 
hood of a conducting sharp straight edge in any field of force (fig. 86). 

a = — 1. This gives 

17 -I- i F = ^ (cos 0-i sin 0), 
r 

and the equipotentials are 

rF=sin(l or a;* + y’ — -^=0. 

Thus the equipotentials are a series of circular cylinders, all touching 
the plane y = 0 along the axis * = 0. y=0 (fig. STi 
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11. 1^ = log If. 

318. The transformation W = log 2 gives 

[7 + i log r + iO, 

so that the equipotentials are the planes ff = constant, a system of planes all 
intersecting in the same line. As a special case, vve may take t* = 0 and 
0 = 7r to be the conductors, and obtain the field when the two halves of a 
plane are raised to different potentials. The lines of force, U = constant, are 
circles (fig. 88). 



If we take U to be the potential, the equijfotentials are concentric 
circular cylinders, and the field is seen to be simply that due to a uniform 
line-charge, or uniformly electrified cylinder. 

It may be noticed that the transformation 

W — log (z — a) 

gives the transformation appropriate to a line-charge at 
Also we notice that 

^ 2 +CI 

gives a field equivalent to the superposition of the fields given by 

W = log (z — a) and W — — log (z a). 

This transformation is accordingly that appropriate to two equal and opposite 
line-charges along the parallel lines z = a and z = — a. 

This last transformation gives {/”= 0 when 3/ = 0, so that it gives the 
transformation for a line-charge in front of a parallel infinite plane. 
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General Methods. 

I. Unicursal Curves. 

319. Suppose that the coordinates of a point on a conductor can he 
expressed as real functions of a real parameter, which varies as the point 
moves over the conductor, in such a way that the whole range of variation 
of the parameter just corresponds to motion over the whole conductor. In 
other words, suppose that the coordinates x, y can be expres.sed in the form 

y = f'(p), 

and that all real values of p give points on the conductor, while, conversely, 
all points t)n the conductor conespond to real values of p. 

Then the transformation 

z=f{W) + iF{W) (235) 

will give F = 0 over the conductor. For on putting F = 0 in equation (235) 
we obtain 

X + iy =/{U) + iF( U ), 
so that x~f{U), y = F(U), 

and by hypothesis the elimination of U will lead to the equation of the 
conductor. 

320. For example, consider the parabola (referred to its focus as origin), 

= 4a(x + a). 

We can write the coordinates of any point on thi.s parabola in the form 

X + a = a 7Ji’, y = 2« wt, 
and the transformation is seen to be 

z — a ir- - o + 2«i ir = a ( IF — i)*, 

or 

agreeing with that which has already been seen in § 317 to give a parabola 
as a possible equipotential. 
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321. As a second example of this method, let us consider the ellipse 

a? y'^ ^ 

The coordinates of a point on the ellipse may be expressed in the form 
x — a cos <(), y = b sin (p, 
and the transformation is seen to be 

s = tt cos IF + ib sin IF. 



We can take o = ccosha, & = csinha, where = and the trans- 

formation becomes 

z = c cos ( W -t- ta) = c cos { Cf + f ( F -f- a)}. 

The same transformation may be expressed in the better known form 

2 = c cosh W. 

The equipotentials are the confocal ellipses 

a? y’ 

a= -h X “ ’ 

while the lines of force are confocal hyperbolic cylinders. On taking 7 
as the potential, we get a field in which the equipotentials are confocal 
hyperbolic cylinders. 
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11 . Schwarzs Transformation. 


322. Schwarz has shewn how to obtain a transformation in which one 
equipotential can be any linear polygon. 

At any angle of a polygon it is clear that the property that small elements 
remain unchanged in shape can no longer hold. The reason is easily seen to. 
be that the modulus of transformation is either infinite or zero (c£ figs. 24 
and 25, p. 61). Thus, at the angles of any polygon. 


dW 

dz 


= 0 or 00 . 


The same result is evident from electrostatic considerations. At an angle of a 
conductor, the surface-density a is either infinite or zero (§ 70), while we have the 
relation (§ 313), 

^ A* _ 1 d)r 1 

4ir -lit I I ' 

Let us .suppose that the polygon in the r-plane is to correspond to the 
line T"= 0 in the ir-plaue, and let the angular points correspond to 

U = u,, 11 = )(-, etc. 

Then, when ir = a,, IF = Ua, etc., 

ti z . . • V 

must either vanish or become infinite. We must accordingly have 

= F{W- UiY' ( (236), 


where X,, X,, ... are numbers which may be positive or negative, while F 
denotes a function, at present unknown, of W. 

Suppose th.at, as we move along the poh’gon, the values of U at the 
angular points occur in the order ti,, u^, ... Then, on passing along the 
side of the polygon which joins the two angles U = Mi, U = u^, we pass along 
a range for which V = 0, and u, < (7 < lu. Thus, along this side of the 
polygon, IF— u,, W — «... IF — etc. are real quantities, positive or negative, 
which retain the same sign along the whole of this edge. It follows that, as 

we pass along this edge, the change in the value of arg given 

by equation (236), is equal to the change in arg F, the arguments of the 
fac'toi-s 

undergoing no change. 

Now arg measures the inclination of the axis F =» 0 to the edge of 

the polygon at any point, so that if the polygon is to be rectilinear, this 
must remain constant as we pass along any edge. It follows that there must 
be no change in arg .F as we pass along any side of the polygon. 
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This condition can be satisfied by supposing i?" to be a pure numerical 
constant. Taking it to be real, we have, from equation (236), 

arg = Xi arg ( TT - M,) -b arg ( W - + (237). 

On passing through the angular point at which W = Wj, the quantities 
W — Ui, W—Us, etc. remain of the same sign, while the single quantity 
TF — Wj changes sign. Thus arg (TT — «,) increases by tt, whence, by equa- 
tion (237), arg increases by 


The axis F=0 does not turn in the IF-plane on passing through the 

value W = « 3 , while arg measures the inclination of the element of 

the polygon in the x-plane to the corresponding element of the axis F= 0 in 
the TF-plane. 


Hence, on passing through the value Tl' = Wj, the perimeter of the 
polygon in the ^-plane must turn through an angle equal to the increase m 

arg > namely Xqtt, the direction of turning being from Ox to Oy. Thus 


XjW, XjTT, ... must be the exterior angles of the polygon, these being positive 
when the polygon is convex to the axis Ox. Or, if a,, a,, ... are the interior 
angles, reckoned positive when the polygon is concave to the axis of x, we 
must have 


X,= 


— 1, etc. 


Thus the transformation required for a polygon having internal angles 
Oi, ctn, ... is 

^ = G{W- \ ir - K..r (- 238 ). 

where u,, u ^, ... are real quantities, which give the values of U at the angular 
points. 

323. As an illustration of the use of f^ohwaiz’.s transformation, Huppo.se 
the conducting system to consist of a semi-infinite plane placed parallel to an 
infinite plane. 

In fig. 90, let the conductor be supposed to be a polygon ABODE, which 
is described by following the dotted line in the direction of the arrow,s. The 
points A, B, G, E are all supposed to be at infinity, the points B and C 
coinciding. Let us take A to be = — oo , or C to be IF = 0, /) to be 
IF = 1 and A" to be IF = + oo . The angles of the polygon are zero at {BC} 
and 27r at D. Thus the transformation is 

dz „W-l 
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giving upon integration 

£ = C{Tr-logTf+Z)| (239), 


where C, D are constants of integration which may be obtained from the 

n-- - - - - - ^ > W = 


W= -X 

Pio. 90. 

condition that the two planes are to be. say, y = 0 and y = h. From these 
conditions we obtain C = - , D = iV, so that the transformation is 


TT 

[If-log >f+tV} (2+0). 

TT 

On replacing z, W by —z, — W, the ti-ansformation assumes the simpler form 

z=-{W + \ogW) (241). 

*JT 


III. Successive Transformations. 


321 = 

nation of a relation 


IF =/ (0 are any two transformations, then by elimi- 


Tr=F(2) 


(242) 


is obtained, which may be regarded as a new transformation. 

We may regard the relation f = ^(z) as expressing a transformation from 
the ^-planc jnto a f-plane, w'hilc the second relation W=/(0 expresses a 
further transfuri nation from the f-plane into a IF-plane. Thus the final 
transformation (242) may be regarded as the result of two successive trans- 
formations. 


Two uses of successive transformations are of particular importance. 
S25. Conductor influenced hy line-charge. The transformation 


TF=log 


s + a’ 


gives, a.s we have seen (§ 318) the solution when a line-charge is placed at 
?=• a in front of the plane represented by the real axis of Let the further 
transformation ?=/(r) transform the real axis of ? into a surface S, and the 
point ? » a into the point s = r„, so that a = / (r,). Then the transfoimation 


F = log 


/(^)+/U.) 


j. 


18 
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gives the solution when a line-charge is placed at z = tn in the presence of 
the surface S. In this transformation it must be remembered that U, and 
not V, is the potential (cf. | 318). 

326 . Conductors at dif event potentials. Let us suppose that the trans- 
formation f ^ (») transforms a conductor into the real axis of f. The 
further transformation IT = (7 + D log f (§ 318) will give the solution when 
the two parts of this plane on different sides of the origin are raised to 
different potentials G and C + ttD. 

Thus the transformation obtained by elimination of namelj' 

W ~G-\- D log {z). 

will transform two parts of the same conductor into two parallel planes, 
and so will give the solution of a problem in which two parts of the same 
conductor are raised to different potentials. 


Examples of the use of Conjugate Functions. 

327 . Two examples of practical importance will now be given to illus- 
trate the use of the methods of conjugate functions. 

Example I. Parallel Plate Condeiiser. 

328 . The transformation 

has been found to transform the two plates in fig. 90 into the positive and 
negative parts of the real axis of f. The further transformation ir>= log f 
gives the solution when these two parts of the real axis of f are at potentials 
0 and IT respectively (§ 326). 

Thus the transformation obtained by the elimination of namely 

^ = ^{e”"-W + i-rr) •••••(243), 

will transform the two planes of fig. 90 — one infinite and one semi-infinite 

into two infinite parallel planes. Thus equation (243) gives the trans- 
formation suitable to the case of a semi-infinite plane at distance h from 
a parallel infinite plane, the potential difference being tt. 

By the principle of images it is obvious that the distribution on the 
upper plate is the same as it would be if the lower plate were a semi- 
infinite plane at distance 2h instead of an infinite plane at distance h. The 
equipotentials and lines of force for either problem are shewn in fig. 91. 
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Separating real and imaginary parts in equation (243), 
x^-ie^cQsV-U), 

TT 

y = -(e'^sinF-F+7r). 

TT 

Thus the equipotential F = 0 is the line y = h, the eqnipotential F = ?r is 
the line y=0. 





Fio. 91. 


On the former equipotential, the relation between x and U is 

x=-(eV-U) (244). 

TT 

When f7 = — 00 , a:= + oc; as U increases, x decreases until it reaches a 
minimum vatue x = hjir when {7 = 0; and as V further increases through 
positive values x again increases, reaching x — ac when {7 = + oo. Thus as 
U varies while F = 0, the path described is the path PQR in fig. 91. 

The intensity at any point is 

p- iE _ ^ 

dz 

At a point on the equipotential F = 0, the surface-density is 



18—2 
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At P, 77 = — 00 , eo that <r = i ; as we approach Q, <r increases and finally 

becomes infinite at Q, while after passing Q and moving along QR, the upper 
side of the plate, o- decreases, and ultimately vanishes to the order of e~ 

The total charge vvithin any range C/j, U, is, by equation (233), 

It therefore appears that the total charge on the upper part of the plate QR 
is infinite. 

Let us, however, consider the charges on the two sides of a strip of the 
plate of width I from Q, i.e. the strip between a' = A/7r and x = l + hjTr. The 
two values of U corresponding to the points in the upper and lower faces at 
which this strip terminates, are from equation (244) the two real roots of 

Z + (245). 

TT TT 


Of these roots we know that one, say U,, is negative and the other (U,) 
is positive. If I is large, we find that the negative root CTj is, to a first 
approximation, equal to 



and this is its actual value when t is very large. Thus the charge on the 
lower plate within a large distance I of the edge is 



and therefore the disturbance in the distribution of electricity as we approach 
Q results in an increase on the charge of the lower plate equal to what would 
be the charge on a strip of width A/tt in the undisturbed state. 


If I is large the positive root of equation (245) is 

l’n-\ 




so that the total charge on a strip of width I of the upper plate approximates, 
■when I is large, to 

1 , /, lot's » 

Thus although the charge on the upper plate is infinite, it vanishes in 
comparison with that on the lower plate. 



328, 329] 


Conjugate Funetiom 


277 


Example IT. Bend of a Leyden Jar. 

329. The method of conjugate functions enables us to approximate to 
the correction required in the formula for the capacity of a Leyden Jar, on 
account of the presence of the sharp bend in the plates. 




A 


F 

1 


p 


■ — 


LL. 

r-t 


-uL 

B 


h 


s '=^0 


c 


Fio. 92. 

As a prc'Iiminarv, let ns find the capacity of a two-dimensional condenser 
formed of two conductors, each of which consists of an infinite plate, bent 
into an L-shape, the two L's being fitted into one another as in fig. 92. 

Let us assume the five points A, B, (CD), E. F to he ^ = — co , — a, 0, 
+ b, + 00 respective!}’, and let us for convenience suppose the potential 
difference which occurs on passing through the value 5' = 0 to be tt. Then 
the transformation is 

p^=Aa+arir‘(^-i>)K 

where W = log f (cf. § 326). 

To integrate, we put w = — b)-, and obtain 

^ / fv/fTT. 

- - 2il tan- + A log + C (246), 

where C is a constant of integration. 

To ma,ke C vanish, we must have z = 0 when u = 0, i.e. at the point E. 
We shall accordingly take E as origin, so that C = 0. 
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At B, we now have f = — a, u=^<xi , and therefore 
r = + irA ± • 

Thus the distances between the pairs of arms are tt A and ttA 
respectively. 

Let P be any point in PP which is at a distance from JS great compared 
with EB. Let the value of f at P be fp, so that fp is positive and greater 
than h. 

We have IF= P 4- 1 ^= log so that along the conductor FED, F=0 
and XJ — log 

The total charge per unit width on the strip EP is, by formula (233), 

j^dS = ^ ^ (log rp - log b) (247). 

IfP is far removed from E, the value of is very great, and since 

t-S,? ■■ m). 

the value of td will be nearly equal to unity at P. 

From equation (246), 

z >= — 2d. tan”> 1 m + 2d log (1 + t<) - d log (1 — w*), 

80 that log (1 — M>) = 2 log (1 + ft) — 2 tan-' ^ (249), 

in which the terms log(l — ft"), — zjA, are large at P in comparison with the 
others. Again, from equation (248), we have 

log f = log (aft" +h)- log (1 - i(') (250), 

in which log f, log(l— w’) are large at P, in compaii.son with the term 
log (au* + h). Combining equations (249) and (250), 

log f = log (ait' + 6) - 2 log (1 + ft) + 2 ^ tan-' j ^ 

(251), 

in which the terms log ^ and ~ are large at P in comparison with the other 

terms. At P we mfty put tt = 1 in all terms except log f and zjA, and obtain 
as an approximation 

log fp = log (a + 6) - 2 log 2 + 2 y' ^ tan-' ^ . 
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The v.alue of Zp is of course + or EP. Thus, from the equation 
just obtained, equation (247) may be thrown into the form 


(log ?p - log i) 


/ 

' L + 1 ) - 2 2 2 \/^ s/l^ ^-}-( 252 ). 

If the lines of force were not disturbed by the bend, we should have 


/: 


rds 


4'7r W 


)■ 


Equation (262) shews that | o-ds is greater than this, by an amount 

J s 


'■ 

4'7r ( 


jlog (l + - 2 log 2 + 2 tan-‘ ^/'ij (253). 

Let US denote the distances between the plates, namely irA and vA, 
by h and k respectively, so that ^ • Expression (253) now becomes 


k) 


If, h^+lA 

4^|log^,- + 2^.tan-^| 

so that the charge on the plate EP is the same as it would be in a parallel 
plate condenser in which the breadth of the strip was greater than EP by 


^®g tan-' ^1- . 


When k = k, this becomes 


^ - log, 2^ or -2794. 


Multiple- VALUED Potentials. 

330. There are many problems to which mathematical analysis yields 
more than one solution, although it may be found that only one of these 
solutions will ultimately satisfy the actual data of the problem. In such 
a case it will often be of interest to examine what interpretation has to 
be given to the rejected solutions. ' 

The problem of determining the potential when the boundary conditions 
are given is not of this class, for it has already been shewn (^ 186 — 188) 
that, subject to specified boundary conditions, the termination of the poten- 
tial is absolutely unique. But it may happen that, in searching for the 
required solution, we come upon a multiple-valued ^solution of Laplace’s 
equation. Only one value can satisfy the boundary conditions, but the 
interpretation of the other values is of interest, and in this way we arrive 
at the study of multiple-valued potentials. 
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Conjugate Functions on a Riemann’s Surface. 

331. An obvious case of a multiple-valued potential arises from the 
conjugate function transformation 

W^cj>(g) (254), 

when ^ is not a single-valued function of z. Such cases have already 
occurred in §§ 317, 320, 323, etc. 

The meaning of the multiple-valued potential becomes clear as soon 
as we construct a Riemann’s surface on which {z) can be represented as 
a single-valued function of position. One point on this Riemann’s surface 
must now correspond to each value of W, and therefore to each jioint in 
the W^-plane. Thus we see that the transformation (254) tran.sforms the 
complete Tf^-plane into a complete Riemann’s surface. Corresponding to 
a given value of z there may be many values of the potential, but thc.se 
values will refer to the different sheets of the Riemann’s surfiice. If any 
region on this surface is selected, which does not contain any branch points 
or lines, we can regard this region as a real two-dimensional region, and the 
corresponding value of the potential, as given by equation (254). will give 
the solution of an electrostatic problem. 

332. To illustrate this by a concrete case, consider the transformation 

F = (255), 



which has already been considered in § 317. The Riernann’s surface appro- 
priate for the representation of the two-valued function may be supposed 
to be a surface of two infinite sheets connected along a branch line which 
extends over the positive half of the real axis of z. 

To regard this surface as a deformation of the F-plane, we must suppose 
that a slit is cut along the line OB (fig. 93) in the F-plane, and that the 
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two edges of the slit are taken and turned so that the angle 27r, which they 
originally enclosed in the IT-plane, is increased to 47r, after which the edges 
are again joined together. 

The upper sheet of the Riernann’s surface so formed will now represent 
the upper half of the ir-plane, while the low’er sheet will represent the lower 
half Two points /?, 7?, which represent equal and opposite values of W, 
say ± Wi, will (by eijuation (255)') be represented by points at which s has 
the same value; they are accordingly the two jioints on the upper and 
lower sheet respectively for which r has the value 

A circular path pqrs surrounding O in the ir-plune becomes a double 
circle on the ^-surface, one circle being on the tipper sheet and one on 
the lower, and the path being continuous since it crosses from one sheet 
to the other each time it meets the branch-line 

A line o/S in the upper half of the ir-plane becomes, as we have seen, 
a pambtiia ap? on the upper sheet of the z-surface. Similarly a line a'0' in 
the lower half of the ll’-plane will become a parabola a'^' on the lower sheet 
of the r-surfaco. The space outside the parabola on the upper sheet of 
the ^-surface transforms into a space in the IT-plane bounded by the line a/8 
and the line at intinity. Consequently the transformation under consideration 
gives the solution of the electrostatic problem, in which the field is bounded 
only by a conducting parabola and the region at infinity. The same is not 
true of the s[iace inside the parabola a/3, for this tran.sforms into a sjjace in 
the IK-plano bounded by both the line a/3 and the axis AOB. It is now 
clear that the transformation has no application to problems in wliich the 
electrostatic field is the sjt.ace inside a parabola 

In general it will be seen that twm points, which arc close to one another 
on one sheet of the r-surface, but are on opposite sides of a branch-line, 
will transform into two points which are not adjacent to one another in the 
U'^-plane, and which therefore correspond to different potentials. Conse- 
quently we cannot solve a problem by a transformation which requires a 
branch-line to be introduced into that part of the Eiemanu’s surface which 
represents the electrostatic field. 


linages on a Mieinann’s Surface. 

333 . In the theory of electrioU images, a system of imaginary charges is 
placet! in a region which docs not form part of the actual electrostatic field. 
When a two-dimensional problem is solved by a conjugate function trans- 
formation, the electrostatic field must, as we have seen, be represented by 
a region on a single sheet of the corresponding Riemann’s surface, and this 
region must not be broken by branch-lines. The same, however, is not true 
of the part of the field in which the imaginary images are placed, for this 
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may be represented by a region on one of the other sheets of the Rienaann s 
surface. 

To take the simplest possible illustration, stippose that in the f-plane we 
have a line-charge e along the line represented by the point P , in front of 

f-y/aiic z- surface 

Pm (upper shed) 


e 


p'. 


O A 

P • {hwcT nhciit) 


Fro. 94. 


the uninsulated conducting plane represented by the real a.xis AB. The 
solution, as we know, is obtained by placing a charge — e at the point P', 
which is the image of P in AOB. The value of the potential {U) is given, 
as in § 318, by 

U+iV=Alog^f^f . 

Q- iP' 

Let us now transform this solution by means of the transformation 

er = ^- 

conducting plane AOB transforms into a semi-infinite plane OB, which 
ma^ be taken to coincide with the branch-line of the Riemann's surface. 
Thd* charge e at P becomes a charge at a point P on the upper sheet of the 
surfa ce, while the image at P' becomes a charge at a point P' on the In wet- 
sheet. Thus we can replace the semi-infinite conductor OB in the ^-plane 
by an irmage at a point P' on the lower sheet of a Rioinann’s surface, and we 
obtain th 'e field due to a line-charge and a semi-infinite conductor in an 
ordinary *_,uWo-dimensional space. 

< 

Pron^ the transformation used, the potential is found to be given by 

U + iV=A log , 

Vz—w — ii 

J 3 the potential, a = a is the point (n, a) on the upper sheet, and 
• e image on the lower sheet. 

In ealcj^jlating a potential on a Riemann’s surface, we must not assume 
the potenjp tial of a line-charge e at the point {a, a) to be 

'< G-2elogR ( 257 ), 

where is the distance from the point (a, a). In fact, this potential would 
obvious ® ^y have an infinity both at the point (a, a) on the upper sheet, and 
also ajL*o B the point (a, a) on the lower sheet, and 0 would be the potential of 
two Ijk ame-efaarges, one at the point (a, a) on each sheet. 


in which G 
•* = - a is thi 
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The appropriate potential-function for a single charge can easily be 
found. 

As in the problem just discussed, it is clear that the potential due to the 
single line-charge at (a, o) on the upper sheet is the value of U given by 

I7’-(-iF= C + A log(\/« — Kfa) 

1 - 1 ■- 
— C -t- A log (r’ — a- e-) 

0 + A log I^Vrcos 2 — Va cos g') + i (^\/r .sin ^ — V'o sin , 

so that 

U =• C + ^ A log 

= C+ i A log [r - 2 cos ^ - a) -i- a\, 

and if this is to be the potential due to a line-charge e, it is clear, on 
examining the value of U near the point (o, a), that the value of A must be 


— 2c. Thus the potential function must be 

C~- e log {»• — 2 \'ur cos i (^ — o) + ft} (258), 

instead of that given by expression (257), namely, 

C — e log li-* — 2<ir cos {0 ~ a) + a^} (259). 


It will be noticed that both expressions are single-valued lor given values 
of (r, 6), but that for a given value of i, expression (258) has two values, 
corresponding to two values of 0 differing by 2Tr, while expression (259) has 
only one value. Or, to state the same thing in other words, the expression 
(259) is jK'iiotlic in 6 with a period 27r, while expression (258) is periodic 
with a period “Itt. 


V r cos H ~ Tn 




Vr sin I — Va sin ^ 


Potential in a Riemanns Space. 

334. Sommerfeld* has extended these ideas so as to provide the solution 
of problems in three-dimensional space. 

His method rests on the determination of a multiple-valued potential 
function, the function being capable of representation as a single-valued 
function of position in a “ Riemann’s space,” this space being an imaginary 
space which bears the same relation to real three-dimensional space as a 
Riernann's surface bears to a plane. 

335. The best introduction to this method will be found in a study ot 
the simplest possible example, and this will be obtained by considering the 
three-dimensional problem analogous to the two-dimensional problem already 
discussed in § 333. 


* *' UcImt Potsntislc izn Bauxo,'* iVoe. Lend, JfalA. Soc. SB, p. 89B, nod 30, p. tOl. 



284 


Methods for the Solution of Special Problems [oh. vm 

We suppose that we have a single point-charge in the presence of an 
uninsulated conducting semi-infinite plane bounded by a straight edge. Let 
us take cylindrical coordinates r, 0, z, taking the edge of the plane to be 
r = 0, the plane itself to be 0 = 0, and the plane through the charge at right 
angles to the edge of the conductor to be 2 = 0. Let the coordinates of the 
point-charge be a, a, 0. 

The Biemann’s space is to be the exact analogue of the Kiemann’s 
surface described in § 332. That is to say, it is to be such that one revolu- 
tion round the line r= O' takes us from one ‘sheet” to the other of the 
space, while two revolutions bring us back to the starting-point. Thus, for 
a function to be a single- valued function of position in this space, it must be 
a periodic function bf 6 of period 47r. 

Let us denote by f (r, 6, z, a, a, 0) a function of r, 0, and z which is to 
satisfy the following conditions : 

(i) it must be a solution of Laplace’s equation ; 

(ii) it must be a continuous and single-valued function of position in 

the Riemann’s space ; 

(iii) it must have one and only one infinity, this being at the point 

o, o, 0 on the first "sheet” of the space, and the function 

approximating near the point to the function where i? is 

the distance from this point; 

(iv) it must vanish when r = oo . 

It can be shewn, by a method exactly similar to that used in § 1 86, that 
there can be only one function satisfying these conditions. Hence the func- 
tion /(r, 0, z, a, a, 0) can be uniquely determined, and when found it will be 
the potential in the Eiemann’s space of a point-charge of unit strength at the 
point a, a, 0. 

Consider now the function 

/ (r, 0, 2 , a, a, 0) -/(r, 0,z,a,-a,O) (260), , 

which is of course the potential of equal and opposite point-charges at the 
point a, a, 0, and at its image in the plane 0=0, namely, the point 
a, ~a, 0 . 

This function, by conditions (i) and (iv), satisfies Laplace’s equation and 
vanishes at infinity. On the first sheet of the surface, on which a varies 
from 0 to 27r (or from 4w to Ott, etc.), it has only one infinity, namely, at 

a, 9, 0, at which it assumes the value -4. 

It 

From the conditions which it satisfies, the function / (r, 0, z, a, a, 0) must 
clearly involve 6 and a only through 0 — a, and must moreover be an even 
function of ^ — a. It follows that, when ^ =• 0, expression (260) vanishes. 
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Again, since the function f is periodic in 6 with a period 2-!r, it follows 
that, when d = — 27r, expression (260) may be written in the form 
f{r, 27r, a, a, a, 0) -/(r, - 2t, z, a, - a, 0), 
and this clearly vanishes. Thus expression (260) vanishes when 0 — 0 and 
when 0 = 27r. That is to say, it vanishes on both sides of the semi-infinite 
conducting plane. 

It is now clear that expression (260) satisfies all the conditions which 
have to be satisfied by the potential. The problem is accordingly reduced 
to that of the determination of the function f (?•, 0, z, a, a, 0). 

336. Let us write 

r ^ ef", a = gs’, 

then the distance li from r, d, z to a, a, 0 is given by 
— 1 -^ — 2ar cos (0 — a)+ a- + z- 
= 2ar {cos t (p — p') — cos {0 — «)1 + 

Take new functions R' and f (u) given by 

R'‘ = '2ar {cos t (/> — p') — cos {0 — u)] -p a®, 

, tV" 

The function /(«) has infinities when u =a, a + 27r, a + 47r, . . . , its residue 
being unity at each infinity. Also, when u-a, the value of R' becomes R. 
Hence the integral 

( 261 ). 

where the integral is taken round any closed contour in the w-plane which 
surrounds the value u = a, but no other of the infinities of /^(u), will have as 

its value 2»7r ^ ^ accordingly have 

1 1 f 1 g'“ 



The integral just found gives a form for the potential function in ordinary 
space which, as we shall now see, can easily be modified so as to give the 
potential function in the Riemaun’s space which we are now considering. 

We notice fimt that ^ , regarded os a function of r, 0, and z, is a solution 

of Laplace’s equation, whatever value u may have. Hence the integral (261) 
will be a solution of Laplace’s equation for all values of /(u), for each term 
of the integrand will satisfy the equation separately. 

If we take 
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we see that the intinities of /(«) occur when m = a, a + 477^, o ± Stt, etc., and 
the residue at each is unity. Hence, if we take the integral round one 
infinity only, say u = a, the value of 






(263) 


will become identical with ^ at the point at which 72' = 0. Moreover, 

expression (263) is, as we have seen, a solution of Laplace’s equation : it 
is seen on inspection to be a single-valued function of position on the 
Biemann’s surface, and to be periodic in 6 with period 47r. Hence it is the 
potential-function of which we arc in search. Thus 


/(r, e, z, a, a, 0) = 


4-77 -!? 

J e * 


du 


Vr“ — 2<;r cos {0 — u) + ci‘ -f z* 


The details of the integration can be found in Sotnmerfeld’s paper, 
value of the integral is found to be 


The 


72 TT V ff — T 


where t = cos ^ (<^ — a), a = cos i(p - p^ 

Other systems of coordinates can be treated in the same way ; details will 
be found in the papers to which reference has already been made. 

337 . The present chapter has attempted to give an account of the 
principal methods available for the solution of electrostatic problems. A few 
examples have been given of each method, but no attempt has been made to 
enumerate all the problems ■which can be solved. The reader who wishes to 
study particular problems more fully may be referred to the following works : 

Sir W. Thomson (Lord Kelvin). Paper* on Electricity and Magnetitm. 

In particular a number of examples of images and inversion will be found here, with 
numerical calculations. 

Maxwell. EleetrieUy and llagnetum. Vol. i. (3rd Edn.). 

In Chap. IX. the theory of spherical harmonics is developed, and the problem of the 
distribution of electricity on a nearly spherical conductor free in space, as also that on a 
nearly spherical conductor enclosed in a nearly spherical and nearly concentric conduct- 
ing veasel, are solved in detail. The coefficients of capacity and induction of two spherical 
conductors are investigated by spherical harmonics. Chapter XL contains examples of the 
method of images and inversioa Chapter xn. contains a number of emmples of conjugate 
fbnctions, some being of special importance in the theory of electrostatic instruments. 

J. J. Thomson. Recent Retearche* in Electricity and Magnetinn. 

Chapter m. contains important examples of conjugate function transformations. In 
pSiTticalar problems are solved which enable us to estimate the effect on the capacity of a 
oondeDser produced by^the slit between a guard ring and the moveable plate of the con- 
denser. Transformations are given which solve the problems of (i) a condenser formed by 
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two parallel and equal plates of finite breadth ; (ii) a condenser formed by two parallel and 
equal strips placed in the same plane ; (iii) a pile of plates ; (iv) a system of 2n plates 
arranged radially at angles rr/n with one another, alternate plates being at the same potential. 
KirOHHOFF. Oetammelte ahhctndlungen. 

A formula is given for the capacity of two circular plates of an uniform thickness placed 
coaxially at any distance ajiart. 


EXAMPLES. 

1. An infinite conducting plane at zero potential is under the influence of a charge of 
electricity at a point 0. Shew that the charge on any area of the plane is proportional to 
the angle it subtends at 0 

2. A charged particle is placed in the space between two uninsulated planes which 
intersect at right angles. Sketch the sections of the equipotcntials made by an imaginary 
lilane through the charged particle, at right angles to the planes. 

3. In question 2, let the particle have a charge e, and be equidistant from the planes. 
Shew that the total charge on a atrip, of which one edge is the line of intersection of the 
planes, and of which the width is equal to the distance fif the particle from this line of 
intersection, is - j c 

4. In question 3, the strip is insulated fiom the remainder of the planes, these being 
still to earth, and the particle is removed. Find the potential at the point formerly 
occupied by the particle, produced by raising the strip to potential 1'. 

5. If two infiiiite plane uninsulated conductors meet at an angle of 60’, and there is a 
charge e at a point equidistant from each, and distant r from the line of intersection, find 
the electrification at any point of the planes. Shew that at a point in a principal plane 
through the charged point at a distance rjS from the line of intersection, the surface 
density is 

« /3 1 \ 

4jrrS \4 7 v'”/' • 

6. Two small pith balls, each of mass m, are connected by a light insulating rod. 
The rod is supported by parallel threads, and hangs in a honzontal position in front of an 
infinite vertical plane at potential zero. If the balls when charged with « units of 
electricity are at a distance a from the plate, equal to half the length of the rod, shew 
that the inclination 6 of the strings to the vertical is given by 

c* f 2 1 

7. What is the least positive charge that must be given to a spherical conductor, 
insulated and influenced by on external point-charge e at distance r from its centre, in 
order that the surface density may be everywhere positive ? 

/ia. An uninsulated conducting sphere is under the influence of an external electric 
charge ; find the ratio in which the induced charge is divided between the part of its 
surface in direct view of the external charge and the remaining part 

9. A point-charge e is brought near to a spherical conductor of radius a having a 
charge E. Shew that the particle will be repelled by the sphere, unless its distance from 

the nearest point of its surface is less than s/l; , approximately, , 
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10. A hollow conductor has the form of a quarter of a sphere bounded by two 
perpendicular diametral planes. Find the image of a charge placed at any point 
inside. 

• 11. A conducting surface consists of two infinite planes which meet at right angles, 
and a quarter of a sphere of radius a fitted into the right angle. If the conductor is at zero 
potential, and a point-charge e is symmetrically placed with regard to the planes and the 
spherical surface at a great distance f from the centre, shew that the charge induced on 
the sx>berical portion is approximately —bea^jvP. 

12. A point-charge is placed in front of an infinite slab of dielectric, bounded by a 
plane face. The angle between a line of force in the dielectric and the normal to the face 
of the slab is a ; the angle between the same two lines in the immediate neighbourhood of 
the charge is /3. Prove that a, j3 are connected by the relation 



13. An electrified particle is placed in front of an infinitely thick plate of dielectric. 
Shew that the particle is urged towards the plate by a force 

K-l 

K-l-1 . 

where d is the distance of the point from the plate. 

I lA Two dielectrics of inductive capacities kj and arc separated by an infinite plane 
face. Charges ei, «s placed at points on a line at right angles to the plane, each at a 
distance a from the plane. Find the forces on the two charges, and explain why they are 
unequal. 

15. Two conductors of capacities Cj, Cj in air are on the same normal to the plane 
boundary between two dielectrics xj. *j. at great distances o, 6 from the boundary. They 
are connected by a thin wire and charged. Prove that the charge is distributed between 
them approximately in the ratio 

f I *■•! - 2 k; 1 n K,-K2 2iy ) 

*' Ico 26(K,-ficj) (iti-hK8)(a + h)i Vi 2 a(K,-)-K 2 ) (ci-t- «j) (a + 6)] 

18. A thin plane conducting lamina of any shape and size is under the influence of a 
fixed electrical distribution on one side of it If <ri be the density of the induced cliarge 
at a point P on the side of the lamina facing the fixed distnbution, and a-t that at the 
corresponding point on the other side, prove that <ri -ca^o-o, where o-j is the density at i* 
of the distribution induced on an infinite plane conductor coinciding with the lamina 
/ 

17. An infinite plate with' a hemispherical boss of radius a is at zero potential under 
the influence of a point-charge e on the axis of the boss distant / from the plate. Find the 
Burface density at any point of the plate, and shew that the charge is attracted towards 
the plate^th a force 

4 /^"^ (/*-«»)*• 

18. A conductor is formed by the outer surfaces of two equal spheres, the angle 
betwenn their radii at a point of intersection being 2n’/3. Shew that the capacity of the 
Donductor so formed is 

•hcitfi) a is the raditu of either sphere. 
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l^b. Within a apherical hollow in a conductor connected to earth, equal point<harges 
* are placed at equal diatances / from the centre, on the same diameter. Shew that each 
ia acted on by a force equal to 

20. A hollow aphere of sulphur (of inductive capacity 3) whose inner radiua ia half its 
outer ia introduced into a umform field of electric force. Prove that the intensity of the 
field in the hollow will be leas than that of the original field in the ratio 27 : 34. 


21. A conducting spherical shell of radius a is placed, insulated and without charge, 
in a uniform field of electric force of intensity F. Shew that if the sphere be cut into two 
hemispheres by a plane perpendicular to the field, these hemispheres tend to separate and 
require forces equal to ■{>ga^F^ to keep them together. 


22. An uncharged insulated conductor formed of two equal spheres of radius a 
cutting one another at right angles, is placed in a uniform field of force of intensity F, 
with the line joining the centres parallel to the lines of force. Prove that the charges 
induced on the two spheres are ^Fa- and —^Fa-. 

^03. A conducting plane has a hemispherical boss of radius o, and at a distanee/ftom 
the centre of the boss and along its axis there is a point>charge e. If the plane and the 
boss be kept at zero potential, prove that the charge induced on the boss is 

24. A conductor ia bounded by the larger portions of two equal spheres of radius a 
cutting at au angle Ijir, and of a third sphere of radius o cutting the two former 
orthogonally. Shew that the capacity of the conductor is 

c + a ( 1 - S V3) - oc [2 (a= + o>) *• i - 2 («= + 3c-S) ■ 4 4- (a» + 4c*) ■ i}. 


A spherical conductor of internal radius b, which is imcbaiged and insulated, 
surrounds a spherical conductor of radius a, the distance between their centres being c, 
which is small. The charge on the inner conductor is E. Find the potential function 
for points between the conductors, and shew that the surface density at a point P on the 
inner conductor ia 

E f\ 3c cos 
4ir y’ 

where 6 is tae angle that the radius through P makes with the line of centres, and terms 
in 0 * are neglected. 

2& If a particle charged with a quantity e of electricity be placed at the middle point 
of the line joining the centres of two equal spherical conductors kept at zero potential, 
ahew that the charge induced on each aphere ia 

- 2ein ( I - in + m? - 3 to® + 4»i'), 

neglecting higher powers of m, which is the ratio of the radius to the distance between the 
oontM of the spheres. 

Two insulated conducting spheres of radii a, b, the distance e of whose centres 
^ia large compared with a and b, have chargee Ei, Et respcctiTely. Shew that the potential 
enarggr is approximately 

* {(a " p) + 1 (s - ?) ^*} • 

S. 


IB 
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'^28. Shew that t.hc force bctvvi cii two insulated siiherical conductors of radius a placed 
in an electric held of unifoi-ni intensity lu'rpendiciilar to their line of centres is 

i: bcini; the di>tan»'u their c»‘ntivs. 


29. Two unchai’jred insulated radu <i, arc phu-od in a imiforni field of force 

so tli ir their line of centre.s is parallel to (h<' of foire, the* distance r between their 

centres boujg great compared witli a and b. Trove tliat the sinf/u’e dojisitj^ at the point 
at which the line of centres cuts the sphere (a) is approxuuately 


:j;;p + -^ + 


c* 


r* 


+ — — + 




A 


'30. A coniliictiiig sjilii'i'c of r.idui-. a i-. ciuliedded in a dioliatric [K) whoso outer 
boundary is a conrcntric siiliere i>t radius ia. ^^hew that if the !.\..t('in he placed in 
a uuifonn held of force F, equal quantities of positive and negative eloclritity are 
separated of amount 

fiA + 7 ’ 


31. A siihore of glass of radius a is held lu air with its centre at a distance c front a 
jxtint at which there is a positive charge e. Prove that tlie resultant affractibn is 


where ^ = (A'- 1) (A'+l). 


(i±« + a - ('"Y r - 1 

\c- - a- {c-—a\- a'' ' Vv ./ c 


32. A conducting spherical shell of radius a is placed, insulalcd and wiihout charge, 

in a uniform field of force of iuten-.ity /■’. Shew that if the sphere he cut into two 
hemispheres by a plane perpendicular to the field, a force i.s recjuiM-d to prevent 

the hemispheres from .separating. 

33. A spherical shell, of radii a, h and inductive (aj'-icity A', is phn cd in a uniform 
field of force F. Shew that the force inside the ..-hell is uiiif.irrn .and eijual to 

hA’A’ 

gA* - 2 ( _ ] ) ■ 

34. The surface of a conductor bein'’ one of revolution whose eoiuition is 

' n 

r'^ r'~ 12 ’ 

where r, r are the distances of any point from two fixed points at di.stiucc 8 ajiart, find 
the electric density at either vertex when the conductor has a given charge. 

■ 35. The curve 

1 Oa C a4 -ir ^ a — x 1 

i{(.r+a)=+/)5 {(x-a):+y2|ti 

when rotated round the axis of x generates a single closed surface, which is made the 
bounding surface of a conductor. Shew that its cajaacity will be a, and that the surface 
density at tin- end of the axis will le ejZira\ where e is the total charge. 

i-36. Two equal spheres each of radius a are in contact. Shew that the capacity of the 
conductor so formed is 2a logj 2. 
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37. Two spheres of radii a, h art in contact, a being large compared with 6 Shew 
that if the conductor so formed is i t-ised to potential P", the charges on the two spheres <ire 



33 A condiictini^ sjihere of r'ldum a is m c intact v\ith an inhrnte conducting plane. 
Sht w that if a unit point cli be placed b€)ond th<' sphere and on the diameter through 
tlo point of contact at (list mte c liorn th it point, the (barges induced un the plane and 
bpiiere are 


r>f ra , 
( (»♦ — aiKl 

< c 


IT 


nt 


ra 
- - 1 


Pio\c that if tVif CMitu^of t\\o f^pul ui msiilitM sphcncal conductors of radius 
a l»e at a distant ^ Ic .qtfiit, the (1 ki»_^' iii(iiu<d on (ach a unit cliarge at a point 
iLiiaway laituccM tlicrii is 

^ - 1 /* .nlc h j, 

1 

nheii* c — a cosli a. 

Shew til it ’*10 caji icity of a sjihtnuil coiidiKtor of ladms a, with its centre at a 
ili'.t.uKi c iioru au intinitt coiiduotiii.' plaio, la 

a ^iiih u i. cc.v(h 710, 

I 

\\h( rc c = a co^h a 


^41 An in^ulatocl cotidintui^ t.| hoie of ndius a is placed midway between two 
pirallol iiifiiiito iiiiin^ul tied plaits at a cri it distaiiti. 2i, apart Isiglecting 
that the capai it\ of the sphere is ipprovni itely 

a jl + - lo^ . 


42 Two spiheres of ridii ij, r, touih e<ich other, arui their capacities in tbi< position 
arc C], Cj Shew that 


Cl = 



5 1 


j+/*- 


i 1 


n* 



where 


/= 


'1 + 02 


\/43 A conducting sjdiere of radius a is jiUced lu air, with its centre at a distance $ 
from the piano fate ol an iiitnntt dicWtiii. Shew that lU tapianty is 


■WijC t ‘"y 

whci-e (vs^fa. 


a siiih a 




cosec li 71a, 


*^44 A point chaige e is plmd Ivtwecn two pcUiillel uninsulated unite conducting 
planes, at distances a u d b fiom tboin resj»ecti\ely Shew that the potential at a point 
between the planes which is at a di'^taiice £ fioui Uie chiige and is on the line through the 
charge pei'peudicaUu* to ihe j'luiics is 


e 

^{a + b) 


( r'l 

( * \ 

1 1"! 


f2rt + 26-i\ 

. 

19—2 

ba + ahj 

^ 2u a 2b ) 

1 

/ z \ ^ _r ') 


{■2a + 2(>J * ' 

/2a+26 — j\ 

2a + 26 J 



292 


Methods for the Solution of Special Problems [ch. viii 

45. A spherical conductor of iadiu.s a is surrounded by a uniform dielectric A, which 
is bounded by a sphere of radius b having its centre at a small distance y from the centre 
of the conductor, Provo that if the jaitential of the conductor is T , and there are no 
other conductors in the field, the surface density at a point where the radius makes an 
angle 6 with the line of centres is 

C ^ ^ r> , A' — 1 ' 

477(1 ;( A' - ] ) a +'A} ^A'- l)(e‘+ A' + -i) /Pj ' 

46. A shell of glass of inductive capacity A, wliich is honiuicd by concentric spherical 
surfaces of radii a, b {a<,hj, surrounds an electrified p.article with charge A which is .at a 
point Q at a. small distance e from 0, the centre of the spheres, Shew that the potential 
at a point P outside the shell at a distance r from Q is .approximately 

E 2AV (b- - a^) (A' - 1 P c os d 

r "*"2(7* (A' — 1 j- — fP ( A' + 2' 2 A' + 1 i r- ’ 

where 6 is the angle which QP make.s with OQ produced. 

/ 

47. If the centres of the two shells of a spherical condenser fie sepauited by a small 
' distance cf, prove that the capacity is approximately 

ah ( nbff- 1 

A-at ■'■(6-u 


48. A condenser is formed of tno .sidiciical conducting shecf.s. one of radius b 
surrounding the other of radius a. The distance between the centies is c, this lit'ing so 
small that (c/a)* may be m'glectcd. The surface densitu-.^ on the uimu ,-ondiKtor at the 
extremities of the axis of symmetry of the iiistruim nt .ire irj, erj, inJ the mean siirfai-c 
density o\or the inuor conductor is a. Prove th it 

<Ti_ Gia- 

(T b - a >' 


9 49. The equation of the surface of a condintm is r = <i '1 +(/’„ , where » is very small, 
and the conductor is placed iii a unimrui field of lurcc /' pat, old to the axis ol harniunic.s. 
Shew that the surface density of the induced ch.itcc at any point is greater than it would 
be if the surface weio perfectly spherical, by the • mount 


3ntE 

477 (271 + 1 ; 




EO. A conductor at potential V whose suifiice i.i of the foiiu r = o ( 1 + ePn) is Biii- 
rourided by a dielectric (A') whose boundary is the surf.ice ?’ = A(1 and outside this 

the dielectric is air. Shew that-the potential in the air at a distance c from the origin is 
_ Kab r ri f2ii + ] ) f a" A*" -I ,,1," + ' + f a + 1 1 

(A'-l)a + 6 [_/• (l+n + rtA; I?" * * + (A'^ ) (ii + p'o t ‘J’ 

where squares and higher powers of c and 17 are neglected. 

51. The surlace of a conductor is nearly spheric.il, its equation iK-ing 

r=a(l+«,S'„), 

where * is small. Shew that if the conductor is uiimsuLited, the charge induced 011 
it by a unit charge at a distance / from the origin and of angular coordinates 6, tj> is 
apjiroximatelyr 
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'52. A uniform circnlar -wiie of mdius a cViarged with electricity of line density e 
surrounds an uiiinsulated concentric sjiliencal conductor of radius c ; jirove that the 
electrical density at any ]iouit of the surface of the conductor is. 


1 C-' 


t .3 <* 


, 1 . 3 . 5 c» 




'\ ^ 


““ 53. A dielectric fsplior* is '^urroundfHl by a thin circular wire nf larger mdius b 
carrying a ch/irge E, Prove tliat the potential v^jthiri the .'•[ihere i-t. 


f 

t 


i + v'-ij" 


1 + if. 

1 1 + K) ^2T4 .^c 7.. 2nr 




54. If vvjtljjn a cond'U-tr.r formed ly a cone of .semi-vertical .angle cos~^/jo and two 
spherical surfaces r — f/,r- h n.lli i i.nires at the vi-rte.v of the cone, a charge q on the asis 
at distitnee r" fton. the .eite.v give.s potenti d I*, and if tve write 


A, A<|-lol-' 


h’ 


r :ilA .„s;n ' - /'„ V\ 

. u 

the 'umn.ia*ir.ti with rc'specT t" u, evfemling to al! positive inti'jcis, ami that with resfiect 
to /( to all iiuiiil'irs intOL'r.d or iiat’o.nal forwhuh 7',,'^,/ = ". ih ti rtjiiue .l^„. Effecting 
the siiimn.'ition with respe. t to ik. -liow tli.tt wtien r < r, 

n -2y(r'>- - _ I r» - ' ' o-s-i - f . i, ) ‘J- 

■ Old that wlien , > r', 

(r» - r;:; , p I'-; , ^ ^ 


55. A Side nc.i! shell of rmlins a with a little hole in it i' freely electrified to potential 
r. rrovo that the charge on its .inicr 'lu-face is less th.iii T.V Sra. where .S’ is the area of 
the hole. 

56. A thin spheric. d condiictiiiu' shell from whitli any portions have been removed is 
freely eloetnliod. Proto tl. .t tla- difference of doii.sities inside and outside at any point is 
constant. 


57. Electricity m induced on an uninsulated spherical conductor of radius a, by a 
luiitorm snrf.ice distribution, density a, over an extern.d concentric non-conducting 
spherical M-gnieiit i f radius c. i'love that the surface deii'.ty at the point A of the 
conductor at the nearer end cf the ,ims of the seciueiit is 


1 > 

— ■ha — 


(‘-S 


where 1) is the point of the segiiiont on its axis, ami I> is any isunt on its edge. 


58. Two coiidiKtini; dues of radii a, a' are fixed at right angles to the line which 
Juins their centres, the length of this line lieing r, large compared with a. If the first 
have iKitential t’ and the si-vond is uninsulated, prove that the charge on the first is 

2c/ a r- f 
n-^r^-4aa'' 


59. A spherical conductor of diameter a is kept at zero potential in the presence of a 
fine uiiifonu wire, in the form of a cirvlc of radius e in a tangent plane to the sphere with 
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its centre at the point of oontAct, which has a charge E of electricity ; prove that the 
electrical density induced on the sphere at a point whose direction from the centre of the 
ring makes an angle with the normal to the plane is 

— ^ ^ gpg! yL _ 2(j(; yj, ^) " f dS. 

47r“0 j 0 

60. Prove that the capacity of a hemispherical shell of radius a is 



61. Prove that the capacity of an elliptic plate of small eccentricity a and area A is 
approximately 

62. A circular disc of radius a is under the influence of a charge 17 at a point in its 
plane at distance b from the centre of the disc. Shew that the density of tlio induced 
distribution at a point on the disc is 

_q /h--ai 
V u--r*’ 

where r, R are the distances of the point from the centre of the disc and the charge. 

63. An ellipsoidal conductor diffei's but little from a sphere. Its volume i.s equal to 
that of a sphere of radius r, its axes are 2r(H-a), 2r{l+ti), 2r(l+y). Shew that neg- 
lecting cubes of a, 7, its capivcity is 

’■{1 + n ( a ’ + /^' + ')^)}- 

64. A prolate conducting spheroid, semi-axes a, b, has a charge E of electricity. Shew 
that repulsion between the two halves into which it is divided by its diametral plane is 

4 ( a 2- 62) ^^’8 ft - 

Determine the value of the force in the case of a sphere. 

65. One face of a condenser is a circular plate of radiu.s a : the other is a segment of 
a sphere of radius R, R being so large that the i>lato i.s almost flat. Shew that the 
capacity is \KR logf,/rg where <1, tg are the thickness of dielectric at the middle and edge 
of the condenser. Determine also the distribution of the cliarge. 

66. A thin circular disc of radius a is electrified with charge E aud suiTounded by a 
spheroidal conductor with charge Aj, placed so that the edge of the disc is the locus of the 
focus .S of the generating ellipse. Shew that the energy of the sy.stem is 

5 — BSC -I- i s^c, 

2 a 2 a 

B being an extremity of the polar axis of the spheroid, and C the centre. 

67. If the two surfaces of a condenser are concentric and coaxial oblate sphenoids of 
email ellipticities « and t and polar axes 2c aud 2c', prove that the capacity is 

ed (c'- c)“2 {c'— c+ 1 (fc' - t'c)), 

neglecting squares of the ellipticities; and find the distribution of electricity on each 
surface to the same order of approximation. 
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6S. An accumulator is formed of two confocal prolate spheroids, and the speciBc 
inductive capacity of the dielectric is Klj-ar, where w is the distance of any point fW>xn the 
axis. Prove that the capacity of the accumulator is 



where a, b and ay, by are tlie semi-axes of the generating ellipses. 


69. A thin .sj)herical bowl is formed by the portion of the sphere 3 ^+y^ + z^^cz 

^2 j /2 

bounded by and lying within the cone -f , and is put in connection with the earth 

by a fine wire. 0 is the origin, and C, diametrically opposite to 0, is the vertex of the 
bowl ; Q is any point on the rim, and P is any point on the great circle arc CQ. Shew 
that the surface density in(iuced at P by a charge A' placed at 0 is 

_ CQ 

inabi OP^ [01’'^ - ’ 


where 



d6 

f sin’ d -f 6* cos’ 


0 )^‘ 


70. Throe long thin wires, equally electrified, are placed parallel to each other so that 
they are cut by a plane [leiqicndicular to them in the angular points of an equilateral 
triangle of side ; shew that the polar equation of an equipotential curve drawn on the 
plane is 

r** + c® - Sr’f’ cos 3d=constaiit, 

the jKile being at the centre of the triangle and the initial line passing through one of the 
wires. 


71. A flat piece of corrugated metal (y»='i8in mx) is charged with electricity. Find 
the surface density at any point, and shew that it exceed.s the average density approxi- 
mately in the ratio nii/ : 1. 

72. A long hollow cylindrical conductor i.s divided into two parts by a plane through 
the axis, and the parts are separated by a small interval. If the two parts are kept at 
iwtentials I'l and Tj, the potential at any point within the cylinder is 

2 ir a‘-r^ 

where r is the distance from the axis, and d is the angle between the plane joining the 
jwint to the axis and the plane through the axis normal to the plane of separation. 

yi'73. Shew that the capacity per unit length of a telegraph wire of radius a at height A 
above the surface of the earth is 

[4tanh->y~] 

• 74 An electrified line with charge « ijer imit length is parallel to a circular cylinder 
of radius a and inductive capacity A', the distance of the wire from the centre of the 
cylinder being c. Shew that the foi-ce on the wire per unit length is 
2 A' - 1 daV 

A' -t- 1 ^ (c’ - «’) ' 

75. A cylindrical conductor of infinite length, whose cross-section is the outer 
boundiu’y of tbi'ce equal orthogonal circles of radius a, has a charge « per unit length. 
Prove that the electric density at distance r from the axis is 

t) (3)-s -p u'-') (Sr’ - o’ — a^6ar) (Sr* - g’-p v''6air) 

6jro r’ (9r*-3aV-i-a*) 
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76. If the cylinder a;* +y<= a* be freely charged, shew that in free space the resultant 
force varies 6us 

/ G^\ * ^ 

1 r‘ + 2a* COS 4d + -j ) , 

where j:=r cos (?, y =»■ sin 0 ; and that its direction wakes with the axis of x an angle 

,tan2dj . 

77. If (ti+^\^f=f{x+^^), and the curves for which t^=constant be closed, shew that 

the capacity C of a condenser with boundary surfaces q> = <po is 

47r 

per unit length, where [i^] is the increment of ijr on passing once round a (^-curve. 

78. Using the transformation x+i^'=‘ccoti{l7+iV), shew that the capacity C p)er 
unit length of a condenser formed by two right circular C3'linders (radii o, b), one inside 
the other, with parallel areas at a distance d apart, is given by 

llC=2cosh-^( “ - ±l ~^y 


79. A plane infinite electric gi-ating is made of equal and equidistant parallel thin 
metal plates, the distance between their successive central lines being r, and the breadth 

of each plate 2sin”'^^^. Shew that when the grating is electrified to constant 

potential, the potential and charge function.s F, U in the surrounding sj>ace are given 
by the equation 

8in(r'+tF)=A'sin (x+fy). 

Deduce that, when the grating is to earth and is placed in a uniform field of force of unit 
intensity at right angles to its plane, the charge and potential functions of the portion of 
the field which penetrates through the grating are expressed by 

U+iV-{x+iy), 

and expand the potential in the latter problem in a Fourier Series. 


^80. A cylinder whose cross-section is one branch of a rectangular hyperbola is 
maintained at zero potential under the influence of a line-charge jjaralJel to its axis 
and on the concave side. Prove that the image consists of three such hue charges, and 
hence find the density of the induced distribution. 


81. A cylindrical space is bounded by two coaxial and confocal parabolic cylinders, 
whose latera recta are 4a and 4b, and a uniformly electrified line which is jrarallel to the 
generators of the cylinder intersects the axes which pass through the foci in points distant 
c from them (o > c> 6). Shew that the potential throughout the space is 


f 4 - ^ 

I jrr’ cos - 

cosh - cos 

I a*-** 


I cos I > 

i cosh — IP + cos- 


w fr^ sin n " I 
sin I -I- J 

JTI? j 


where r, 0 are polar coordinates of a section, the focus being the pole. Determine A in 
terms of the electrification per unit Ihngtb of the line. 
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82. An infinitely long elliptic cylinder of inductive capacity K, given by f = a where 
-r + iy— ccoah (f + t'i)), is in a \iniform field P }>arallel to the major axis of any section. 
Shew that the potential at any point inside the cylinder is 

_ p 1 +coth a 
K+coth a' 


83. Two insulated uncharged circular cylinders outside each other, given by i; = a and 
)7= — (3 where a: + iy=ctan ^ (f + are placed in a uniform field of force of potential FjC. 
Shew that the potential due to the distribution on the cylinders is 


1 


( _ \« e”^’'~°^Hinb« 3+e~"^’' ^^sinhag 


sin n|. 


84. Two circuliir cylinders outside each other, given by r; .= a aud ij = — ,3 where 

x+)j/ = ctan A (I +ii;), 

are put to earth under the influence of a line-charge E on the line x=0, y = 0. Shew that 
the potential of the induced charge outside the cylinders is 


-AEZ- 


‘8inhi!(i;-l-3'-be 




sinlni(a — ij) 

— - cos constant, 


n sinh 71(0 + 3) 

the summation being taken for all odd positive integral values of a. 


85. The cros.s-aections of two infinitely long metallic cylinders are the curves 
(.r^+y- + c-/--4c-j:*=a* and (x-+y- + c-)- — 4c*x- = M, 


where If they are kejit at [lotentials Fj and I'j respectively, the intervening 

space being filled with air, [irove that the surface densities per unit length of the 
electricity on the oppo.sed surfaces are 


respectively. 


' ! ■■ ""‘r aud 

Anu- log ■- 
a 


1;- r, 

47r6^ log * 




86 . "What problems are solved by the transformation 

{d , . , c(t=-l)i 


IT (1^7 + !<)>) = log 


wher^ o > 1 ? 

87. What problem in Electrostatics is solved by the transformation 

X + ly = cn (d) + ii)-), 

where is taken as the potential function, being the function conjugate to it 7 


88. One half of a hyixsrbolic cylinder is given by = ± 71 , where 1 71 1 <^, and f, 7 are 

given in terms of the Cartesian coordinates x, y of a principal section by the trans- 
formation 

x + ly = c cosh ($ + 1'7) . 

The half-cylinder is uninsulated and under the influence of a charge of density E per unit 
length placed along the line of internal foci. Prove that the surface density at any point 
of the cylinder is 

- A'/Viciji cosh ^ ‘jeosb -00a Siff 
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89. Verify that, if r, » be reaJ positive constants, 

neld of force outaide the conductors + — due to a doublet at 

the poiut outside iK^tli the circles, of atrougth p. and inclination a to the axis, is 

given by pu+ting 

<'*‘'’-^9 (.«-»„.«(! - (1 - i )) . 

where z = a^ is the inverse point to 2=a with regard to either of tlie circles. 


90. A very thin indefinitely great coiirtucting plane is bounded by a straight edge of 
indefinite length, and is connected with the earth. A unit cluirge is placed at a point P. 
Prove that tlie potential at any jwint Q due to the charge at }‘ and the electricity induced 
on the conducting plane is 


1 1 
/'y n 


1 


(- 


1 

— cos 
<r 


2 


)- 


I 

/>y 


1 

- CO.S * 
rr 


( 


1 

— cos 

cr 


4> + rt>'\j 


where P' is the image of P in the plane, the cjhndric.al coordinates of Q and P are 
(r. Ip, 2), {r', p', 2'), the straight edge i.s the .a.\i.s of 2, the angles p, p' lie between 0 and Sir, 
p = Q on the conductor, 

lir+rp + (z-.-'<\^ 

i>7' I ’ 

and those valu&s of the inverse functions are taken winch lie between in- and n. 


91. A semi-infinite conducting plane is at zero ixitential under the inthionce of an 
electric charge ^ at a point Q outside it. Shew that the potential at any poiut P is 
given by 


jr */:!/'r,L' 


~ |^(cosh I, - cos (5- fl,)} ~ ^ Uir ' 


("h Av -pcos ^ [d — dj) 


conIi h/ - CO.S A (^ - di) 


— {cosh rj ~ cos (S -t- ^i)l 


-4tan-‘ 




co«h Ar/ + cos A (d + ^i) 
cosh Ai; — cua J + ^1' 




where r, S, z are the cylindrical coordinates of the point P, (ci, Si, 0) of the point Q, ^*=0 
is the equation of the conducting pUiic, and 


2rr, cosh 17 = r* + j-j* + 2". 


Hence obtain the potential at any point due to a spherical howl at constant potential, 
and shew that the capacity of the bowl is 


° i 

*■ I 


H-- 




■where a is the radius of the aperture, and a is the angle subtended by this radiu-s at the 
centre of the sphere of which the bowl is a part. 


92. A thin circular conducting disc is connected to earth and is under the influence 
of a charge y of electricity at an external point P. The position of anj' jioint y is denoted 
by the j>eri-polar coordinates p, 6, p, where p is the logarithm of the ratio of the distances 
from y to the two points Jt, S in which a plane Q/{S through the axis of the disc cuts its 
rim, 6 is the angle PQS, and p is the angle the plane QHS makc.s with a fixed plane 
through the axis of the disc, the coordinate S having values between - ir and +n-, and 
changing from +»r to — n- in passing through the disc. Prove or verify that the {Kiteutial 
of the charge induced on the disc at any point Q (p, 0, p) is 

- ^ - sin ■ ‘ {cos ^{6- da) seeb ^ ^ ~ ‘ - c'>« A + <?o) sech J , 
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where po, ^oi the coordinates of P, 6a being positive, the point P' is the optical 

image of P in the disc, a is given by the equation 

cos a = cosh p cosh pa — sinh p sinh po cos (rf)— (f>a), 
and the smallest values of the inverse functions are to be taken. 

Provo that the total charge on the disc is - q6aln. 

Explain how to adapt the formula for the potential to the case in which the circular 
disc is replaced by a spherical howl with the .s.inic rim. 


93. Shew that the potential at any point /’of a circular bowl, clectritied to potential 

C, is 


f ■ -1 

— Jsiii ’ 

"■ I 


_ AB 
A~P + BJ 


OA . 


-JOP AB • 
VO.l ' A P~ BP, 


where 0 is the centre of the bowl, .and .1, B are the points in which a plane through P 
and the axis of the bowl cuts the cin ul.ir rim. 

Find the density ol electricity at a (s/int on either side of the bowl and shew that the 
capnnty is 

- ii + .Mna), 
fT 

where a is the radius of tli< sphere, and 2<i is the angle .subtended at the centre. 


94. Two spheres arc charged to potentials To and I’l. The ratio of the, distances of 
any xioint from the two limiting {siints of the spheres being denoted by e’’ and the angle 
between them l>y prove that the potential at the point rj is 


r, VCI (. 0 . 1 . , - ... 1 1 r. r 


+ I . .vo.sh , - cos i)} i p, (cos S) e 


where Tj = a, Tj= ~ B are the oquatioua of the spheres. Hence had the charge on either 
sphere. 
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STEADY CrREENTS IN LINEAR OONDTTCTORS 
Physical Principles. 

338. If t'n’o conductors charged \\ith electricity to different potentials 
are connected by a conducting wire, we know that a flow of electricity will 
take place along the wire. This flow will tend to equalise the potentials 
of the two conductors, and when these potentials become equal the flow of 
electricity will cease. If we had some means by which the charges on the 
conductors could be replenished as quickly as they were carried away by 
conduction through the wire, then the current would never cease. The con- 
ductors would remain permanently at different potentials, and there would 
be a steady flow of electricity from one to the othe r. Means are known by 
which two conductors can be kept permanently at different potentials, so that 
a steady flow of electricity takes place through any conductor or conductors 
jeaning them. We accordingly have to discuss the m.^thcmatical theory of 
such currents of electricity. 

We shall begin hj' the consideration of the flow of electricity in linear . 
Wconductors, by a linear conductor being meant one which has a definite 
cross-section at every point. The commonest instance of a linear conductor 
is a wire. 

) 339. Definition, The strength of a current at any point in a wire or 
other linear conductor, is measured by the number of units of electricity which 
flow across any cross-section of the conductor per unit time. 

If the units of electricity are measured in Electrostatic Units, then the 
current also will he measured in Electrostatic Units. These, however, as will 
he explained later, are not the units in which currents are usually measured 
in practice. 

Let P, Q be two cross-sections of a linear conductor in which a steady 
current is flowing, and let us suppose that no other conductors touch this 
conductor between P and Q. Then, since the current is, by hypothesis, 
steady, there must be no accumulation of electricity in the region of the 
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coiiductor between P and Q. Hence the rate of Bow into the section of the 
conductor across P must be exactly equal to the rate of flow out of this 
section across Q. Or, the currents at P and Q must be equal. Hence we 
speak of the current in a conductor, rather than of the current at a point in 
a conductor. For, as we pass along a conductor, the current cannot change 
except at points at which the conductor is touched by other conductors. 

Ohm’s Laiv. 

340. In a linear conductor in which a current is flowing, we have •• 
electricity in motion at every point, and hence must have a continuous ' 
v’ariation in potential as we pass along the conductor. This i.^ not in 
opposition to the result previously obtained in Electrostatics, for in the 
previous analy.sis it had to be assumed that the electricity was at rest. 
In the present instance, the electricity is not at rest, being in fact kept 
in motion by the diflfeivnce of potential under discussion. 

The analogy between potential .uid heiglit of water will perliup,' help. A lake in 
which the water is at rest is analogous to a conductor in which electricity is in equi- 
librium. The theorem that the potential is constant over a conductor in which electricity 
is in equilihriuin, is analogous to the hydrostatic theor-m that the surface of still water 
must all be at the same level. A conductor through wiii' h a current of electricity is 
flowing tiiida its analogue in .a stream of rminiiig water. Here the level i.s jiot the same at 
all iiointa of the river— it is the dith'ronce of level which cause.s the water to flow. The 
water will flow more rapidly in a river in which the gradient is large than in one in 
which it is small. The electrical analogy to this is expressed by Ohm’s Law. 

Ohm’s L.\w. The difference of potential between any two points of a wire 
or other linear conductor in tvhich a current is flowing, stands to the cutrent 
flowing through the conductor in a constant ratio, which is called the resistance 
between the ttuo points. 

It is here assumed that there is no junction with other conductors 
between these two points, so that the current through tlie conductor is 
a definite quantity. 

341. Thus if G is the current flowing between two points P, Q at which 
the potentials are V,,, I^.we have 

V^-V^^CU (264), 

where R is the resistance between the points P and Q. Very delicate 
experiments have failed to detect any variation in the ratio 

(fall of potential)/(current), 

as the current is varied, and this justifies us in speaking of the resistance as 
a definite quantity associated with the conductor. The resistance depends 
naturally on the positions of the two points by which the current enters and 
leaves the conductor, but when once these two points are fixed the resistance 
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is independent of the amount of current. In general, however, the resistance 
of a conductor varies with the temperature, and for some substances, of which 
selenium is a notable example, it varies with the amount of light falling on 
the conductor. 


The Voltaic Cell. 

342. The simplest arrangement by which a steady flow of electricity can 
be produced is that known as a Voltaic Cell. This is represented diagram- 
matically in Fig. 95. A voltaic cell consists essentially of two conductors 


nh 



Fig. 9-5. 


A, B of different materials, placed in a liquid which acts chemically on at 
least one of them. On establishing electrical contact between the two ends 
of the conductors which are out of the liquid, it is found that a continuous 
current flows round the circuit which is formed by the two conductors and 
the liquid, the energy which is required to maintain the cuiTent being 
derived from chemical action in the cell. 

To explain the action of the cell, it will be necessary to touch on a subject 
of which a full account would be out of place in the present book. As an 
experimental fact it is found that two conductors of dissimilar material, when 
placed in contact, have different potentials when there is no flow of electricity 
from one to the other*, although of course the potential over the whole of 
either conductor must be constant. In the light of this experimental fact, 
let us consider the conditions prevailing in the voltaic cell before the two 
ends a, b of the conductors are joined. 

So long as the two conductors A, B and the liquid C do not form a closed 
circuit, there can be no flow of electricity. Thus there is electric equilibrium, 

* For a long time there has been a divergence of opinion as to whether this difference ot 
potential is not due to the chemical change at the surfaces of the conduotois, and therefore 
dependent on the presence of a layer of air or other third substance between the conductors. It 
seems now to be almost certain that this is the case, but the question is not one of vital 
importance as regards the viathemuical theory of electric currents. 
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and the three conductors have definite potentials Y„, Vc- The difference 
of potential between the two “terminals” a, 6 is — T^, but the peculiarity 
of the voltaic cell is that this difference of potential is not equal to the 
difference of potential between the two conductors when they are placed 
in contact and are in electrical (-quilibrium without the presence of the 
liquid C. Thus on electrically joining the points a, 6 in the voltaic cell 
electrical equilibrium is an impossibility, and a current is established in the 
circuit which will continue until the ph3’sical conditions become changed or 
the supply of cheiiiical energy is exhausted. 

Electromotive Force. 

343. Let A . B, C he any three conductors arranged so as to form a closed 
circuit. Let be, the contact difference of potential between A and B when 
there is electric equilibrium, rmd let V„(., l{.j have similar meanings. 

If the three s\ib^tivnces can be placed in a closed circuit without any 
current flowing, then we can have equilibrium in which the three conductors 
will have potentials V^, V/,, Vc, such that 

y. - i. : n - x- = Xc k, - f* = 

Thus we must have 

Vbv + Xu — 

a result known as Folia’s Lrnc. 

If, however, the three conductors form a voltaic cell, the e.xpression on 
the left-hand of the above equation docs not vanish, and its value is called 
the electromotive forc-e of the cell. Denoting the electromotive force by E, 
we have 

Vab+ Xc+ ica = ^ (265). 

We accordingly have the following, definition : 

Definition. 'Ttw Electromotive Force of a cell is the algebraic sum of the 
discontinuities of potential encountered in passing in order through the series 
of conductors of which the cell is composed. 

Clearly an elcctroniotive force has direction as well as magnitude. It 
is usual to speak of the two conductors which pass into the liquid as the 
high-potential terminal and the low-potential terminal, or sometimes as the 
positive and negative terminals. Knowing which is the positive or high- 
^lotontial terminal, we shall of course know the direction of the electromotive 
force. 

344, If the conductors C, A of a voltaic, cell ABC are separated, and 
then joined by a fourth conductor D, such that there is no chemical action 
between D and the conductors C or A, it will easily be seen that the sum of 
the discontinuities in the new circuit is the same as in the old. 
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For by hypothesis CDA can form a closed circuit in which no chemical 
action can occur, and therefore in which there can be electric equilibrium. 
Hence we must have 

+ = Q (266). 

Moreover the sum of all the discontinuities in the circuit is 

= Vab+^bc- V tr. by equation (266) 

— YiB + ^BC+ Vl 

= E, by equation (26.5), 

proving the result. A similar proof shews that wo may introduce any series 
of conductors betw’een the two terminals of a cell, and so long as there is no 
chemical action in which these new conductors are involved, the sum of all the 
discontinuities in the circuit will be constant, and equal to the electromotive 
force of the cell. 

Let ABC... MN be any senes of conductors, including a voltaic cell, 
and let the material of N be the same as that of A. If N and A are joined 
we obtain a closed circuit of electromotive force K, such that 

I<B + IbC + ••• + IjI.V + = B. 

Moreover l^,i = 0, since the mateii.-d of A' and A is the same. Thus the 
relation may be rewritten as 

... + I^,v== (2G7) 

In the open series of conductors ABC .. MN, there can he no current, so 
that each conductor must be at a definite uniform potential. If we denote 
the potentials by Yi, Vj, ... Vm. Yf, we have 

F -V = V 

V —V -V 

Hence equation (267) becomes 

We now see that the electromotive force of a cell is the diffidence of 
potential between the ends of the cell when live cell forms an open circuit, 
and the materials of the two ends are the same. 

A series of cells, joined in series so that the high-potential terminal of 
one is in electrical contact with the low-potential terminal of the next, and 
so on, is called a battery of cells, or an "electric battery arranged in series. 

It will be clear from what has just been proved, that the electromotive 
force of such a battery of cells is equal to the sum of the electromotive forces 
of the separate cells of the series. 
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i546. On the electrostatic system, a unit current has been defined to be 
a current such that an electrostatic unit of electricity crosses any selected 
cross-section of a conductor in unit time. For practical purposes, a different 
unit, known as the ampere, is in use. The ampere is equal very approximately 
to 3 X 10® electrostatic units of current (see below, | 587). 

To form some idea of the actual inagnitudo of tLis unit, it may bo stated that the 
amount of current required to ring an electric bell is about half an ani|ifere. Al)Out the 
same amount is required to light a oO c.r. lOO-volt uietallic filament incandescent lamp. 

As an electromotive force is of the satne physical nature as a difference 
of potential, the electrostatic unit of electromotive force is taken to be the 
same as that of potential. The practical unit is about of the electrostatic 
unit, and is known as the voLt (see below, § .587). 

It may be menticnicd that the electromotive force of a .single voltaic cell is generally 
intermediate botueen one and two volts; the electromotive force which produces a 
perceptible shock in the human Ixidy is al>out 30 \olts, while an electromotive force 
of 600 volts or more is dangerous to life, both of these latter quantities, however, vary 
enormously with the condition of tho body, and particularly with tho state of dryness 
or moi.sturo of the skin. The electromotive force used to work an electric bell is 
commonly 0 or 8 volts, while an electric light installation will generally have a voltage 
of about KW or 200 volts. 


The unit of resistance, in all systems of units, is taken to be a resistance 
such that unit difference of potoutial between its extremities produces unit 
current through the conductor. We then have, by Ohm’s Law, 


current — 


difference of potential at extremities 
resistance 


(268). 


In the practical system of unite, the unit of resistance is called the o/tm. 
From what has already been said, it follows that when two points having a 
poteiitial-diffeieuce of one volt are connected by a resistance of one ohm, the 
current flowing through this resistance will be one ampbre. In this case the 
difference of potential is electrostatic unite, and the current is 3 x 10® 
eleclrost||^ units, so that by relation (268). it follows that one ohm must be 

equal to eliJctrostatic units of rosistence (see below, § 587). 


Some idea of tho nmount of this tinit may be gathei-ed from the statement that 
tlie rosistanoo of a milo of ordinary telegraph wire is about 10 ohms. The resistance 
of a good telegraph insulator may be hilliuua of ohms. 


J. 


20 
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Physical Theories op Conduction. 

Electron-theory of conduction. 

S46 a, Ab has been already explained (§ 28), the modem view of 
electricity regaixls a current of electricity as a material flow of electric 
charges. In all conductors except a small class known as electrolytic 
conductors (see below, § 345 b), these charged bodies are believed to be 
identical with the electrons. 

In a solid some of the electrons are supposed to be permanently bound to 
particular atoms or molecules, whilst others, spoken of as “free” electrons, 
move about in the interstices of the solid, continually having their courses 
changed by collisions with the molecules. Both kinds of electrons will be 
influenced by the presence of an electric field. It is probable that the 
restricted motions of the “bound” electrons account for the phenomenon of 
inductive capacity (§ 151) whilst the unrestricted motion of the free electrons 
explains the phenomenon of electric conductivity. 

Even when no electric forces are applied, the free electrons move about 
through a solid, but they move at random in all directions, so that as many 
electrons move from right to left as from left to right and the resultant 
current is nil If an electric force is applied to the conductor, each electron 
has superposed on to its random motion a motion impressed on it by the 
electric force, and the electrons as a whole are driven through the conductor 
by the continued action of the electric force. If it were not for their collisions 
with the molecules of the conductor, the eleotrons would gain indefinitely in 
momentum under the action of the impressed electric force, but the effect of 
collisions is continually to check this growth of raonienluni. 

Let us suppose that there are iV electrons per unit length of the 
conductor, and that at any moment these have an average forward velocity 
u through the material of the conductor. If m is the inas.s of each electron, 
the total momentum of the moving electrons will be iV;uu. The rate at 
which this total momentum is checked by collisions will be proportional to 
E and to u, and may be taken to be Eyti. The rate at which tl^e momentum 
is increased by the electric forces acting is iVA'e, where Jf electric 

intensity and e is the chaige, measured positively, of each eledKn. Thus 
we have the equation 

^ {Nmu) = NXe — Nyu (a). 

In unit time the number of electrons which pass any fixed point in the 
conductor is so that the total flow of electricity per unit time past any 
point is Neu. This is by definition equal to the current in the conductor, so 
that if we call this i, we have 


Neu = i 


(b). 
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This enables us to reduce equation (a) to the form 

1 _ 

(It ~ m \ .W 


Yc), 


The equation shews that if a steady electric force is applied, such that 
tlie intensity at any })c)iiit is A', the current will not increase indefinitely 
but will remain stationar}' after it has reached a value i given by 



7 


If V is the p>otential at any jwint of a conducting wire, and if s is a 

cV 

coordinate measured along the wire, we have AT = — , so that 


'cV 7 . 


Integrating between any two points 1‘ and Q of the conductor, we have 

This is the electron-thenry interpretation of equation (264), and explains 
how the truth of Ohm’s Law is involved in the modern conception of the 
nature of an electric current. It will be noticed that on this view of the 
matter, Clhrn’s Law is only true for steady currents. 

We notice that the resistance of the conductor, on this theory, is 7 /iVe’ 
per unit length. Thus, generally speaking, bodies in which there are many_ 
free electrons ought to be good conductors, and conversely. 

The c)inr(;c on the electron 4-771xl0“’® electro«t.atic units, we may notice 

that a current of one ampere (3 x lO'J eU>elrostiit ic units of current) is one in which 
f)’3 X 10'* eleetrons p,a8s any given point of the conductor every second. Consider a 
eonduetor in which the nuiiilx'r of electroii.s jxir cubic eentinietre is 10-' (cf. § 615, below). 
Then in a wire of 1 square nun. cross-sectioii there are 10'* electrons per unit length, so 
that the average velocity of these when the wire is conveying a current of 1 ampere is of 
the onler of one cm. per sec. Tiiis average velocity is superfxised on to a random velocity 
which is known to be of the order of magnitude of 10' cms. [x-r .sec., so that the additional 
velocity P^d9|||it'hy even a strong current is only very slight in comparison with the 
normal agitation of the electrons. 


Electrolytic conduction. 

346 b. Besides the type of electric conduction just explained, there is a 
second, and entirely different type, known as Electrolytic conduction, the 
distinguishing characteristic of which is that the passage of a current is 
accompanied by chemical change in the conductor. 

For instance, if a current is passed through a solution of potassium 
chloride in water, it will be found that some of the salt is divided up by the 
passage of the current into its chemical constituents, and that the potassium 

20—2 
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appears solely at. the point at which the current leaves the liquid, while the 
chlorine similarly appears at the point at which the current enters. It thus 
appears that during the passage of an electric current, there is an actual 
transport of matter through the liquid, chlorine moving in one direction and 
potassium in the other. It is moreover found by experiment that the total 
amount, whether of potassium or chlorine, which is liberated by any current 
is exactly proportional to the amount of electricity which has flowed through 
the electrolyte. 

These and other facts suggested to F.araday the explanation, now 
universally accepted, that the carriers of the current are identical with the 
matter which is transported through the electrolyte. For instance, in the 
foregoing illustration, each atom of potiissium carries a positive charge to the 
point where the current leaves the liquid, while each atom of chlorine, 
moving in the direction opposite to that of the current, can-ies a negative 
charge. The process is perhaps explained more clearly by regarding the total 
current as made up of two parts, first a positive current and second a ncgati\e 
current flowing in the reverse direction. Then the atoms of chlorine are the 
carriers of the negative current, and the atoms of potassium are the carriers 
of the positive current. 

Electrolytes may be solid, liquid, or gaseous, but in most cases of 
importance they are liquids, being solutions of salts or acids. The two parts 
into which the molecule of the electrolyte is divided are called the ions 
(t’coi/), that which carries the positive current being called the positive ion, 
and the other being called the negative ion. The point at which the current 
enters the electrolyte is called the anode, the point at which it leaves is 
called the cathode. The two ions are also called the anion or cation 
according as they give up their charges at the anode or cathode respectively. 
Thus we have 

The anion carries — charge against current, and delivers it at the 
anode. 

The cation carries + charge with current, and deltHiEB it at the 
cathode. 

When potassium chloride is the electrolyte, the polassiu iri'Tiilon i is the 
cation, and the chlorine atom is the anion. If experiments are performed 
with different chlorides (say of potassium, sodium, and lithium), it will be 
found that the amount of chlorine liberated by a given cunent is in every 
case the same, while the amounts of potassium, sodium, or lithium, being 
exactly those required to combine with this fixed amount of chlorine, are 
necessarily proportional to their atomic weights. This suggests that each 
atom of chlorine, no matter what the electrolyte may be in which it occurs, 
always carries the same negative charge, say — e, while each atom of potassium. 
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soditim, or lithium carries the same positive charge, say + E. Moreover E 
and e must be equal, or else each undissociated molecule of the electrolyte 
would have to be supposed to carry a charge E — e, whereas its charge is 
known to be nil. 


It is found to be a general rule that every anion which is chemically 
monovalent carries the same charge — e, while every monovalent cation 
carries a charge + e. Moreover divalent ions carry charges ± 2e, tri valent 
ions carry charges + 3e, and so on. 


As regards the actual charges carried, it is found that one ampere of 
current flowing for one .second through a salt of silver liberates 0001118 
grammes of silver. .Silver i.s monovalent and its atomic weight is 107-92 
(referred to O = IG), so that the ainount of any other monovalent element of 
atomic weight in deposited by the same current will be 0 00001036 x m 
gr.immes. It follows that the ])as‘.age of one electrostatic unit of electricity 


will result in the liberation of 


0 00001036 X m 

alTitp 


or 3'45 X 10~'* x m grammes 


of thi' substance. 


0 can calculate from these data how many ions are deposited by one unit 
of current, and hence the amount of charge carried by each ion. It is found 
that, to -within the limits of experimental error, the negative charge carried 
by each monovalent anion is exactly equal to the charge carried by the electron. 
It follows that each monovalent anion has associated with it one electron 
in excc.ss of the number required to give it zero charge, while each monovalent 
cation has a deficiency of one electron; divalent ions have an excess or 
deficiency of two electrons, and so on. 


345c. Ohm's Law appeals, in general, to be strictly true for the resist- 
ance of vloctrolvtes. In the light of the c.xplanation of Ohm’s Law given in 
§ .S45a, this will be seen to suggest that the ions are free to move as soon as 
an electric intensity, no matter how small, begins to act on them. They 
must therefore be already in a state of dissociation ; no part of the electric 
intensity is required to effect the separation of the molecule into ions. 

Other continu this couclusioii, such a.s for iiistaiwe the fiirt that various physical 
projHjrties— §^tric conductivity, colour, optic.al rotatory power, etc. — are additive in the 
sense that the amount po.ssesscd by the -whole electrolyte is the sum of the amounts 
known to be jxissessed by the separate ions. 

Wc may therefore sujipose that as soon as an electric force begins to act, 
all the positive ions begin to move in the direction of the electric force, while 
all the negati\-e ions begin to move in the opposite direction. Let us suppose 
the average velocities of the positive and negative ions to be m, v respectivelt^ 
and let us suppose that there are N of each per unit length of the electrolyte 
measured along the path of the current. Then across any cross-section of the 
electrolyte there ptiss in unit time Eu positive ions each carrying a charge se 
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in the direction in which the current is measured, and Nv negative ions each 
carrying a charge — se in the reverse direction, s being the valency of each 
ion. It follows that the total current is given by 

i = Nse (u + v) {d). 

Each unit of time ifu positive ions cross a cross-section close to the 
anode, having started from positions between this cross-section and the 
anode. Thus each unit of time Jfu molecules are separated in the neigh- 
bourhood of the anode, and similarly Ah' molecules are sejiarated in the 
neighbourhood of the cathode. The concentration of the salt is accordingly 
weakened both at the anode and at the cathode, and the ratio of the amounts 
of these weakenings is that of tt : v. This provides a method of determining 
the ratio of u : v. 

Also equation (d) provides a method of determinuig u + v, for i can be 
readily measured, and A^se is the total charge which must be pas.sed through 
the electrolyte to liberate the ions in unit length, and this can be easily 
determined. 

Knowing u + v and the ratio wri*, it is possible to determine u and v. 
The following table gives results of the experiments of Kohlrausch on three 
chlorides of alkali metals, for different concentrations, the current in each 
case being such as to give a potential fall of 1 volt per centimetre. 


Concentratiou 

PotasBium chloride 

U V 

Sodium chloride 

U V 

! Lithium 
u 

chloride 

V 

0 

660 

690 

450 

69<) 

360 

690 

■0001 

654 

681 

448 

681 

356 

681 

•001 

64.3 

670 

440 

670 

343 

670 

•01 

619 

644 

415 

64 4 

318 

644 

•03 

597 

621 

390 

623 

298 

619 

•1 

664 

589 

360 

592 

259 

594 


\The unit in every case is a velocity of 10'" cms. per second.\ 


We notice that when the solution is weak, the velocity of UP'chlorine 
ion is the same, no matter which electrolyte it has originated in. This 
gives, perhaps, the best evidence possible that the conductivity of the 
electrolyte is the sum of the conductivities of the chlorine and of the metal 
separately. 

By arranging for the ions to produce discoloration of the electrolyte as 
they move through it. Lodge, Whetham and others have been able to observe 
the velocity of motion of the ions directly, and in all cases the observed 
velocities have agreed, within the limits of experimental error, with the 
theoretically determined values. 
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Conduction through gases. 

345 d. In a gas in its normal state, an electric current cannot be carried 
in either of the ways which are possible in a solid or a liquid, and it is 
consequently found that a gas under ordinary conditions conducts electricity 
only in a very feeble degree. If however Rbiitgen rays are passed through 
the gas, or ultra-violet light of very short wave-length, or a .stream of the 
rays from radium or one of the radio-active metals, then it i.s found that the 
gas acquires considerable conducting powers, for a time at least. For this 
kind of conduction it i.s found that Ohm’s Law is not obeyed, the relation 
between the current and the poteuti.il-gradient being an extremely complex 
one. 

The cornpbc.ited phenomena of conduction through ga.se.s can all lie 
explained on the hypothesi.s that the gas is conducting only when “ ionised,” 
and the function of the Rbntgen rat's, ultra-violet light, etc. is supposed to 
be that of dividing up some of the molecules into their component ions. 
The subject of conduction through gases is too extensive to be treated here. 
In what follows it is assumed that the conductors under di.scussion are not 
gases, so that Uhm’s Law will bt' assumed to be obeyed throughout, 

Eikchhoff’s L.kws. 

346. Problems occur in which the dow of electricity is not through 
a .single continuous series of conductors; there may be junctions of three or 
more conductors at which the current of electricity is free to distribute itself 
between ditferent paths, and it may be important to determine how the 
electricity will pass through a network of conductors coataining junctions. 

The lirst [u-inciple to be used is that, since the currents are supposed 
steady, there can be no accumulation of electricity at auy point, so that the 
sum of all the currents which enter any junction must be equal to the sum 
of all the curnmts which leave it. Or, if we introduce the convention that 
currents flowing into a junction are to be counted as positive, while those 
leaving|U|, are to be reckoned negative, then we may state the principle in 
the form ; 

The algebraic sum of the current.^ at any junction uiust be zero. 

From this law it follows tliat any network of currents, no matter how 
complicated, can be regarded as made up of a number of closed currents, each 
of uniform strength throughout its length. In some conductors, two or more 
of these currents may of course be superposed. 

Let the various junctions be denoted by A, B, C, ..., and let their 
potentials be F;, K, Let be the resistance of any single con- 

ductor connecting two junctions A and B, and let be the current flowing 
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tlirongh it from ^ to B. Let us select any jiath through the network of 
conductors, such as to start from a junction and bring us back to tlie starting 
point, say Then on applying Ohm’s Law to the separate con- 

ductors of which this path is formed, we obtain (§ 341) 


V^-V,= C„cB, 


By addition we obtain 'ZCIi ^ 0 .,...(26D), 

where the summation is taken over all the conductois which form the closed 
circuit. 

In this investigation it has been assumed that there are no discontinuities 
of potential, and therefore no batteries, in the selected circuit. If dis- 
continuities occur, a slight modification will have to be made. We .shall 
treat points at which discontinuities occur as junctions, and if A is a junction 
of this kind, the potentials at A on the two sido.s of the surface of separation 
between the two conductors will be denoted by and V/. Then, by Ohm’s 
Law, we obtain for the falls of jmtential in the different conductors of the 
circuit, 

Vjj ~ J'c~ etc., 

and by addition of these equations 

S(F/-F,) = :S07?. 

The left-hand member is simply the sum of all the discontinuities of 
potential met in passing round the circ\nt, each being measured with its 
proper sign. It is therefore equal to the sum of tlm eicctrotuotive forces of 
all the batteries in the circuit, these also bi-iug meastued with their proper 
signs. 

Thus we may write 2(77? = 2/7 ji(270), 

where the summation in each term is taken round any closed circuit of 
conductors, and this equation, together avith 

2i(7=0 (271), 

in which the summation now refers to all the ciincnts entering or leaving a 
single junction, suflSces to determine the current in each conductor of the 
network. 

Equation (271) expresses what is known as Kirchhoff’s First Law, while 
equation (270) expresses the Second Law. 
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Condvctors in Series. 

347 . Whf'Ti all tho conductors forin a single clo.scd circuit, the current 
through each conductor i.s the same, say C, so that equation (270) becomes 

C'iR = 1E. 

The sum S/J is spoki^ii of a.s the “resistance of the circuit,’’ so that the 
curreut in the circuit is equal to the total electromotive force divided by the 
total resistance. Conductors arranged in such a way that the whole current 
passes through each of th.-m in succession are said to be arranged “ in 
series." 


Conductors in Parallel. 

348 . It is possible to connect any two points .4, jB by a number of 
conductors in such a way that the current dividc.s itself between all these 
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conductors on its journey from A to B, no part of it passing through more 
than one conduct<ir. Conductors placed in thi« way are said to be arranged 
“in parallel." 


Let us siippo.s(' that the two point.s .4, B are connected by a number of 
conductors arranged in par<illol. Let K,, Hi, ... be the resistances of the 
conductor.^, and C,, Cj, ... the curreut.s flowing through them. Then if 
are the potentials at and B, we have, by Ohm’s Law, 


The total current which entere at vl is Cj + G, + say 0. Thus we 
have 

R, R, 


1 _ 1 

R, R'^- 


The arrangement of conductors in parallel is therefore seen to offer the 
same resistance to the curreut as a single conductor ot resistance 


1 


1 I 


The reciprocal of the resistance of a conductor is called the “ conductivity ’’ 
of the conductor. The conductivity of the system of conductors arranged 

in parallel is -i 4- & therefore equal to the sum of the 

li\ li-i 
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conductivities of the separate conductoi’s. Also we have seen that the 
current divides itself between the different conductors in the ratio of their 
conductivities 


Measurements. 

The Measurement of Current. 

349. The instrument used for measuring the current passing in a circuit 
at any given instant is called a galvanometer. The theory of this instrument 
will be given in a later chapter (Chap. Xill). 

For measuring the total quantity of electricity passing within a given 
time an instrument called a voltameter is sometimes used. The current, 
in passing through the voltameter, encounters a number of discontinuities 
of potential in crossing which electrical energy becomes transformed into 
chemical energy. Thus a voltameter is practically a voltaic cell run back- 
wards. On measuring the amount of chemical energy which has been stored 
in the voltameter, we obtain a measure of the total quantity of electricity 
which has passed through the instrument. 

The Measurement of Resistance. 

350. The Resistance Box. A resistance box is a piece of apparatus 
which consists essentially of a collection of coils of wire of known resistances, 
arranged so that any combination of these coils can be arranged in series. 
The most usual arrangement is one in which the two extremities of each 
coil are brought to the upper surface of the bo.x, and are there connected 
to a thick band of copper which runs over the sui’face of the box. This 
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band of copper is continuous, except between the two terminals of each coil, 
and in these places the copper is cut away in such a way that a copper plug 
can be made to fit e.tactly into the gap, and so put the two sides of the gap 
in electrical contact through the plug. The arrangement is shown diagram- 
matically in fig. 97. When the plug is inserted in any gap DE, the plug 
and the coil beneath the gap DE form two conductors in parallel connecting 
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the points "D and E. Denoting the resistances of the coil and plug by R^, R^, 
the resistance between D and E will be 

1 

Jl J_’ 

R.'^ Rp 

and since Rp is very small, this may be neglected. When the plug is 
removed, the resistance from D to B may be taken to be the resistance of 
the coil. Thus the resistance of the whole box will be the sum of the 
resistances of all the coils of which the plugs have been removed. 

361. The Wheatutone Bridge. This is an arrangement by which it is 
possible to compare the resistances of conductors, and so determine an 
unknown resistance in terms of known resistance.?. 

The “ bridge ” is represented diagrammatically in fig. 98. Tue current 
enters it at A and leaves it at D, these points being connected by the lines 


Q 



Fi(.. O' 


ABD, ACD arranged in parallel. The line AD is composed of two con- 
ductors AB, BD of resistances R,, R^, and the line ACD is similarly composed 
of two conductors AC, CD of resistances R^ 

If current is allowed to How through this arrangement of conductors, it 
will not in genei'al happen that the points B and C will be at the same 
potential, so that if B and C are connected by a new conductor, there will 
usually be a current flowing through BC. The method of using the 
Wheatstone bridge consists in varying the resistances of one or more of the 
conductors if,, ifj, i?j. until no current fioAvs through the conductor BC. 

When the bridge is adjusted in this way, the points B, C must be at the 
same potential, say v. Let V^, Vp denote the potentials at A and D, and 
let the current through ABD be C. Then, by Ohm's Law, 

Yi-v^CR,, v-Vp^CR^, 

so that R,~v-Vi,- 

From a similar consideration of the flow in ACD, we obtain 

-R, _ fa - « 

B^v-Vo’ 

R,^R, 

R, R. 


BO that we must have 


(272), 
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as the condition to be satisfied between the resistances when there is no 
current in BC. 

Clearly by adjusting the bridge in this way we can determine an unknown 
resistance Rj in terms of known resistances R^, R 3 . Rt- In the simplest 
form of Wheatstone’s bridge, the line ACD is a single uniform wire, and the 
position of the point C can be varied by moving a “sliding contact” along 
the wire. The ratio of the resistances R ^ : Rt is in this case simply the ratio 
of the two lengths AG, CD of the wire, so that the ratio Rx : R^ can be found 
by sliding the contact G along the wire AGD until there is observed to be 
no current in BG, and then reading the lengths AC and CD. 


Examples of Currf,nts m a Network. 

I. Wheatstone’s Bridge not in adjustment. 

362. The condition that there shall be no current in the " bridge ” BC 
in fig. 98 has been seen to be that given by equation (27 2). 



Suppose that this condition is not satisfied, and let us examine the flow 
of currents which then takes place in the network of conductors. Let the 
conductors AB, BD, AG, CD as before be of resistances R„ R^, R,, Rt, and 
let the currents flowing through them be denoted by x^, Xi, Xt. Let the 
bridge BC be of resistance R/,, and let the current Howing through it from 
B to C he xi,. 

From Kirchhoff ’s Laws, we obtain the following equations : 


(Law I, point £) x,—xi — x^ = 0 (273), 

(Iiaw I, point C) x, — xt + xi, = 0 (274), 

(Law II, circuit ABC) x,R, + xtRi, — x^R^ = 0 (27 5), 

(Law II, circuit HCD) xi,Ri, + XtR, — x„Ri = 0 (276). 


These four equations enable us to determine the ratios of the five currents 
X,, x„ x„, Xt, Xb. We may begin by eliminating a:, and Xt from equations 
(273), (274) and (276), and obtain 

Xb (^Rb R 3 “h Rt) d" X^Rt — XiR^ = 0, 

and from this and equation (275), 

Xb Xx 

RJtt — RiRt Rx {Rb + R3 + R4) + RbR» Rt (.Rb + Ri + Rt) + RbRt 

(277). 
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The ratios of the other currents can be 'written down from symmetry. 

If the total current entering at A is denoted by Z, we have Z = a:, + 
Thus if each of the fractions of equations (277) is denoted by Q, 

Z = d K/i, + R,) (R, + R,) + R,{R, + R, + R, + R^)] (278), 

and this gives 9, and hence the actual values of the curreiits, in terms of the 
total current entering at A. 

The fall of potential from to D is given by 

Vi ~ Yd — Ri^i + 

and from equations (277) this is found to reduce to 

V-rjj = \9, 

where 

X = RJi, (R, + R,) + R Ji, (R, + R,) + R, i R^R, + RR^ + R^R^ + RR^^ 

so that X is the sum of tho products of the five resistances taken three at 
a time, omitting the two products of the three resistances which meet at the 
points B and C. ♦ 

There is now a current Z flowing through the network, and having a 
fall of potential V^ — Vj). Hence the equivalent resistance of the network 
V^-V^ 

'X 

\9 

X 

X 

(Rj -y Rj) (Rj + Ri) + R(, (Rj + Rj + Rj + Ri ) ' 

by equation (278). 

ylL Telegraph wire with faults. 

353. As a more complex example of the flow of electricity in a system 
of linear conductors, we may examine the case ot a telegraph wire, in which 
there are a number of connexions through which the current can leak to 
earth. Such leaks are technically known as “ faults. 
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Let AB be the wire, and let F„ ... K-i. F, be the points on it at 
which faults occur, the resistances through these faults being Ri, Rj, ... 
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Rn-i, Rn, and the resistances of the sections AR, RR , ... R-iRi and RB 
being Tj, r», ... r„, r„+i. Let the end B be supposed put to earth, and let the 
current be supposed to be generated by a battery of which one terminal is 
connected to A while the other end is to earth. 

The equivalent resistance of the whole network of conductors from A to 
earth can be found in a ver}' simple way. Current arriving at R, from the 
section passes to earth through two conductors arranged in parallel, 

of which the resistances are i?„ and ?•„+,. Hence the resistance from to 
earth is 

1 

1 1 ’ 

B ^ r 

' n+l 

and the resistance from F„_, to earth, through F„, is 

1 


»•„ + 


1 1 


.(279). 


Current reaching F^-i can, however, pass to earth by two paths, either 
through the fault at F,-,, or past F„. These paths may be regaixled as 
arranged in parallel, their resistances being and expression (279) 

respectively. Thus the equivalent resistance from is 

1 


Jin 


+ 


rn + 


1 


or, written as a continued fraction, 

1 1 


J_ J_ 
Jin 


1 


‘ + r„-h Bn ’ + Vn~ri ' 

We can continue in this way, until finally we find aa the whole resistance 
from A to earth, 




1 


1 


1 


Rl Rl ^ + + I'n + R-n ‘ + 5 


If the currents or potentials are required, it will be found best to attack 
the problem in a different manner. 

Let V^, V,, ... be the potentials.at the points A. R, R , ..., then, by 

Ohm’s Law, 

the current from Fi^i to R= — — 

r, 

V e _ ^ “ ^+1 

« rt w -O ^ , 

’"i+l 

y 

» >, „ Ft through the fault = . 
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Hence, by Kirchhoff'a first law, 

r, r,+, R, 

or K+i - V, ( R,-' + r.-' + r,+r') + r,-' = 0, 

and from this and the system of similar equations, the potentials may be 
found. 

If all the Rs are the same, and also all the r’s are the same, the equation 
reduces to a difference equation with constant coefficients. These conditions 
might ari.se approsirnately if the line were supported by a series of similar 
imperfect insulators at equal distances apart. The difference equation is in 
this case seen to be 

and if we put ^ 

the solution is known to be 

V, = A cosh sa + jB sinh sa (280), 

in which A and B 'are constants which, mu-st be determined from the 
conditions at the ends of the line. For instance to express that the end B 
is to earth, we have T^j+i = 0, and therefore 

A — ~B tanh (n + 1) a. 


III. Submarine cable imperfectly insulated. 

354. If we pass to the limiting case of an infinite number of faults, we 
have the analysis appropriate to a line from which there is leakage at every 
point. The conditions now contemplated may be supposed to be realised in 
a submarine cable in which, owing to the imperfection of the insulatmg 
sheath, the current leaks through to the sea at every point. 

The problem in this form can also be attacked by the methods of the 
infinitesimal calculus. Let F be the potential at a distance a along the 
cable, V now being regarded as a continuous function of x. Let the 
resistance of the cable be supposed to be J? per unit length, then the re- 
sistance from X to X + dx will be Rdx. The resistance of the insulation from 

g 

a; to * dx, being inversely proportional to dx, way be supposed to be ^ . 

Let C be the current in the cable at the point x, so that the leak from 
the cable between the points x and x + dx is-^dx. This leak is a current 
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S 


which flows through a resistance ^ with a hill of potential V. Hence by 
Ohm’s Law, 

■ KS. 


7 = -~rf.T| 
ax 


or 


dC 

dx 


V 
S ■ 


.(281). 


rfF 


.(282). 


Also, the fall of potential along the cable from O’ to a; + (ia; is j— dx, the 

(JLiC 

current is G, and the resistance is Rdx. Hence by Ohm’s Liiw, 

dV 

= 

Eliminating G from equations (2S1 ) and (282). we find as the differential 
equation satisfied by V, 

d n _ r 

dx \2t dx ) S’ 

If R and S have the same values .at all points of the cable, the solution 
of this equation is 

F s= A cosh A H sinh 

which is easily seen to be the limiting form assumed by equation (280). 


Generation of Heat in (.'onductoks. 

The Joule Effect. 

356. Let P, Q be any two points in a linear conductor, let F>, Fj be 
the potentials at these points, R the re.sistance between them, and x the 
current flowing from P to Q. Then, by Ohm’.s Liw, 

Vp-Vq=^Rx (28.3). 

In moving a single unit of electricity from Q to P an amount of work i.s 
done against the electric field equal to ~ Fq Hence when a unit of 
electricity passes from F to Q, there is work done on it by the electric field 
of amount Vp-Vq, The energy represented by the work shews itself in 
a heating of the conductor. 

The electron theory gives a simple explanation of the meeiianism of this transforma- 
tion of energy. The electric forces do work on the electron.^ in driving them through tho 
field. The total kinetic energy of the electrons cun, a.s we liave soon (§ 345 a), be regarded 
as made up of two ))arts, the energy of random motion and tlic energy of forwaixl motion. 
The work done by the electric field goes directly towards iucrea.sing this second port ol 
the kinetic energy of tho electrons. But after a number of collisions the direction of tho 
velocity of forward motion is completely changed, and tho energy of thi.i motion has 
become indistinguishable from tho energy of the random motion of the electrons. Thus 
the collisions are continually transforming forward motiou inio random motion, or what 
is the same thing, into heat. 
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We are supposing that x units of electricity pass per unit time from 
P toQ. Hence the work done by the electric field per unit time within the 
region PQiaxiVp- Vq), and this again, by equation (283), is equal to Rx\ 

Thus in unit time, the heat generated in the section PQ of the con- 
ductor represents lix* units of mechanical energy. Each unit of energy is 

equal to j units of heat, where J is the “ mechanical equivalent of heat.” 


Thus the number of heat-units developed in unit time in the conductor FQ 
will be 


Rr^ 

J 


(284). 


It is important to notice that in this formula x and li are measured in 
electrostatic unit.s. If the values of the resistance and current are giv'en in 
practical units, we must transtorm to electrostatic units before using formula 
(284). 

Let the resist.'iiice of a conductor l>e A" ohms, and let the current flowing through it 
be X ampfei'etv Then, iu electrostatic units, the values of the resi.stauce R and the current 
X are given by 

andx=3>:10'V 

Ox 10" 


Thus the numlicr of heat-units prsluced per unit time is 

R^- 

J 9x10"../' 




and on substituting for J its value 4 2 ^ 10' iu c.o.a.-ceutigrade units, this becomes 

0-24 A'P. 


Generation of Heat a vu'ninuim. 

356. In general the solution of any physical problem is arrived at by the 
solution of a system of equations, the number of these equations being equal 
to the number of unknown quantities in the problem. The condition that 
any function in whicli these unknown quantities enter as variables shall be a 
maximum or a minimum, is also arrived at by the solution of an equal 
number of equations. If it is possible to discover a function of the unknown 
quantities such that the two systems of equations become identical, — i.e. it 
tlie equations which express that the function is a maximum or a minimum 
are the same as those which contain the solution of the physical problem — 
then we may say that the solution of the problem is contained in the single 
statement that the function in question is a maximum or a minimum. 

Examples of functions which serve this purpose are not hard to find. In 
§ 189, we proved that when an electrostatic system is in equilibrium, its 
potential energy is a miiiimiun. Thus the solution of any electrostatic 
problem is contained in the single statement that the function which 
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expresses the potential energy is a minimum. Again, the solution of any 
dynamical problem is contained in the statement that the “ action is a 
minimum, while in thermodynamics the equilibrium state of any system 
can be expressed "by the condition that the “ entropy ’ shall be a maximum. 
It will now be shewn that the function which expresses the total rate of 
generation of heat plays a similar role in the theory of steady electric 
currents. 

367 . Theorem. When a steady current flows through a network of 
conductors in which no discontinuities of potential occur (and which, therefore, 
contains no batteries), the curre?its are distributed in such a way that the rate of 
generation of heat in the network is a minimum, subject only to the conditions 
imposed by Kirchhoff's first law ; and conversely. 

To prove this, let us select any closed circuit PQR ... P in the network, 
and let the currents and resistances in the sections PQ. QR, ... be a,, a-,, ... 
and i?i, J? 2 . Let the currents and resistances in those sections of the net- 

work Avhich are not included in this closed circuit be denoted by a.,,, .tj,, ... 
and i?a, Rs, Then the total rate of production of heat i.s 

ZR^ay + lR,^,^ (285). 

A different arrangement of currents, and one moreover which does ru)l 
violate Kirchhoff’s first law, can be obtained in imagination by sui)posing all 
the currents in the circuit PQR ... P increased by the same amount e. The 
total rate of production of heat is now 

lRa.r„^ + S/f, (a'. + e)\ 

and this exceeds the actual rate of production of heat, as given by expression 
(285), by 

lRf2a;,€ + €-) (286). 

Now if the original distribution of currents is that which actually occurs 
in nature, then 

= 0 , 

by Kirchhoff’s second law. Thus the rate of production of heat, under the 
new imaginary distribution of currents, exceeds that in the actual distribu- 
tion by an essentially positive quantity. 

The most general alteration which can be suj)posed made to the original 
system of currents, consistently with Kirchhoff ’s first law u raaining satisfied, 
will consist in superposing upon this system a number of currents flowing 
in closed circuits in the network. One such current is typified by the 
current «, already discussed. If w'e have any number of such currents, the 
resulting increase in the rate of heat-production 

= 1R, (a:, q- e + *' + e" 
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■where e, e, e , are the additional currents flowing through the resistance 
Ri- As before this expression 

= (e + e' + e" + ...) + (e + e' + e" +...)» 

= 2i?.(e + €' + e" 

by Kirchhoff’s second law. This is an essentially positive quantity, so that 
any alteration in the distribution of the currents increases the rate of heat- 
production. In other words, the original distribution was that in which the 
rate was a minimum. 

To prove the converse it is sufficient to notice that if the rate of heat- 
production is given to be a tninimum, then expression (2SC) must vanish as 
far as the first power of e, so that \vc have 

'S.It.x^ = 0 . 

and of course similar equations for all other po.ssible closed circuits. These, 
however, are known to be the equations which determine the actual dis- 
tribution. 

368. luEoREM. Tf /(£« a s>/^tem of steady currents flows through a net- 
work of conductors of resistances It^, R., containing inittenes of electromotive 

forces A.. the currents Wj, a\, ... are distnhuted in such a way that the 

function, 

’^llr-TS.Ex (287) 

IS a mini mum, subject to the conditions imposed by Kirchhoff's first law; and 
coHvcrsely. 

As before, we can imagine the most general variation possible to consist 
(>t the supeqiositioii of small currents e, e", flowing in closed circuits. 
The increase in the function (,287) produced by this variation is 

SJf [(.T' -t e -t- e' + . . •)’ - ar] - 2ii£' [)x 6 -f e' -t- . . .) - x] 

= '2e. {1R.V - IE) + id 

-i-lR {e + f T...r (288). 

If the system of currents x, x, ... is the natural system, then the first line 
of this expression vanishes by Kirchhoff’s second law (cf. equations (270)), 
and the increase in heat-production is the essentially positive quantity 

-shewing that the original value of function (287) must have been a minimum. 

Conversely, if the oi-iginal value of function (287) ■vv'as given to be a 

minimum, then expression (288) must vanish as far as first powers of e, e 

so that we must have 

= £, etc., 

shewing that the currents x. x, ... must be the natural system of currents. 

21—2 
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\ 

3S8. Theobem. If two points A, B are connected hy a network of con- 
ductors, a decrease in the resistance of any one of these conductors will decrease 
(or, in special cases, leave unaltered) the equivalent resistance from A to B. 

Let X be the current flowing from A to B, R the equivalent resistance of 
the network, and V^—Vb the fail of potential. The generation of heat per 
unit time represents the energy set free by x units moving through a 
potential-difference V^ — Vb- Thus the rate of generation of heat is 

^(Z-Vb), 

or, since = Rx, the rate of generation of heat will be Rs^. 

Let the resistance of any single conductor in the network be supposed 
decreased from Ri to Rf and let be the current originally flowing through 
the network. If we imagine the currents to remain unaltered in spite of the 
change in the resistance of this conductor, then there will be a decrease in 
the rate of heat-production equal to (R, — R/)x,\ The currents now flowing 
are not the natural currents, but if we allow the current entering the network 
to distribute itself in the natural way, there is, by § 357, a further decrease 
in the rate of heat-production. Thus a decrease in the resistance of the 
single conductor has resulted in a decrejise in the natural rate of heat- 
production. 

If R, R' are the equivalent resistances before and after the change, the 
two rates of heat-production are Rxi^ and R'a,-. We ha\e preved that 
R'a^ < Rx‘, so that R' < R, proving the theorem. 


General Theory of a Network. 

360. In addition to depending on the resi.stances of the conductors, the 
flow of currents through a network dejieiids on the order in which the con- 
ductors are connected together, but not on the geometrical shapes, positions 
or distances of the conductors. Thus we can obtain the most general case of 
flow through any network by considering a number of iKunts 1, 2, ... n, con- 
nected in pairs by conductors of general resistances which may be denoted by 
Rjj, Ra, .... If, in any special problem, any two points F, Q are not joined 
by a conductor, we must simply suppose Rp^ to be infinite. Discontinuities 
of potential must not be excluded, so we shall suppose that in passing through 
the conductor FQ, we pass over discontinuities of algebraic sum This 

is the same as supposing that there are batteides in the arm FQ of total 
electromotive force Ep^. We shall suppose that the current flowing in FQ 
from P to Q is Xp^,, and shall denote the potentials at the points 1, 2, ... by 
VuV, 

The total fall of potential from P to Q is 1^ — 1^, but of this an amount 
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~ Ep^^ is contributed by discontinuities, so that the aggregate fall from P to 
Q which arises from the Steady potential gradient in conductors will be 


Hence, by Ohm's Law, 


1*^ "b llj ftfj ~~ EpfjXpQ, 

If we introduce a symbol to denote the conductivity 
the current given by 

~ E pij (lj> Ig + Ppyl 



, we have 
..(289). 


Suppose that currents A',, X>, ... enter the system from outside at the 
])oint8 1, 2, then wo must have 

A', = .r„ + a-,, + a;„4- 

.since there i.s to be no accumulation of electricity at the point 1, and so on 
for the points 2, .... Substituting from equations (289) into the right 

hand of this equation, 

E, = K,, ( K - 1:+ E,,) + ;r,,, (K- K + P„) + ... 

= I^(A' = + A^3+ ...) 

— ( A ,,.I^ + A + ...) + K,iEii + KiiEii + (290). 


The symbol Kpp has so far had no meaning srssigned to it. Let us use it 
to denote — (Kp^ + Kp, + Kpi + ...); then equation (290) may be written in 
the more conci.se form 


.y, = — + A ijK + ...) + KiiEii + hjsEji + .. . 


..(291). 


There are n equations of this type, but it is easily seen that they are not 
all independent. For if we add corresponding members we obtain 

AT] + Aj + ... 4 ~ “K (A )i + A,» + ... 4- Am) 4 SS (K pf^Epq 4 EqpEf^p). 

1 

The first terra on the right vanishes on account of the meaning which has been 
assigned to A'j,, etc.; while the second terra vanishes because Epq— — Eqp, 
while Kpq = Kqp. Thus the equation reduces to 

A ) 4 A j 4 ... + A"n =* 0, 

Avhich simply expresses that the total flow into the network is equal to the 
total flow out of it, a condition which must be satisfied by Xi, Xi, ... Xp, at 
the outset Thus we arrive at the conclusion that the equations of system 
(291) are not independent 

This is as it should be, for if the equations were independent we should have 
» equations from which it would be iwssible to determine the values of Kj, Ij, ... in 
terms of A,, A'*, ...; whereas clearly from a knowledge of the currents entering the 
network, we must be able to determine dijferenct* of potential only, and not absolute 
values. 
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To the right-hand side of equation ( 291 ), let us add the expression 
(Kxx + + ••• + ^m) 

of which the value is zero by the definition of The equation becomes 

ii'n (K- K) + /r., (K- K.) + ... + - K) 

= — -^1 + Aj 3 + Ajs A,J + . . . + Kin^ln- 

There are n equations of this type in all. Of these the first (n — 1 ) may 
be regarded as a system of equations determining 

V-V V—V V -F 

That these equations are independent will be seen d postei-iori from the fact 
that they enable us to determine the values of the u — 1 independent 
quantities 

V— V V -V V-V 

Vi — r«, •••} *n~i 


Solving these equations, we have 
V - F 


— X] d-AijAij 

+ 

... 4 " Ain^in» 

A 12, 

A.2, 

..•> A| „_! 

+ 

1 

1 

+ 

• •• 4 * A 

A.,, 

A'22, 

A” 1 

■^2, /j— 1 ‘ 

*” li— 1 n-1, 1 


1 + 

... 4 " „ 


AV,., 

1 .■■> A 


‘A.,, 


A, 3 , A",,, 

..., 

, n—1 





A, 3 , A33, 

.... A, 

Ji— 1 1 

1 


1 

1 

A'„_ 

1,1> 

Ah-*I,2» 

..., AV 

1 



The current flowing in conductor In follows at once from equation ( 289 y 
and the currents in the other conductors can be wi’itten down fi'om 
symmetry. 

If we denote the determinant in the denominator of the foregoing 
equation by A, and the minor of the term K^.q by A^g, we find that the 
value of — Fi can be expressed in the form 

K - 1;; = a.3 + A' „ A’ ,.) ^11 

+ (~ A, + A'„A’j, d- ... -1- K.nE.ru) + (292). 

361 . Suppose first that the w'hole system of currents in the network is 
produced by a current X entering at P and leaving at Q, there being no 
batteries in the network. Then all the As vanish, and all the A’s vanish 
except Xp and Xg, these being given by 

Xp = -Xg-.A; 




327 


860 - 362 ] General Theory of a Network 

Equation (292) now becomes 

— (Ag, — A^,,), 

SO that T:-K=(K-K)-(K-K'.) 

Y 

= ^ - -Ag, - + A,,) (29.3), 

Replacing 1, 2 by 1\ Q and P, Q by 1, 2, we find that if a current X 
enters the network at 1 and leaves it at 2, the fall of potential from 
to Q is 

~ K ^ ( Aip — A;g — A,j> 4- A,g) (294), 

and since A,, = A,,, it is clear that the right-hand members of equations 
(293) and (294) are identical. 

From thi.s we have the theorem ; 

The potential -/all from A to B token unit current traverses the network 
from G to D is the same ns tliC potential-fall from C to D when unit current 
traverses the network from A to B. 


362. Let it now be suppo.sed that the whole flow of current in the 
network is producoil by a battery of electromotive force E i^laced in the 
conductor I‘Q. We now' take all the A”s equal to zero in equation (292) 
and all the P’s equal to zero e.'ccc{)t "hich we put equal to E, and 
Ei^y which we put equal to — E. We then have 


A, 


V—V- K F 

n — rv ^ 

(Ay.j — Ay,). 


A 01 


■ + AVPV^‘ 


hy^E ^ 


Hence 


A Pii P 




Ayl 4" Aou) - 


and, by equation (289), the current Hewing in the arm 12 is 

KyJ\y^^E ^ 


a;,.. = 


(A|>| Ay^ Agl Ay,,.). 


.(295), 


.(29(3). 


Tins e.vpre.ssi()n remains unalttTcd if we replace 1, 2 by P, Q and P, Q by 
1, 2. From this we deduce the theorem ; 

The aiiTeiit which fows from A to B when an electromotive force E is 
introduced into the arm CD of the network, is equal to the current which flows 
from C to D when the same electromotive force is introduced into the 
arm AB. 



828 


SteOjdy Currents in Linear Conductors [CH. ix 


Conjugate Conductors, 

363. The same expression occurs as a factor in the right-hand members 
of each of the equations (293), (294), (295), and (296), namely, 

Ap] + Agj — Agi — Apj (297). 

If this expression vanishes, the two conductors 12 and PQ are said to be 
“ conjugate.” 

By examining the form assumed by equations (293) to (296), when 
expression (297) vanishes, we obtain the following theorems. 

Theore-M I. If the conductors AB and CD are conjugate, a current 
entering at A and leaving at B will produce no current in CD. Similarly, 
a current entering at G and leaving at D will produce no current in AB. 

Theorem II. If the conductors AB and CD are conjugate, a battery 
introduced into the arm A B produces no current in CD. Similarly, a battery 
introduced into the arm CD produces no current in AB. 

As an illustration of two conductors which are conjugate, it may be 
noticed that when the Wheatstone’s Bridge (§ 352) is in adjustment, the 
conductors AD and BC are conjugate. 

Equations expressed in Symmetrical Form. 

364. The determinant A is not in form a symmetric function of the 
rt points 1, 2, ..., n, so that equations and conditions which must necessarily 
involve these n points symmetrically have not yet been expressed in 
symmetrical form. 

We have, for instance, 


^13 — 

K^, 

K», 

••• 

h\.-i 

J1 1 

/T 32, 

Ku, 


t 


l,3l 



, /^n— 1,71— 1 


in which the points which enter unsymmetrically are not only 1 and 3, but 
also n. Similarly, we have 


A.4 = - 

- 

i 

1 . . . 

K^, 


» A 2^ 

> Ajf^n^j 

! IT 

-'Xn— i,]i 

so that, on subtraction. 

Kn-u 

37 1,8» 


A,j- A„ = 

K^, 

Kn, 

i^ai + A^347 A^ao' 



A'sn 

K^, 

A 33 “f" Aju, 

••• i -^8, n 





,6) ••■I 
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From the relation 

Kpi + Kpi + ••. + Kp^n-\ + K.pn = 0 ( 298 ), 


it follows that the sum of all the terms in the first row of the above deter- 
minant is equal to — the sum of all the terms in the second row is equal 
to — K,^„, and so on. Thus the equation may be replaced by 


~ “ (~ 1 ,)’* 

1 

A',„ 

! K,„ 

A'.,, 

A',,. 

Kn. 

Ku 


, -^2,n 

1 

AV., 

1, 

>■> 

S> 

. , -^^n— i,n 

and similarly, 







Aa"~ A24= (- 

- 1)"-' 


K,,, 

A',., 

K,.„ . 

1. 



, Nu 


K., 

.... K,. 1 




i 

A ri-),i , 

ATu-j.j, 


,;■ ■■ 1 

.1.51 ... , "u-J,n ! 



Those two detorniinants differ only in their first row, so that on sub- 
fraction, 

(Ajj — An) — (.Aj — Ajj) 


=® (— I )“ Au-t-ITji, 

K.Z + JK. 

A^ie +• A^ss. 

... A’,_n + A’j,„ 

,A-„ 

Aji, 

K,u 

Kn 

' A,i_i,j, 

A i.j, 


7l>j— i^n 

Juu A%, 

K- , 

j A 3^ n j 



•••> j 


the last transformation being effected by the use of relation ( 298 ). 

The relation which has now been obtained is in a symmetrical shape. If 
D is a symmetrical determinant given by 


III 


A'„. 

A',,„ , 

1 Ki. 


K^. 


* 

, Kn,,, 

^ a, Si 



then the determinant on the right-hand of equation (299) is obtemed from 
D by striking out the lines and columns which contain the terms Ku and 
Thus equation (299) may be written in the form 

A., -b A« - Aa A„ - • 
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Again the determinant A given by 


A'„. 

A,,. 

A',,. 

• ••1 A]^n-l 1 


Aa 1 

35 1 

A 23, 

• ••» A'a^n— 1 

(300) 


i»a» 

A n-i,s» 

• • • > ■^n — 1 , Ti— 1 



may be written in the form 


n.n 


This is not of symmetrical form, for the point n enters iinsymmetrically. 
We can, however, easily shew that the value of A is symmetrical, although its 
form is unsj’mmetrical. 

By application of relation (29S\ we can transform e(piation (3001 into 


= 

A ri,i 

, - A',,, 


- A„,3, ... 

-a;.,._, 


A,,, 

A’^ra, 


A,, .. 

•> A y „_J 

i 

A )i_] 

A'„_ 

l.vt 

A,._,,„ .. 

• J A 

= 

(- 1 

A'„. 

A'., 

A' 

.... A,,._. 



«— 1. 1 y 

A'„_i 

,2t A 

L' 

• • • j f) I, /i~i 



A ,1,1, 

An, 3 

) A,,_;t. 

L’ 

•••» 

= 

A\,, 

A'„, 

• • • » 

A o ,,_i , 

A.,n 

1 


A 

A, 1-1, 3, 

•• • » 

A H_i,„_i, 

A 


A^W,2j 

An, a, 

* • • » 

A /i-.i , 



3D 

dlu, ■ 

Thus A is the differential coefficient of D with respect to either A',, or 
Kn,n, or of course with res])ect to any other "ue of the terms in the leading 
diagonal of D. Thus, if K denote any term in the leading diagonal of D, 
we have 

. 3D 

and this virtually expresses A in a sj-mmetrical form. 

We can now express in symmetrical form the relations which have been 
obtained in ^ 3G0 to 362, as follows : 

L (§ 362.) The conductors 1, 2 and F, Q luill be conjugate if 

3“D 




= 0 . 
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II. (Equation 293.) If the conductors 1, 2 and P, Q are not conjugate, 
a current X entering at P and leaving at Q produces lu 1, 2 o fall of 
potential given by 

3‘D 

y y 

i'K 


III. (Equation 295.) If the conductors 1, 2 and P, Q are not conjugate, 
a hattei'y of electromotive force E placed in the arm PQ produces in 1, 2 a fall 
of potential given by 


d^D 


V-V.^K^oE 




cK 


a 7 )d a cui'rent from 1 to 2 given by 


KnE 


c-D 




^^dK',yck\^ 


cj) 

?K 

All those results and fornitil'e obtain illustration in the results already 
obtained for the Wheatstone’s Bridge in ^ 351 and 352. 


Slowly-varying Cu'RRExxs. 

366. All the analysis of the present chapter has proceeded upon Ac 
assumption that the currents are .atsolutely steady, shewing no variation 
with the time. Changes in the strength of electric currents are in geneial 
accomjKinied by a series of phenomena, which may be spoken of as 
“ induction phenomena;' of which the discussion is beyond the scope of the 
present chapter. If, however, the rate of change of the strength of the 
currents is very small, the importance of the induction phenomena also 
becomes very small, so that if the variation of the currents is .slow, the 
analysis of the present chapter wii! give a close approximation to the truth. 
This method of dealing with slowly-varying currents will be illustrated by- 

two e.xamples. 


I, Discharge of a Condenser through a high Resistance. 

366 Let the two plates A, B of a condenser of capacity 0 be connected 
by a conductor of high resistance R, and let the condenser be discharged by- 
leakage through this conductor. At any instant let the potentials of the tvo 
plates bo V,. Ffi, so that the charges ou these plates will be ± C(T^ 

Let i be the current in the conductor, measured m the direction from A to B. 
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Then, by Ohm’s Law, 

Y^-y^=Ri, 

whence we find that the charges on plates A and B are respectively +GKi 
and — CRi. Since i units leave plate A per unit time, we must have 

a differential equation of which the solution is 


where i, is the current at time t = 0. The condition that the strength of 
the current shall only vary slowly is now seen d posteriori to be that CR 
shall be large. 

At time t the charge on the plate A is GRi or 

t 

cRiy^. 

This may be written as 

where is the charge at time < = 0. Thus both the charge and the current 
are seen to fall off exponentially with the time, both having the same modulus 
of decay CR. 

Later (§ 516) we shall examine the same problem but without the limitii- 
tion that the current only varies slowdy. 


II. Transmission of Sif/nals along a Cable. 

367. It has already been mentioned that a cable acts as an electrostatic 
condenser of considerable capacity. This fact retards the transmission of 
signals, and in a cable of high -capacity, the rate of transmission may be so 
slow that the analysis of the present chapter can be used without serious 
error. 

Let a: be a coordinate which measures distances along the cable, let V, i 
be the potential at a; and the current in the direction of aj-increasing, and let 
K and R be the capacity and resistance of the cable per unit length, these 
latter quantities being supposed independent of j. 

The section of the cable between points A and B at distances a and 
x + dsc is a condenser of capacity Kdx, and is at the same time a conductor 
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that its charge is 

VKdx. The fall of potential in the conductor is ^ 

V V /f 

u — =» — ^ ax, 

80 that by Ohm’s Law, 

= ( 001 ). 

The current enters the section AB at a rate i units per unic time, and 
leaves at a rate of t + d® units per unit time. Hence the charge in this 

Bection decreases at a rate ^ dx per unit time, so that we must have 

= ( 302 ). 

Eliminating i from equations (301) and (302), we obtain 

d‘‘V tV 

^ = (^03). 


368. This equation, being a partial differential equation of the second 
order, must liave two arbitrary functions in its comjdete solution. We shall 
shew, however, that there is a particular solution in which F is a function of 
the single variable «:V<, and this solution will be found to give us all the 
information we require. 

L(*t us introduce the new variable u, given by u = x!\ft, and let us assume 
provisionally that there is a solution V of equation (303) which is a function 
of u only. For this solution we must have 

1 d=F 
00 .'^ i du-’ 


dV 
'dt ' 


du ® Vt’ 


du ' 


so that equation (303) becomes 


^2^ 






dV 

du 


(304.). 


The fact that this equation involves F and u only, shews that there is an 
integral of the original equation for which F is a function of u only. This 
integral is easily obtained, for equation (304) can be put in the form 

whence 

au 

in which C is a constant of intogmtion. 
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I ntegrating this, we find that the solution for V is 

in which the lower limit to the integral is a second constant of integration. 
Introducing a new variable y such that y'‘ = \KRiv‘, and changing the 
constants of integration, we may write the solution in the form 

,y=iix jKitft 

F=y„+C' e'y'dij (305). 

J SD 


369 . We must remember that this is not the general solution of equa- 
tion (303), but is simply one particular solution. Thus the solution cannot 
be adjusted to satisfy any initial and boundary conditions we please, but will 
represent only the solution corresponding to one definite set of initial and 
boundary conditions. We now proceed to examine what these conditions are. 

At time t = 0, the value of xj-Jt is infinite except at the point x = 0. 
Thus except at this point, we have F=X when t = 0. At this point the 
value of xj\''t is indeterminate at the actual in.stant < = 0, but immediately 
after tins instant assumes the value zero, which it retains through all time. 
Thus at x = 0, the potential has the constant value 

C dy, 

J 00 

o /u’_ y\ 

or, say, 7 = K. "'here C = ^ . 


At a; = 00 , the value of V is 7 = 7 through all time. 


Thus equation (305) expresses the solution for a line of infinite length 
which is initially at potential 7=7. and of which the end x= -x. remains at 
this potential all the time, while the end a; = 0 is raised to |)oteutial 7 by 
being suddenly connected to a battery-terminal at the instant t = 0. 


The current at any instant is given by 

j = — from equation (301), 


e it , from equation (305), 


_£'l / 

M'lV 

= •“ 


We see that the current vanishes only when i = 0 and when t = oo . 
Thus even within an infinitesimal time of making contact, there will, 
according to equation (306), be a current at all points along the wire. It 
must, however, be remembered that equation (306) is only an approxima- 
tion, holding solely for slowly-varying currents, so that we must not apply 
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the solution at the instant t = 0 at which the currents, as given by equation 
(306), vary with infinite rapidity. For larger values of t, however, we may 
suppose the current given by equation (306). 

The maximum current at any point is found, on differentiating equation 
(306), to occur at the instant given by 

(307), 

so that the further along the wire we go, the longer it takes for the current 
to attain its maximum value. The maximum value of this current, when it 
occurs, is 

(308). 

and so is proportional to Thus the further we go from the end x = 0 , the 
smaller the rnaxiuniin current will be. 

We notice that A" occurs in expression (307) but not in f308). Thus the 
electrostatic capacity of a cable will not interfere with the strength of signals 
sent along a cable, but will interfere with the rapidity of their transmission. 

Etpuition (307) eNpressi'S what is commonly called the “KR law” — the 
retarding etl't'ct is projiortional to the product of K and R. The theory just 
dcveloiied is commonly sjiokcn of a.s the Electrostatic Themv of projx'tgation 
ol .sigiuil'. ]i tNas first gi\t-n by Lord Kelvin in in a jwper* which is 
notahlc as having established the theoretical feasibility of an Atlantic cable. 

We shall iliscnss in a later chapter the more general problem of the tnms- 
iiiissiofi of signals along a wire of any kind. It will then be possible to 
estimate the degree of error involvetl in the simple assumptions of the 
Electrostatic Theory. 


EXAMPLES. 

1. A length 4a of uniform wire is bent into the bmn of a square, and the opposite 
.'nigulsr poiiit.s are joined with straight jiieces of the same wire, which are in contact 
at tlicir intersection. A given current enters at the intersection of the diagonals and 
leaves at an angular point : find the current strength in the various parts of the network, 
and shew that its whole resistance is equal to that of a length 

a V3 

2V2 + I 

of the wire. 

Z A network is formed of uniform wire in the shape of a rectangle of sides So, So, 
with parallel wires arranged so as to divide the internal sjiace into six squares of sides a, 
the contact at points of intersection being perfect. Shew that if a current enter the 
fnuucwork by one comer and leave it by the opposite, the resistance is equivalent to that 
of u length 121a/69 of the wire. 

• "On the Tliuory of the Electric Telegraph,” Pror. }ioy. Soc. 16 m. 
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& A of giv«j earth-resistance develops in a telegraph line. Prove that the 
current at the receiving end, generated by an assigned battery at the signalling end, is 
least when the fault ia at the middle of the line. 

4. The resistances of three wires fiC, CA, AB, of the same uniform section and 
material, are a, c respectively. Another wire from A of constant resistance d can make 
a sliding contact with BC. If a current enter at A and leave at the point of contact 
with BC, shew that the maximum resistance of the network is 

(a+6-4-c)tf 

a + 6-t-c+4ci’ 

and determine the least resistance. 

5. A certain kind of cell has a resistance of 10 ohms and an electromotive force of 
•85 of a volt. Shew that the greatest current which can be produced in a wire whoso 
resistance is 2S'5 ohms, by a battery of five such cells arranged in a single series, of 
which any element is either one cell or a set of cells in parallel, is exactly '06 of an 
amphre. 

6. Six points A, A', B, B', C, C are connected to one another by copper wire whose 
lengths in yards are as follows: AA'^16, BG=B'C=\, BC' = B'C' = i, AB’>=A'B' = e, 
A{7'=.d'<7'=8. Also B and B’ are joined by wires, each a yard in length, to the terminals 
of a battery whose internal resistance is equal to that of- r yards of the wire, and all the 
wires are of the same thickness. Shew that the current in the wire AA' ia equal to that 
which the battery would maintain in a simple circuit consisting of 3)r-f-104 yards of 
the wire. 

7. Two places A, B are connected by a telegraph line of which the end at A is 
connected to one terminal of a battery, and the end at if to one terminal of a receiver, 
the other terminals of the battery and receiver being connected to earth. At a point C 
of the line a fault is developed, of which the resistance is r. If the resistances of AC, CB 
be p, g respectively, shew that the current in the receiver is diminished in the ratio 

'■(P+?) •• Sr + rp+pg, 

the resistances of the battery, receiver and earth circuit being neglected. 

8. Two cells of electromotive forces e, and resistances V), rj are connected in 
parallel to the ends of a wire of resistance H. Shew that the current in the wire is 

«!»•»+ gjVl 
rifl-prt/f-i-rjrj’ 

and find the rates at which the cells are working. 

9. * A network of conductors is in the form of a tetrahedron PQRS ; there is a battery 
of electromotive force E in PQ, and the resistance of PQ, including the battery, is B. 
If the resistances in QIC, RP are each equal to r, and the resistances in PB, R3 are each 
equal to Jr, and that in QS=^r, find the current in each branch. 

10. A, B, C, £> arc the four junction points of a Wheatstone’s Bridge, and the 
resistanoes c, R, b, y in AB, BD, AC, CD respectively are such that the batterysmids no 
oorrent through the galvanometer in BC. It now a new battery of electromotive force E 
be introduced into the galvanometer circuit, and ao raise the total resistance in that 
<arouit to a, find the current that will flow through the galvanometer. 

11. A cable AB, 50 miles in length, ia known to have one &ult, and it is necessary to 
localise it. If the end A ia attached to a battery, and has its potential maintained 
aa 900 v<dt8, while the other end B is insulated, it is found that the potential of B when 
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steady is 40 volts. Similarly when A is ioaulated the potential to which B most be raised 
to give A a steady potential of 40 volts is 300 volts. Shew that the of the fault 

from A is 1905 miles. 


12. A wire is interpolated in a circuit of given resistance and electromotive force. 
Find the resistance of the interpolated wire in order that the rate of generation of heat 
may be a marirauiu. 

13. The resistances of the opposite sides of a Wheatstone’s Bridge are a, a' and 6, b' 
respectively. Shew that when the two diagonals which contain the battery and galvano- 
meter ore interchanged, 

E E (a-af){b-h'){0-E) 

C 6”“ aa’-bb' ' 

where C and C are the currents through the galvanometer in the two cases, O and R are 
the resistances of the galvanometer and battery conductors, and E the electromotive force 
of the battery. 


14. A current C is introduced into a network of linear conductors at A, and taken 
out at B, the heat generated being If the network be closed by joining A, B by a 
resistance r in which an electromotive force E is inserted, the heat generated is 
Prove that 


B.rih 


= 1 . 


15. A number E of incande,scent larajis, each of resistance r, are fed by a machine of 
resistance R (including the leads). If the light emitted by any lamp is proportional to 
the square of the heat produced, prove that the most economical way of arranging the 
lamps i.s to place them in parallel arc, each arc containing n lamps, where n is the integer 
nearest to V A’Rir. 


16. A battery of electromotive force E and of resistance D is connected with the two 
teriuiual.s of two wires arranged in parallel. The first wire includes a voltameter which 
contains discontinuities of }>otential such that a unit current passing through it for a 
unit time docs p units of work. The resistance of the first wire, including the voltameter, 
is R ; that of the second is r. Shew that if A is greater than p (A + rj/r, the current 
through the battery ia 

A(/f + r)-pr 
Rr + D\R + ry 

17. A system of 30 conductors of equal resistance are connected in the same way aa 

the edges of a dodecahedron. Shew that the resistance of the network between a pair of 
opposite comers is J of the resistance of a single conductor. J 

18. In a network PA, PB, PC. PD, AD, DC, CD, DA, the resistances are a, R, y, S, 
y + 6, 8 + 0 , o + jS, /3 + 7 respectively. Shew that, it AD contains a battery of electromotive 
force £, the current in BC is 

P{a^ + yA).E 

where A=»a + (3 + y + 3i ^ — By + ya-t-a/3-t-ad + l3i + yS. 

U • 19. A wire forms a regular hexagon and the angular points are joined to the eenfre 
by wires each of which has a resistance ^ of the resistance of a side of the hexagon. 
. Shew that the resiatanoe to a current entering at one angular point of the hexagon and 
leaving it by the oppoaite point is , 

2(w+3) 

{»+l)(j»+4> 

times the resistance of a side of the hexagon. 

J. 
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20. Two long equal parallel wires AB, A'B', of length I, have their ends B, jouied 
by a wire of negligible resistance, while A, A' are joined to the polos of a cell whose 
resistance is equal to that of a length r of the wire. A similar cell is placed as a bridge 
across the wires at a distance x from A, A'. Shew that the effect of the second cell is to 
increase the current in BB' in the ratio 

2 (21 +r) (x+r)/{r (4l+r) + 2x (21 - r) - 

21. There are n points 1, 2, ... n, joined in pairs by linear conductors. On introducing 
a current Cat electrode 1 and taking it out at 2, the potentials of these are Fj, Fj, ... V„. 
If arjj is the actual current in the direction 12, and x^' any other that merely satisfies the 
conditions of introduction at 1 and abstraction at 2, shew that 

2 (rija^i2.rij')-»( Fj— F.) C“2 (r]8.rij*), 
and interpret the result physically. 

If X typify the actual current when the current enters at 1 and leaves at 2, and y 
typify the actual current when the current enters at 3 and leaves at 4, shew that 
2 (ri2Xi2yij) = (Aj — X4) C=(I] — I;) C, 

where the X's are potentials corresponding to currents x, and the F's are potentials 
corresponding to currents y. 

22. A, B, C are throe stations on the same telegraph wire. An operator at A knows 
that there is a fault between A and B, and observes that the current at A when he uses a 
given battery is », i' or i", according as iS is insulated and C to earth, B to earth, or B 
and C both insulated. Shew that the distance of the fault from A is 

{ia -a)i(ia - i'6)i}/(i-i’), 

where AB^a, BC-^-b-a, i=T^- 7 ,, 

3 “ t 3 “ b 


23. Six conductors join four points A., B, C, D in pairs, and have resistances 
a, a, b, ff, e, y, where a, a refer to BC, AD respectively, and so on. If this network 
be used as a resistance coil, with A, as electrodes, shew that the resistance cannot 
lie outside the limits 




■1-1-1 


24. Two equal straight pieces of wire A^A'^, *•'* divided into n equal ports 

at the points Ai ... A._i and respectively, the resistance of each part and 

that of A.B, being R. The corresponding points of each wire from 1 to n inclusive 
are joined by cross wires, and a battery is placed in A«Bo. Shew that, if the ourrent 
through each cross wire is the same, the resistance of the cross wire A,B, is 

{(«-<i)> + (n— #) + l}B. ^ 


25. If n points are joined two and two by wires of equal resistance r, and two of 
them are connected to the electrodes of a battery of electromotive force E and resistance 
R, shew that the current in the wire joining the two points is 

SE 

2r + nA' 


2S. Six points A, B, C, D, P, Q an joined by nine cooduotom AB, AP, BO, BQ, PQ, 
(^, PD, DC, AD. An electromotive force is inserted in the conductor AB, and a 
^vanometer in PQ. Denoting the resistance of any oonduotor XT by rjr, ■huw that 
if BO cunent passes through the galvanometer, 

(’’so + >"^0+ ’’cfl) ('"as ’‘a/’ — rao) + '"jw (•‘a# fay ~ 
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27. A network ie made by joining the five points 1, 2, 3, 4, fi by conductors in every 
possible way. Bhew that the condition that conductors 23 and 14 are conjugate is 

(.^16+^24 + Ka +A'«() (A ijAji — 

= Ajj(A44Ai3— ^34^16) + A'j3 (AjjAji - A'^Ajj), 

where Kr, is conductivity of conductor rt. 

28. Two endless wires are each divided into mn equal parts by the successive 
terminals of mn connecting wires, the resistance of each part being R. There is an 
identically similar battery in every with connecting wire, the total resistance of each 
being the same, and the resistance of each of the other win — n connecting wires is A 
Prove that the current through a connecting wire which is the rth from the nearest 
battery is 

■JC(1 — tan a) (tB.n'a-l-t&n’"~’’a)'(ta.n a - tan” a), 
where C is the current through each battery, and sin 2a = A/(A+5). 

29. A long line of telegraph wire ... is supported by )* equidistant 

insulators at A], Aj, ... A«. The end A is connected to one pole of a battery of electro- 
motive force £ and resistance R, and the other pole of this battery is put to earth, as 
also the other end A».,i of the wire. The resistance of each portion AAi, AjAj, ... 
.I „/!„ + ] is the same, R. In wet weather there is a leakage to earth at each insulator, 
whose resistance may lie taken equal to r. Shew that the current strength in ApAp^^ is 

Eco sh(2>t~2p + l)a 

A cosh ;2ii + l)a + VAr sinh (2a-)- 2) a’ 

where 2sinha=V/</r. 

30. A regular polygon AiAs...A„ is formed of n pieces of tinifonn wire, each of 

resistance <r, and the ocutre 0 is joined to each angular point by a straight piece of the 
same wire. Shew that, if the {xiiut 0 is maintained at zero potential, and the point Aj 
at jHiteutial V, the current that flows in the conductor is 

2 r Biuh a stub (n -2r + l) a 
<r cosh na ’ 

where □ is given by the equation 

cosh 2o — 1 -)- sin — . 


31. A resistance network is constructed of 2n rectangular meshes forming a truncated 
cylinder of 2n faces, with two ends each in the form of a regular polygon of 2ii sides. 
Each of these sides is of resistance r, and the other edges of resistance £. It the 
electrodes be two opposite comers, then the resistance is 


inr-hJA 


taub 0 
tanh nd’ 


where 




32L A network is fbrmed by a system of conductors joining every pair of a set of 
n points, the resistances of the conductors being all equal, and there is an eleotrcHDotive 
force in the conductor joining the points A|, Aj. Shew that there is no eunent in any 
conductor except those which pass through Aj or At, and find the oorrent in these 
oouduotors. 


32—8 
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33. member of the series of n poiota Ai, At, ... A„ is united to its smsoeesor 

by a wire of resutanae p, and similarly for the series of n points Bi, Bt, ...B„. Each 
pair of points corresponding in the two series, such as Af and Br, is united by a wire 
of resistance S, A steady current i enters the network at Ai and leaves it at B„. Shew 
that the current at Ai divides itself between AjAj and AiSj in the ratio 

8inha+8inh(»-l)a+ainh(»-2)o : siDha+Binh(n-l)a-Binh(n-2}(i, 


where 


cosh a 


B+p 

It ‘ 


34. An undergroond cable of length a is badly insulated so that it has faults 
throughout its length indefinitely near to one another and uniformly distributed. The 
conductivity of the faults is 1/p' per unit length of cable, and the resistance of the 
cable is p per unit length. One pole of a battery is connected to one end of a cable 
and the other pole is earthed. Prove that the current at the farther end is the same 
as if the cable were free from faults and of total resistance 

V pp’ s:nh 

35. Two parallel conducting wires at unit distance are connected by n + 1 cross pieces 
of the same wire, so as to form n squares. A current enters by an outer corner of the 
first square, and leaves by the diagonally opposite corner of the last. Show that, if 
the resistance is that of a length ^n+o, of the wire, 

“»+i 

36. A, B are the ends of a long telegraph wire with a number of faults, and C is 
an intermediate point on the wire. The resistance to a current sent from A is R when 
C is earth connected, but if C is not earth connected the resistance is iS or T according 
as the end .0 is to earth or insulated. If R', S', T' denote the resistances under similar 
circumstances when a current is sent from B towards A, shew that 

T'{R-S)^R\R-T). 

37. The inner plates of two condensers of capacities C, C arc joined by wires of 
resistances A, to a point P, and their outer plates by wires of negligible resistance 
to a point Q. If the inner plates be also connected through a galvanometer, shew that 
the needle will suffer no sudden deflection on Joining § to the poles of a battery 
if 

38. An inflnite cable of capacity and resistance E and R per unit length is at sere 
potential At the instant <=0 one end is suddenly connected to a battery for an 
infinitesimal interval and then insulated. Shew that, except for very small values of t, 
the potential at any instant at a distance x from this end of the cable will be pro- 
portional to 
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CHAPTER X 

STEADY CURRENTS IN CONTINUOUS MEDIA 
Components of Current. 

370. In the present chapter we shall consider steady currents of elec- 
tricity flowing through continuous two- and three-dimensional conductors 
instead of through systems of linear conductors. 

We can find the direction of flow at any point P in a conductor by 
imagining that we take a small plane of area dS and turn it about at the 
point P until we find the position in which the amount of electricity crossing 
it per unit time is a maximum. The normal to the plane when in this 
jiosition will give the direction of the current at P, and if the total amount 
of electricity crossing this plane per unit time when in this position is CdS, 
then C may be defined to be the strength of the current at P. 

If I, m, n are the direction-cosines of the direction of the current at P, 
then the current C may be treated as the superposition of three currents 
IC, mC, nC parallel to the axes. To prove this we need only notice that the 
flow across an area dS of which the normal makes an angle ff with the direc- 
tion of the current, and has direction-cosines V, m, n, must be CdS cos 6, or 

CdS {W + mm’ -f nn'). 

The first term of this expression may be regarded as the contribution from 
a current IG parallel to the axis Ox, and so on. The quantities IC, mC, nC 
are called the components of the current at the point P. 

Lines and Txibes of Flow. 

371. Definition. A line of flow is a line drawn tn a conductor such 
that at every point its tangent is in the direction of the current at the point. 

Definition. A tube of flow is a tubular region of infinUesimed cross- 
section, bounded by lines of flow. 
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It is clear that at every point on the surface of a tube of flow, the current 
is tangential to the surface. Thus no current crosses the boundary of a tube 
of flow, from which it follows that the aggregate current flowing across all 
cross-sections of a tube of flow will be the same. 

The amount of this current will be called the strength of the tube. 

Thus if C is the current at any point of a tube of flow, and if u is the 
cross-section of the tube at that point, then Oiu is constant throughout the 
length of the tube, and is equal to the strength of the t\ibe. 

There is an obvious analogy between tubes of flow in current electricity and tubes 
of force in statical electricity, the current C corresponding to the polarisation P. 
In current electricity, Ca is constant and equal to the strength of the tube of flow, 
while in statical electricity Pa is constant and eqiial to the strength of the tube of force 

(§ 129). 


Specific Resisiance. 

372. The specific resistance of a subst.ance is defined to be the resistance 
of a cube of unit edge of the substance, the current entering by a perfectly 
conducting electrode which extends over the whole of one face, and leaving 
by a similar electrode on the opposite face. 


Tho specific resistances of some substances of which conductors aud insulators are 
frequently made are given in the following table. The units are the centimetre and 
the ohm. 


Silver ... 
Copper 
Iron (soft) 
„ (hard) 
Mercury 


l-61xl0-« 
1-64 X 10-0. 
9'83x 10-«. 
9-06X 10-«. 
9615 X 10-». 


Dihite sulphuric acid acid at 22° C.) 3’3. 

„ „ „ (i acid at 22° C.) 1-6. 

Glass (at 200° C.) 2 27 x 10^ 

„ (at 400° C.) 7-3.'ixl0V 

Guttapercha, about ... ... ... 3x10“ 


If T is the specific resistance of any substance, the resistance of a wdre 

Ir 

of length I and cross-section a will clearly be — . 


Ohm’s Law. 

373. In a conductor in which a current is flowing, different points 
will, in general, be at different potentials. Thus there will be a system 
of equipotentials and of lines of force inside a conductor similar to those 
in an electrostatic field. It is found, as an experimental fact, that in a 
homogeneous conductor, the lines of flow coincide with the linea^f force — 
or, in other words, the electricity at every point moves in th4»lii>n of 
the forces acting on it. 

In considering the motion of material particles in general it is not usually true that the 
motion of the particles is in the direction of the forces acting upon them. Tbe velocity 
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871 - 374 ] 

of A particle at the end of anj small interval of time is compounded of the velocity at 
the beginning of the interval together with the velocity generated during the interval. 
The latter velocity is in the direction of the forces acting on the particle, but is generally 
insignificant in comparison with the original velocity of the particle. In the particular 
case in which the original velocity of the particle was very small, the direction of motion 
at the end of a small interval will bo that of the force acting on the particle. If the 
particle moves in a resisting medium, it may be that the velocity of the particle is kept 
permanently very small by the resistance of the medium : in this case the direction of 
motion of the particle at every instant, relatively to the medium, may be that of the 
forces acting on it. 

On the modem view of electricity, a current of electricity is comi>osed of electrons 
which are driven through a conductor by the electric forces acting on them, and in 
their motion eiperience frequent collisions with the molecules of the conductor. The 
efibct of these collisions is continually to check the forward velocity of the electrons, so 
that this forward velocity is kept small just as if they wem moving through a resisting 
medium of the ordinary kind, and so jt comes about that the direction of flow of cunent 
is in the direction of the electric intensity (cf. § 345 a). 

374 . Let us select any tube of force of small cross-section inside a 
conductor, and let P, Q be any two points on this tube of force, at which 
the potentials are Vp and the former being the greater. Let these 
points be so near together that throughout the range PQ the cross-section 
of the tube of force may be supposed to have a constant value «», while the 
specific resistance of the material of the conductor may be supposeil to 
have a constant value t. 


From what has been said in § 373, it follows that the tube of force under 
consideration is also a tube of flow. If C denotes the current, then the 
current flowing through this tube of flow in the direction from P to Q 
will be Cm. This current may, within the range PQ, be regarded as flowing 
through a conductor of cross-section a and of specific resistance t. The 

PQ T 

resistance of this conductor from P to Q is accordingly — — , while the fall 

ft) 

of potential is — 1^. Thus by Ohm’s Law 


80 that 


V/ * . 


If — denotes differentiation along the tube of force, the fraction on the 
os 

left of the foregoing equation reduces, wheu P and Q are made to coincide, 
to — , so that the equation assumes the form 


J^.Or 

9 < 


.( 309 ). 
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Let i, »», n be the direction-cosines of the line of flow at P, and let u, », w 
be the components of the current at so that u = IC, etc. 'Lhen 

^ as I ^ =s — IGt = — UT, etc., 
dx os 

and we see that equation (309) is equivalent to the three equations 


.(310). 


iar\ 

u»-- — 

T ox 

“ T Sy 

1 dv 

= — 

T ?2 / 

These equations express Ohm’s Law in a form appropriate to flow through 
a solid conductor. 


Equation of Continuity. 


375. Since we are supposing the currents to be steady, the amount of 
current which flows into any closed region must be exactly equal to the 
amount which flows out. This can be expressed by saying that the integral 
algebraic flow into any closed region must be nil. 


Let any closed surface be taken entirely inside a conductor. Let I, m, ri 
be the direction-cosines of the inw'ard nonnal to any element dS of this 
surface, and let u, v, iu be the components of current at this point. Then 
the normal component of flow across the clement dS is lu + rnv + nw, and the 
condition that the integral algebraic flow across the surface S shall be nii is 
expressed by the equation 


// 


(lu -(- mv -P nw) dS = 0. 


By Green’s Theorem (§ 176), this equation may be transformed into 

and since this integral has to vanish, whatever the region through which it is 
taken, each integrand must vanish separately. Hence at every point inside 
the conductor, we must have 


du dv dw 
dx"^ dy^ dz 


(311). 


This is the so-called “equation of continuity,” expressing that no elec- 
tricity is created or destroyed or allowed to accumulate daring the passage 
of a steady current through a conductor. 
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The same equation can be obtained at once on considering the current- 
flow across the different faces of a small rectangular parallelepiped of edges 
rfr, dy, dz (cf. § 49). 

Equation (310) of course expresses that the vector O of which the 
components are u, v, w, must be solenoidal. The equation of continuity 
can accordingly be expressed in the form 

div C = 0. 


Equation satisfied by the Potential. 

376. On substituting in equation (311) the values for u, v, w given by 
equations (310), we obtain 


3 /I oEv 

+ 1 f'l 

a 


dx \.T dx ) 

Oz/Vt cy) 


\T dz 1 


= 0 


.(312). 


The potential must accordingly be a solution of this differential equation. 
The equation is the same as would be satisfied by the potential in an 
uncharged dielectric in an electrostatic field, provided the inductive capacity 

at every point is proportional to i. If the specific resistance of the con- 
ductor is the same throughout, the differential equation to be satisfied by 
the potential reduces to 

V>F=0. 


377. We may for convenience suppose that the current enters and leaves 
by perfectly conducting electrodes, and that the conductor through which the 
current flows is bounded, except at the electrodes, by perfect insulators. Then, 
over the surface of contact between the conductor and the electrodes, the 
potential will be constant. Over the remaining boundaries of the conductor, 
the condition to be satisfied is that there shall be no flow of current, and this 

i.s expressed mathematically by the condition that shall vanish. 

Thus the problem of determining the current-flow in a conductor amounts 
mathematically to determining a function V such that equation (312) is satis- 

dV 

fled throughout the volume of the conductor, while either ^ = 0, or else V has 

a specified value, at each point on the boundary. By the method used in § 188, 
it is easily shewn that the solution of this problem is unique. 

It is only in a very few simple cases that an exact solution of the problem 
can be obbiined. There are, however, various artifices by which approxima- 
tions can be reached, and various ways of regarding the problem firom which it 
may be possible to form some ideas of the physical processes which determine 
the nature of the flow in a conductor. Some of these will be discussed later 
(|§ 386 — 394). At present we consider general characteristics of the flow of 
currents through conductors. 
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Conditions to be satisfied at the Boondaby op two 
Conducting Media. 

378. The conditions to be satisfied at a boundary at which the current 
flows from one conductor to another are as follows : 

(i) Since there must be no accumulation of electricity at the boundary, 
the normal flow across the boundary must be the same whether calculated in 
the first medium or the second. In other words 

laF 


T 0)1 


must be continuous, 


where — denotes differentiation along the normal to the boundary. 

0)1 

(ii) The tangential force must be continuous, or else the potential would 
not be continuous. Thus 

^ must be continuous, 

C8 

0 

where ^ denotes differentiation along any line in the boundaiy. 

OS 

These boundary conditions are just the same as would be satisfied in an 
electrostatical problem at the boundary between two dielectrics of inductive 

capacities equal to the two values of i. Thus the equipotentials in this 

electrostatic problem coincide with the equipotentials in the actual current 
problem, and the lines of force in the electrostatic problem correspond with 
the lines of flow in the current problem. 

Clearly these results could be deduced at once from the difierential equation (312) on 
passing to the limit and making r become discontinuoiui on crossing a boundary. 


Refraction of Lines of Flow. 


379. Let any line of flow cross the boundary between two different 
conducting media of specific resistances t,, t,, making angles f, with the 
normal at the point at which it meets the boundary in the two media 
respectively. The lines of flow satisfy the same conditions as would be 
satisfied by electrostatic lines of force crossing the boundary between two 


dielectrics of inductive 
tion (71)) 


capacities ^ i , so that we must have (cf. equa- 


— cot <1 * — cot e«. 

Ti T, 


Hence t, tan «, *= t, tan 

expressing the law of refraction of lines of flow. 
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380. Ab an example of refraction of lines of current flow, we may 
consider the case of a steady uniform current in a conductor being dis- 
turbed by the presence of a sphere of different metal inside the conductor. 
The lines shewn in fig. 78 will represent the lines of flow if the specific 
resistance of the sphere is less than that of the main conductor. The lines 
of flow tend to crowd into the sphere, this being the better conductor — in 
the language of popular science, the current tends to take the path of least 
resistance. 


Charge on a Surface of Discontinuity. 

381. If u is the normal component of current Bowing across the 
boundary between two different conductors, we have by Ohm’s Law, 

1 

Tj 5/1 


1 5K 

“ - r, dn ' 


where .5- denotes differentiation along the normal which is drawn in the 
on 

direction in which u is measured (say from (1) to (2)), and T^, are the 
potentials in the two conductors. 

If there is no charge on the boundary between the two conductors we 
must, from equation (70). have the relation 


A'. 


dK bj, 
dn “ ’ 5n ’ 


where A',, K, are the inductive capacities of the two conductors. This 
condition will, however, in general be inconsistent with the condition which, 
as we have just seen, is made necessary by the continuity of u. Thus there 
will in general be a surface charge on the boundary between tw'o conductors 
of different materials. 


The amount of this charge is given at once by equation (72), p. 125. If <r 
denotes the surface density at any point, we have 


47r<r 






(313). 


This surface charge is very small compared with the chargee which occur in statical 
electricity. For instance, if we have current of 100 amperes per sq. cm. passing from one 
metallic conductor to another, we take in formula (313), 

i(=el00 amphresnSx 10" electrostatic units, 


ra 10"* ohms 

A-l, 


io-» 

“0 X 10" 


>1 




the last two being true as regards order of magnitude only. The value of 4trr is of the 
order of magnitude of Kru, or 10'* in electrostatic units. As has been said, tbe value 
of 4irir at the surface of a conductor charged as highly as possible in sir is of the order 
of 100. 
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As an example of the distribution of a surface charge, we may 
notice that the surfiwe-density of the charge on the surface of the sphere 

dV 

considered in § 380 will be proportional to either value of and therefore 

to cos 0, where 0 is the angle between the radius through the point and the 
direction of flow of the undisturbed current. 


Generation of Heat. 

383. Consider any small element of a tube of flow, length ds, cross- 

1 dV 

section oi. The current per unit area is, by equations (310), 

197 

that the current flowing through the tube is — — w. The resistance of 

X vS 

the element of the tube under consideration is — - . Hence, as in S 355, the 
amount of heat generated per unit time in this element is 


197 yrds 1/9 7V 

T 9s “J w tUs J ' 


1 /97\* 

Thus the heat generated per unit time per unit volume is " ( • ^^”^1 

the total generation of heat per unit time will be 

fill {(S)’ + (^)’ + (^Tl 

Thus the heat generated per unit time is Stt times the energy of the 
whole field in the analogous electrostatic problem (§ 169). 


Jiate of generation of heai a minimum. 

384. It can be shewn that for a given current flowing through a con- 
ductor, the rate of heat generation is a minimum when the current distributes 
itself as directed by Ohm’s Law. To do this we have to compare the rate of 
heat generation just obtained with the rate of heat generation when the 
current distributes itself in some other way. 

Let us suppose that the components of current at any point have no 
longer the values 

r dx ' T dy ' r dz 

assigned to them by Ohm’s Law, but that they have diflPei'^Qt values 
197^ 197 197 
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In order that there may be no accumulation at any point under this new 
distribution, the components of current must satisfy the equation of con- 
tinuity, so that we must have 


.( 315 ;. 


du dv S-w_ 
dx dz~ 

By the same reasoning as in § 383, we find for the rate at which heat is 
generated under the new system of currents, 

///^ {(" \ ^ r + (- 1 It + “')} 

which, on expanding, is equal to 


urn 


SxJ \oy ) 


dV 

■ + V i- tu 


+ 1 

dV\ 


dxdydz 

4 T (a* 4 u* 4 w*) dxdydz (316). 


dV 

^ -t- y to 1 1 

ox oy dz ! 


On transforming by Green’s Theorem, the second term 

= 2 jjj^ ^ dxdydz — 2 JJ V {I u + mv + nw) dS. 

The volume integnil vanishes by equation (315), the integmnd of the 
surface integral vanishes over each electrode from the condition that the total 
flow of current across the electrotie is to remain unaltered, and at every point 
of the insulating boundary from the condition that there is to be no flow 
across this boundary. Thus the new rate of generation of heat is represented 
by the first and third terms of o.xpression (310). The first term represents 
the old rate of generation of heat, the ihinl terra is an essentially positive 
quantity. Thus the rate of heat generation is increased by any deviation 
from the natural distribution of currents, proving the result. 


386 . An immediate result of this is that any increase or decrease in the 
s[)ecific resistance of any part of a conductor is accompanied by an increase 
or decrease of the resistance of the conductor as a whole. For on decreasing 
the value of t at any point and keeping the distribution of currents 
unaltered, the rate of heat production will obviously decrease. On allow- 
ing the currents to assume their natural distribution, the rate of heat 
production will further decrease. Thus the rate of heat production with a 
natural distribution of currents is lessened by any decrease of specific 
resistance. But if I is the total current transmitted by the conductor, and 
R the resistance of the conductor, this rate of heat production is RJ\ 
Thus R decreases when t is decreased at any point, and obviously the 
converee must be true (cf. § 359). 
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The Solution of Special Problems. 


Gurrent-flm in an Infinite Conductor. 

386 - A good approximation to the conditions of electric flow can 
occasionally be obtained by neglecting the restrictive influence of the 
boundaries of a conductor, and regarding the problem as one of flow between 
two electrodes in an infinite conductor. For simplicity, we shall consider only 
the case in which the conductor is homogeneous. 


The conditions to be satisfied by the potential V are as follows. We 
must have F = over one electrode, and F= F over the second electrode, 

while %r- must vanish at infinity to a higher order than — and throughout 
dr r- ° 

the conductor we must have V®F = 0 (§ 376). We can easily see (cf. §§ 186, 

187) that these conditions determine F uniquely. 


Consider now an analogous electrostatic problem. Let the conducting 
medium be replaced by air, while the electrodes remain conductors. Let 
the electrodes receive equal and opposite charges of electricity until their 
diSerence of potential is K - K- At this stage let denote the electro- 
static potential at any point in the field. Let be the values of over 

the two electrodes, so that = F ~ K- Then there will be a constant 

C (namely F - ^i), such that ■^ + 0 assumes the values F, F respectively 
over the two electrodea Moreover V‘y/r = 0 throughout the field, so that 
V‘'(T|r 0) = 0 throughout the field, and ^ = 0 at infinity except for terms 
1 d 

in — (cf. § 67), so that ^('1^+0) vanishes at infinity to a higher order 


Hence ■f' + C satisfies the conditions which, as we have seen, must be 
satisfied by the potential F in the current problem, and these are known to 
suffice to determine V uniquely. It follows that the value of F must be 
f + 0. 


Thus the lines of flow in the current problem are identical with the lines 
of force when the two electrodes are charged to different potentials in air. 

The normal current-flow at any point on the surface of an electrode is 


_i?r 

T dn ’ 

so that the total flow of current outwards from this electrode 


rjjdn 


dS- 
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If E ia the charge on this electrode in the analogous electrostatic problem 
we have, bj' Gauss’ Theorem, 




SO that the total flow of current ia seen to be 




If Pn> Pa>Pa are the coefficients of potential in the electrostatic problem 

'P'i=PiiE-pnE, 

90 that 

IT- K= V'l - = (Pii - -Pk + P=>) E- 

If I is the total current, and M the equivalent resistance between the 
electrodes, we have just seen that 

iirE 


/ = 


so that 


E = ^ (Pn - 2p„ 


.C317>. 


If we regard the two electrodes in air as forming a condenser, and denote 
its capacity by C, we have 

so that 

(’'«)■ 


387. As instances of the applications of formulae (317) and (318) to 
special problems, we have the following; 


1. The resistance per unit length between two concentric cylinders of 
radii a, b (as, for instance, the resistance between the core of a sabmanoe 
cable and the sea), is, by formula (318), 


27r 



II. The resistance per unit length between two straight parallel 
cylindrical wires of radii a, b, placed with their centres at a great distance r 
apart, in an inflnite conducting medium, is, by formula (317), 

-^(log“-2logr + log6) 



r* 

^5* 
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IIL The resistance between two spherical electrodes, radii a, h, at a 
great distance r apart, in an infinite conducting medium, is, by formula (317), 

47r h r] ' 

388 . If two electrodes of any shape are placed in an infinite medium at 
a distance r apart, which is great compared with their linear distances, we 

may take in formula (317) equal, to a fii-st approximation, to i . This is 

small compared with and so that, to a first approximation, we may 
replace formula (317) by 

It accordingly appe.ars that the resistance of the infinite medium may be 
regarded as the sum of two resistances — a resistance at the cros-sing 

the current from the first electrode to the medium, and a resistance -.— at 

47r 

the return of the current from the medium to the second electrode. Thus 
we may legitimately speak of the resistance of a single junction between an 
electrode and the conducting medium surrounding it. 

For instance, suppose a circular plate of radius a is buried deep in the Civrtii, and acts 
as electrode to distribute a current through the earth. The value of p,, for a disc of 

radius a is ^ , so that the resistance of the junction i.s J- . So also if a disc of radius a 
is placed on the earth’s surface, the resistance at the junction i.s and clearly tlii.s 

also is the resistance if the electrode is a semicircle of radius a buried vertically in the 
earth with its diameter in the surface. 


Flow t/i a Plane Sheet of Jtfetal. 

389 . When the flow takes place in a sheet of metal of uniform thickness 
and structure, so that the current at every point may be regarded as flowing 
in a plane parallel to the surface of the sheet, the whole problem becomes 
two-dimensional. If x, y are rectangular coordinates, the problem reduces to 
that of finding a solution of 


dar dy‘ 


= 0 


which shall be such that either F" has a given value, or else ^ - = 0, at every 

point of the boundary. The methods already given in Chap, viii for obtain- 
ing two-dimensional solutions of Laplace’s equation are therefore available 
for the present problem. The method of greatest value is that of Conjugate 
Functions, 
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If the conducting medium extends to infinity, or is bounded entirely by 
the two electrodes, the transformations will be identical with those already 
discussed for two conductors at different potentials (§ 386). If the medium 

dV 

has also boundaries at which ^ = procedure must be slightly diSerent. 

We must try to transform the two electrodes into lines V = constant, and the 
other boundaries into lines U = constant, so that the whole of the medium 
becomes transformed into the interior of a rectangle in the U, V plane. 

Let U + iV =f(x + iy} 

be a transformation which gives the required value for V over both electrodes, 

3 F 

and gives = 0 over the boundary of a conductor. Then V will be the 

potential at any point, thejines V = constant will be the et^uipotentials, and 
the lines U = constant, being the orthogonal trajectories of the equipotentials, 
will be the lines of flow. 

At any |)oint the direction of the current is normal to the equipotential 
through the point, and the amount of the current is given by 

T on 

dV dU d .... 

But ^ is equal to , where denotes difi’erentiation in the equipotential. 

Thus the current flowing across any piece FQ of au equipotential 
= I Cds 


■i: 

=/, 


1 30 1 

p T (>ll T ^ 


If P, Q are any two piints in the conductor, a path from P to Q c.an be 
regarded !is made up of a piece of an equipotential PN, Jind a piece of a line 
of flow NQ. The flow across NQ is zero, that across PX is 

liUy-Up). 

This is accordingly the total flow across PQ, and since 0v= Uq, it may 
be written as 

UUn-Up). 


390 . As an illustration, let us suppose that the conducting plate is a 
polygon, two or more edges being the electrodes. We can transform this 
into the real axis in the {;-pIane by a transformation of the type 


a* 5I-1 S'-! 


j. 


.( 319 ), 

23 



854 


Steady CwTmU in, wntinuom Media [ch. x 

and this real axis has to be transformed into a rectangle formed (say) by the 
lines U =0, U = G in the Tf-plana The transformation 

for this will be 

[(f- «.)(?- «.)(?- «,)(r- (320). 

og 

where a,, Oj, and a,, o, are the points on the real axis of f which determine 
the ends of the electrodea By elimination of f from the integrals of equa- 
tions (319) and (320) we obtain the transformation required. 

391 . The following example of this method is taken from a paper by 
H. F. Moulton (Proc. Land. Math. Soc. ill. p. 104). 



*-plane. M'-plane. 

Fig. 101. Fio. 102. 


In fig. 101, let ABCDhc a rect.mgular plate, the piece l^Q of one or more 
sides being one electrode, and the piece R8 of one or more other sides being 
the other electrode. Let the rectangle PQRS in fig. 102 be its transforma- 
tion in the M''-p)ane. In the intennediatc plane, let the points A, B,C, D 
transform to f b, c, d respectively, and let the point.s P, Q, R, S tran.sl'orm 
to f =p, q, r, s respectively. Then the transformations are 

j"=[(?-«)(r-i‘)(?-c)(?-d)]-i, 




If we write 


(h — c) (a — d) _ 
{a-c){b — d) 

27/1 = v\a - c) (6 — d), 
the integrals are 


(q-r)(p-s)_ 
(p-r){q-.s)' ’ 

2m' ^•d(p - 7-) - n), 


f— ^ ^b — d) — h(a — d) 811* 7712 (miMl k) 
b — d — {a — d) sn’ mz (mod *) 

(q — a) — q ( p — a) sn* m' W (m od \) 
q — s— (p — 8)Ba*m'W {mod \) 


(321). 


.(322). 


The sides AB, AD of the first rectangle are the periods — , of 

in m 
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en mz (mod «) ; the sides PQ, PS of the second rectangle are the periods in 
IT, say , — , of en m' W (mod X). 


In the IT-plane, the potential difference of the two electrodes is PS, or 


U 
m ' 


1 L' 

while the current is - PQ, or — y The equivalent resistance of the plate 

T mr 

is accordingly TL'jL, so that the quantity we are trying to determine is L'jL. 

Let the coordinates of P, Q, R, S in the ^-plane be z, , z^, Zj, Zf In the 
f-planc the coordinates of these points are p, q, r, s. Hence from equations 
(321), we have 

_u(b — <i) — b (a — d) sn’wz, (mod x) 

^ (i — d) — (a — d) sn* mz, (mod <) ’ 


and similar equations for q, r, s. The ratio L'jL of which we are in search 
is now given by 

L' _(</ — r)(p — d) __ (sn- mZj — sn’ riiz j (sn° mz, — sn° ?kz,) 

L (/> — /■)(</ — «) (sn’ »iz, — sn’ tazs) (su’ mz, — sn“ mz,) ’ 


the ^vhole being to modulus k. The values of sn rnz can be obtained from 
Legendre’s Tables. 


^loulton ha.s calculated the resistance of a square sheet with electrodes, 
each of length equal to one-fifth of a side, in the following four cases: 

(1) Electrodes at rnid<llc of two opposite .sides, Ro.sistance = l’745jR, 

(2) Electrodes at ends of two opposite sides and facing one another, 

Rosi.stance = 2 ' 40 KR, 

(3) ElectrcKles at ends of two opposite sides and not lacing one 

another. Resistance = 2’589R, 

(4) Electnxles bent equally round two opposite comers of square. 

Resistance = 3()27ii, 

where R is the resistance of the square when the whole of two opposite sides 
form the electrodes. A comparison of the results in cases (2) and (3) shews 
how' large a part of the resistance is due to the crowding in of the lines of 
force near the electrode, and how small a pu-t arises from the uncrow'ded 
part of the path. 


Limits to the Resistance of a Conductor. 

392. The result obtained in § 380 enables us to assign an upper and 
a lower limit to the resistance of a conductor, w'hen this resistance cannot be 
calculated accurately. For if any parts of the conductor are made into 
perfect conductors, the resishmee of the whole will be lessened, and it may 
be possible to change parts of the conductor into perfect conductors in such 

23—2 



356 


Steady Currente in eontinuoas Media [ch. x 

& way that the resistance of the new conductor can be calculated. This 
resistance will then be a lower limit to the resistance of the original con- 
ductor. 

As an illustration, we may examine the case of a straight wire of Tariable 
cross-section S. Let us imagine that at small distances along its length we 
take cross-sections of infinitely small thickness, and make these into perfect 
conductors. The resistance between two such sections at distance ds apart, 

will be ^ , where S is the cross-section of either. Thus a lower limit to 

the resistance is supplied by the formula 



393 . Again, if we replace parts of the conductor by insulators, so causing 
the current to flow in given channels, the resistance of the whole is increased, 
and in this way w’e may be able to assign an uppei' limit to the resistance 
of a conductor-. 

394 . As an instance of a conductor to the resistance of which both 
upper and lower limits can be assigned, let us consider the case of a 
cylindrical conductor AB terminating in an infinite 
conductor C of the same material. This example is 
of practical importance in connection with mercury 
resistance standards. The appropriate analysis was 
fir-st given by Lord Rayleigh, discussing a parallel 
problem in the theory of sound. 

Let I be the length and a the radius of the tube. 

To obtain a lower limit to the resistance, we imagine 
a perfectly conducting plane inserted at B. The resistance then consists of 
the resistance to this new electrode at B, plus the resistance from this with 

the infinite conductor C. The former resistance is the latter bv 5 388 

Tra’ ' / a » 

is ^ , so that a lower limit to the whole resistance is 

*xCI/ 

It t 
wa’ ^ 4a ’ 

which is the resistance of a length 1 + ^ of the tube. 

To obtain an upper limit to the resistance, we imagine non-conducting 
tubes placed inside the main tube AB, so that the current is constrained to 
flow in a unifonn stream parallel to the axis of the main tube until, the 
end B is reached. After this the current flows through the semi-infinite 
conductor C as directed by Ohm’s Law. 
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The resistance of the tube AB is, as before, — : . To obtain the resist- 

TTO’ 

ance of the conductor C, we must examine the corresponding electrostatic 
probleifi. If I is the total current, the flow of current per unit area over 
the circular mouth at B is Ijva\ In order that the potentials in the 
electrostatic problem may be the same, we must have a uniform surface 
density of electricity 

V47r/ \Tra-/ 4ir-'u* 

on the surface of the disc. 


The heat generated is I-R, where R is the resistance of the conductor C. 
It is also 

;///!(!)’ 

taken through the conductor C. Now if IT is the electrostatic energy of 

a flisc of radius a, having a uniform surface density 
we hi we 

d.vdydz, 


fffi.cVY (c 

rv T’F.d 

1(1 *1 

■ - ) + ' — 1 f- 

JJJ (Vc'x/ \c 

/ \V2 / ) 


whi're the integral i.s taken through all space, or again. 



djdydz, 


where the integral is taken through the serai-infinite space on one side of 
the disc, t.e. through the space C, if the disc is made to coincide with the 
mouth B. On substituting for the volume integral in e.xpression (323), we 
find that 


rR= 


4tr]T 


(324). 


Following Ma.xwell, we shall find it convenient to cjilculate IT directly 
from the potential. If a disc of radius r has a uniform surface density o- 
on each side, the potential at a point P on its edge will be 

where the integral is taken over one side of the disc, and r is the distance 
from P to the element dzedy. Taking polar coordinates, with P as origin, 
the equation of the circle will be r = 26 cos 5 ; we may replate dxdy by 
rdrdff, and obtain 

rr->3iooi» rtiT- 

Vp = 2ff I * , drd$s^ 86o’. 

J r»0 ^ "2 
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On increasing the radius of the disc to h + db, we bring up a charge 
47 rbo-db from infin ity to potential 8bcr, so that the work done is 

d IF = S2'7rb'‘a*db, 

and integrating from 6 = 0 to 6 = a, we find for the potential energy of the 
complete disc of radius a, 

F=^3*7raV. 

Thus, from equation (324), 

47rlF 1287r’a*(r’ 
rr~~ 3/V ' 

t/ 

or, since <r = • 


iJ = 


8t 

3ir*a " 


Thus an upper limit to the whole resistance is 

It St 
Tra* ^ S'ji^u ’ 

g 

which is the resistance of a length l + — aoi the tube. 

OTT 

Thus we may say that the resistance of the whole is that of a length 

■ TI* S 

^ + 0(1 of the tube, where a is intermediate between - and t.e. between 

4 oTT 

•785 and '849. Lord Rayleigh*, by more elaborate analj'sis, has shewn that 
the upper limit for a must be less than '8242. and believes that the true 
value of a must be pretty close to -82. 


The passage of Electricity through Dielectrics. 


395. Since even the best insulators are not wholly devoid of conducting 
power, it is of importance to consider the flow of electricity in dielectrics. 


Using the previous notation, we shall denote the potential at any point 
in the dielectric by V, the specific resistance by t, and the inductive capacity 
by K. We shall comsider steady flow first. 


If the flow is to be steady, the equation of continuity, namely 


I 

dx 



(325), 


must be satisfied. Also if there is a volume density of electrification p, the 
potential must satisfy equation (62), namely 



* Thtory of Sound, Tol. ii. Appendix A. 


( 326 ). 
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From a comparison of equations (325) and (326), it is clear that stead/ 
flow will not generally be consistent with having p = 0. Hence if currents 
are started flowing through an uncharged dielectric, the dielectric will 
acquire volume charges before the currents become steady. When the 
currents have become steady, the value of V will be determined by 
equation (325) and the boundary conditions, and the value of p is then 
given by equation (326). 

From equations (325) and (326), we obtain 


1 

4irT 


8F 3 . dV d„. dV 8 .I 

dx dx 3y 3y 37 35 


The condition that p shall vanish, whatever the value of V, is that Kt shall 
be constant throughout the dielectric; if this condition is satisfied the value 
of p necessarily vanishes at every point for all systems of steady currents. 
The most important case of this condition being sjitisfied occurs when the 
dielectric is homogeneous throughout. If Kt is not constant throughout 
the dielectric, equation (327) shews that we can have p = 0 at every point 
provided the surfaces F = cons, and A’’T = cons. cut one another at right 
angles at every jwint, i.e. provided Kt is constant along every line of flow. 


We have already had an illustration (| 381) of the accumulation of 
charge which occurs wlnm the value of.Kr varies in passing along a line 
of flow 


I'ime of Reloxation in a Homogeneous Dielectric. 

396. Let a homogeneous dielectric be charged so that the volume 
density at any point is p. 

If .any closed surface is taken inside the dielectric, the total charge 
inside this surface must bo 

IJjpd-rrfyrfc, 


\\hile the rate at which electricity flows into the surface will, as in § 375, be 



me + nil’) dS, 


where m, r, w are the components of current and I, m, n are the direction 
cosines of the normal drawn into the surface. Since this rate of flow into 
the surface must be equal to the rate at which the charge inside the surfiice 
increases, we must have 




+ inv + ntv) dS = 


5 

///s 
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The integral on the left may, by Green’s Theorem, be transformed into 


-///(s+l +&)'***•'* * ■ 


and this again is equal, by equations (310), to 

•1 fd^V (t’F . a*F 


III 


T dz^ 


j djcdydz. 


Thus we have 


//f{; (I? + ^7 + S') - S} “ «- 

and since this is true whatever surface is taken, each integrand must vanish 
separately, and we must have, at every point of the dielectric, 

7£-V 02r 

dx’ 0y’ dz^ dt ' 

We have also, as in equation (326), 

?-V 0’F 4''^p 


that 


47r 


dp _ _ 

di~ Kr^- 


The integral of this equation is 

• — poe 

where is the value of p at time < = 0. 




Thus the charge at every point in the dielectric falls off exponentially 

^TT Kt 

with the time, the modulus of decay being ^ . The time , in which 

all the charges in the dielectric are reduced to 1/e times their original 
value, is called the “time of relaxation,” being analogous to the corresponding 
quantity in the Dynamical Theory of Gases*. 


The relaxation-time admits of experimental determination, and as r is 
easily determined, this gives us a means of determining K experimentally 
for conductors. In the case of good conductors, the relaxation-time is too 
small to be observed with any accuracy, but the method has been employed 
by Cohn and Arons'l' to determine the inductive capacity of water. The 
value obtained, K = 73'6, is in good agreement with the values obtained in 
other ways (cf. § 84). 


• Cf. Maxwell, Collected Worke, ii, p. 681, or Jeans, Dynamical Theory oj Oatet, p. 291. 

+ IVied. Ann. xxvni. p. 134. 



396, 397] Pcutmge of EledrieUy through Didectrica 861 

Discharge of a Condenser. 

397. Let U8 suppose that a condenser is charged up to a certain 
potential, and that a certain amount of leakage takes place through the 
dielectric between the two plates. Then, as we have just seen, the dielectric 
will, except in very special cases, become charged with electricity. 

Now suppose that the two plates are connected by a wire, so that, in 
ordinary language, the condenser is discharged. Conduction through the 
wire is a very much quicker proceas than conduction through the dielectric, 
so that we may suppose that the plates of the condenser are reduced to the 
same potential before the charges imprisoned in the dielectric have begun to 
move. For simplicity, let us suppose that the plates of the condenser are 
both reduced to potential zero. Then the .surface of the dielectric may, 
with fair accuracy, be regarded as an equipotential surface, the potential 
being zero all over it. It follows that there can be no lines of force outside 
fhi.s equipotential; all lines of force which originate on the charges im- 
prisoned in the dielectric, and which do not terminate on similar charges, 
must terminate on the surface of the dielectric. Thus we shall have a 
.system of charges on the surface of the dielectric, these charges being equal 
in magnitude but opposite in sign to those of the Green’s “equivalent 
stratum ’’ corres^wnding to the sj'stem of charges imprisoned in the dielectric. 
This system of charges on the surface of the dielectric is of the kind which 
Faraday would call a “ bound " charge (cf. § 141 ). 

Suppose the plates of the condenser to be again insulated. The system 
of charges inside the dielectric and at its surface is not an equilibrium dis- 
tribution, so that currents will be set up tn the dielectric, and a general 
rearrangement of electricity will tfike p'ace. The potentials throughout the 
dielectric will change, and in particular the potentials of the condenser-plates 
at the surface of the dielectric will change. In other words, the charge on 
these plates is no longer a “bound" charge, but becomes, at least partially, a 
“ free " charge. On joining the two plates by a wire, a new discharge will 
take place. 

This is Maxwell’s explanation of the phenomenon of “ residual discharge.” 
It is found that, some time after a condenser has been discharged and 
insulated, a second and smaller discharge can be obtained on joining the 
plates, after this a third, and so on, almost indefinitely. It should be 
noticed that, on the explanation which has been given, no residual discharge 
( tught to take place if the dielectric is perfectly homogeneous. It thus becomes 
possible to test the theory by experiments on homogeneous dielectrics. 

Rowland and Nichols* tested calcspar, which is a perfectly homogeneous 
crystal, and found no trace of residual discharge. Hertz "f* found traces of a 
• P/i.7. Mag. [6] vol. n. p. 414 (1881). + irii-a. Jnn. xx. (1888). p. 879. 
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residual discharge in a homogeneous fluid, benzene, but found that these dis- 
appeared as impurities were renmved from the fluid; Arons* obtained the 
same result Avith paraffin. Finally Muraokaf experimented with various 
oils, paraffin, resin, turpentine and xylol. Residual discharges were not found 
in the oils singly, but appeared as soon as two or more were mixed together. 
Thus Maxwell's theory of residual discharge appears to be fully confirmed. 


EXAMPLES. 


1. The ends of a roctaiigular conducting lamina of breadth c, length a, and uniform 
thickness r, are maintained at different potentials. If f (x, y) lie the specific resistance p 
at a point whose distances from an end and a side arc x, y, pru\'e that the resistance of 
the lamina cannot be less than 


or greater than 



2. Two large vessels filled with mercury ai-e connected by a capillary tube of uniform 
bore. Find superior and inferior limits to the conductivity. 


3. A cylindrical cable consists of a conducting core of copper surrounded by a thin 
insulating sheath of material of given specific resistance. Shew that if the sectional 
areas of the core and sheath are given, the resistance to lateral leakage is greatest when 
the surfaces of tlie two materials are coaial right circular cylinders. 


4 . Prove that the product of the resistance to leakage per unit length between two 
practically infinitely long parallel wires insulated by a uiiifoi’m dielectric and at different 
potentials, and the cajmeity per unit length, is Kpjiir, where K is the inductive capacity 
and p the specific resistance of the dielectric. Prove also that the time that elapaoe before 
the potential difference sinks to a given fraction of its original value is independent of the 
sectional dimensions and relative positions of the wires. 


5. If the right sections of the wires iu the last question are semicircles described on 
opposite sides of a squsire as diameters, and outside the square, while the cyUudrical space 
whose section is the semicircles similarly described on the other two sides of the square is 
filled up with a dielectric of infinite specific resistance, and all the ncighb<.)uring space is 
filled up with a dielectric of resistance p, prove that the leakage per unit length in unit 
time is 2 Yjp, where V is the potential difference. 


6. If (\> + i^=f{x+iy), and the curves for which i^ = cons. bo closed curves, shew that 
the insulation resistance between lengths I of the surfacee ^ 0 i ia 


where is the increment of ^ on piissing once round a <p-c\irve, and p is the siiecifie 
resistance of the dielectric 


. * fried. Ann. xixv. (1H88), p. 291. 


t med. Ann. xt. (1890), p. 328. 
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7 . Current enters and leaves a uniform circular disc through two circular wires of 
small radius e whose central lines pass through the edge of the disc at the extremities of 
a chord of length d. Show that the total resistance of the sheet is 

(ao-/ir) log (dje). 


8 . Using the transformation 


log{ar+t» = ^4-t)?, 

prove that the resistance of an infinite strip of uniform breadth tt between two electrodes 
distant 2a apart, situated ou the middle line of the strip and having equal radii S, is 


tt 




9. Show that the transformation 

■^ + fy = cosh ir (x+ iy)la 

enables us to obtain the potential due to any distribution of electrodes upon a thin 
conductor in the form of the semi-infinite strip bounded by y=0, y = a, and x=0. 

If the margin be uninsulated, find the potential and flow due to a source at the jwint 

a = c, y — ^ Shew that if the flows across the three edges are equal, then jrc = a cosh“‘ 2. 


10. Equal and opposite electrodes arc placed at the extremities of the base of an 
isosceles triangular lamina, the length of one of the equal sides being a, and the vertieil 

angle -jj- Shew that the lines of flow and equal potential m'c given by 


sinh^ 1 = ^/3 


1 -h en « 

I - cu u ’ 


where 



and the nnidulus of cn « is sin 7S°, the origin being at the vertex. 


11. A circular sheet of cojqier, of specific resistiince o-, per unit area, is inserted in a 
\oiy large sheet of tinfoil (o-q), and currents flow in tlie composite sheet, entering and 
leiiving at electrodes. Prove that the current-function in the tinfoil corresjwmdiug to an 
elcctroih! at whicli a current « enters the tinfoil is the coefficient of i in the imaginary 
part of 




c)+ ■ ' lo; 

«Tli + O’! 




where a is the radius ot the copper sheet, r is a complex variable with its origin at the 
centre of the sheet, and c is the distiuiee of the electrode from the origin, the real axis 
{>assing through the electrode. 

Generalise the expression for any position of the electrode in the copper or in the 
tinfoil, and investigate the corresponding expressions detenuining the lines of flow in the 


copiKur. 


12. A uniform conducting sheet tnm the form of the catenary of revolution 

y ’ -h t* = c* cosh- ^ . 

Prove that the potential at any point due to an electrode at .ro, yo> *o, introducing a 
current C, is 

. . OtT , / , x-jco 3/yo+i^ ^ 

constant - , - log ( cosh . 



CHAPTER XI 

PERMANENT MAGNETISM 
Physical Phenomena. 

^ 398. It is found that certain bodies, known as magnets, will attract or 
repel one another, while a magnet will also exert forces on pieces of iron 
or steel which are not themselves magnets, the.se forces being invariably 
attractive. The most familiar fact of magnetism, namely the t(indency of 
a magnetic needle to point north and south, is simply a particular instance 
of the first of the sets of phenomena just mentioned, it being found that 
the earth itself may be regarded as a vast aggregation of magnets. 

The simplest piece of apparatus used for the experimental study of 
magnetism is that known as a bar-magnet. This consists of a bar of steel 
which shews the property of attracting to itself small pieces of steel or iron. 
Usually it is found that the magnetic properties of a bar-magnet reside 
largely or entirely at its two ends. For instance, if the whole bar is dipped 
into a collection of iron filings, it is found that the filings are attracted in 
great numbers to its two ends, while there is hardly any attraction to the 
middle parts, so that on lifting the bar out from the collection of filings, we 
shall find that filings continue to cluster round the ends of the bar, while 
the middle regions 'will be comparatively free. 

Pales of a Magnet. 

399. The two ends of a magnet — or, more strictly, the two regions 
in which the magnetic properties are concentrated — are spoken of as the 
“poles” of the magnet. If the magnet is freely suspended, it will turn 
80 that the line joining the two poles points approximately north and 
south. The pole which places itself so as to point towards the north is 
called the “ north-seeking pole,” while the other pole, pointing to the south, 
is called the “ south-seeking pole.” 

By experimenting with two or more magnets, it is found to be a general 
law that similar poles repel one another, while dissimilar poles attract one 
another. 
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The earth may roughly be regarded as a single magnet of which the two 
magnetic poles are at points near to the geographical north and south poles. 
Since the northern magnetic pole of the earth attracts the north-seeking 
pole of a suspended bar-magnet, it is clear that this northern magnetic pole 
must bo a south-seeking pole ; and similarly the southern pole of the earth 
must be a north-seeking pole. Lord Kelvin speaks of a south-seeking pole as 
a “ true north ” pole — i.e. a pole of which the magnetism is of the kind found 
in the northerly regions <jf the earth. But for purposes of mathematical 
theory it will be moat convenient to distinguish the two kinds of pole by 
the entirely neutral terms, positive and negative. And, as a matter of 
convention, we agree to call the north-seeking pole positive. Thus we 
have the following pairs of terms; 

North-seeking = True South = Positive, 

South-seeking = True North = Negative. 


Law of Force between Magnetic Poles. 


400. By experiments with his torsion-balance, Coulomb establi.shed that 
the force between two magnetic poles varies invei’sely as the square of the 
distance between them. It was found also to be proportional to the product 
of two quantities s{)okeu of as the “strengths ” of the poles. Thus if F is the 
repulsion between two poles of strengths m, m' at a distance r apart, we have 


F = 


ctian 

7 - 


,(32S). 


It is found that c depends on the medium in which the poles are placed, 
but is otherwise constant. Clearly if we agree that the strength of positive 
jToles is to be reckoned as positive, while that of negative poles is reckoned 
negative, then c w'ill be a i>o.sitive quantity 


The Unit Magnetic Pols. 

401. Just as Coulomb’s electrostatic law of force supplied a convenient 
way of measuring the strength of an electric charge, so the law expressed 
by equation (328) provides s convenient way of measuring the strength of a 
magnetic pole, and so gives a system of magnetic units. A system of units, 
analogous to the electrostatic system IT, 18) is obtained by defining the 
unit pole to be such as to make c = l in equation (328). This system is 
called the Magnetic (or, more generally, Electromagnetic) system of units. 
We define a unit pole, in this system, to be a pole of strength such that 
when placed at unit distance from a pole of equal strength the repulsion*’^ 
between the tw'o poles is one of unit torce. 
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Thus the force F between two poles of strengths m, m', measured in the 
Electromagnetic system of units, is given by 

/’=-?- (329). 

The physical dimensions of the magnetic unit can be discussed in just 
the same wav in which the physical dimensions of the electrostatic unit 
have already been discussed in § 18. 


Moment of a Line-Magnet. 

402 . It is found that every positive pole has associated with it a 
negative pole of exactly equal strength, and that these two poles are 
always in the same piece of matter. 

Thus not only are positive and negative magnetism necessarily brought 
into existence together and in equal quantities, as is the case with positive 
and negative electricity, but, further, it is impossible to sejMirale the positive 
and negative magnetism after they have been brought into existence, and in 
this respect magnetism is unlike electricity. . * 

It follows that it is impossible to have a body " charge<l with inagnotism ” 
in the way in which we can have a body charged with electricity. A mag- 
netised body may possess any number of poles, and at each pole there is, in 
a sense, a charge of magnetism ; but the total charge of magnetism in the 
body will always be zero. 

Hence it follows that the simplest and most fundamental piece of matter 
we can imagine which is of interest for the theory of njagnetism, is not a 
small body carrying a charge of magnetism, but a small body carrying (so 
to speak) two equal and opposite charges at a certain distance ajmrt. 

This leads us to introduce the conception of a line-magnet. A line- 
magnet is an ideal bar-magnet of which the width is infinitesimal, the 
length finite, and the poles at the two extreme ends. Thus geometrically 
the ideal line-magnet is a line, while its poles are points. 

y 

The strengths of the two poles of a line-magnet are necessarily equal 
and opposite. The product of the numerical strength of either pole aiid the 
distance between the poles is called the “ moment” of the lino-magnet. 

Magnetic Particle. 

403 . If we imagine the distance between the two poles of a line-magnet 
to shrink until it is infinitesimal, the magnet becomes what is spoken of as a 
'magnetic particle. If ± m are the strengths of its poles and de is the distance 
between the two poles, the moment of the magnetic particle is mdt. 
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It is easily shewn that, as regards all phenomena occurring at a finite 
distance away, two magnetic particles have the same effect if their moments 
are equal ; their length and the strengths of their poles separately are of no 
importance. To see this we need only consider the case of two- magnetic 
particles, each having poles ± m, and length ds, and therefore moment mda. 
Clearly these will produce the same effect at finite distances whether they 
are plaecnl end to end or .side by side. In the latter case, we have a magnet 
of length ds, poles + 'Im, while in the former case the two contiguous poles, 
being of op{io.site sign, neutralise one another, and the arrangement is in 
effect a magnet of length 2ds and poles + w. Thus in each case the moment 
is the 8.'ime, namely 2iiuis, while the strengths of the poles and their distances 
apart are different. 

If we place a large number n of similar magnetic particles end to end, 
all the piles viill neutralise one another except those at the extreme end.s, 
HO that the arrangement produces the same effect as a line-magnet of length 

nds. Ry taking a = ~, where ^ is a finite length, we see that the effect of 

.a line-magnet of length C can bo produced exactly by n magnetic particles 
(if length ds. 

The two arrangements will bo indistinguishable by their magnetic effects 
at all e.xternal punts. There is, however, a way by which it would be easy 
to distinguish them. If the arrangement were simply two poles + in, at the 
ends of a wire of length /, then on cutting the wire into two pieces, we should 
have one pole reiiiamiiig in each piece. If, however, the arrangement were 



+ 


_+-+ --t 


r>i) 


-+ - 


Fio. 104. 
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that of a series of magnetic particles, we shoidd be able to divide the series 
between two particles, and shoidd in this way obtain two complete magnets. 
The ijair of poles on the two sitU'S of the print of division which have so far 
been neutralising one another now figure as independent poles. 

As a matter of experiment, it is not only found to be possible to produce 
two complete magnets by cutting a single magnet between its poles, but it 
is found that two new magnets are prcnluced, no matter at w'hat point the 
cutting takes place. The inference is not only that a natural magnet must 
be supposed to consist of magnetic particles, but also that these particles 
are so small that when the magnet is cut in two, there is no possibility of 
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cutting a magnetic particle in two, so that one pole is left on each side of 
the division. In other words, we must suppose t^ie magnetic particles either 
to be identical with the molecules of which the ^natter is composed or else 
to be even smaller than these molecules. At the same time, it will not 
be necessaiy to limit the magnetic particle -Of mathematical analysis by- 
assigning this dehnifie meaning to it: any collection of molecules, so small 
that the whole space occupied by it may be' regarded as infinitesimal, will 
be spoken of as a magnetic particle. 

40A Axis of « magnetic pai'tiele. The axis of a magnetic particle is 
defined to be the direction of a line drawn from the ncg-ative to the positive 
pole of the particle. 

It >vill be clear, from what has already been said, that the effect of 
fa magnetic particle at all external points is known when we know its 
position, axis and moment. 

Intensity of Magnetisation. 

405. In considering a bar-magnet, which must be supposed to have 
breadth as well as length, we have to consider the magnetic particles lu* 
being stacked side by side as well as placed end to end. For clearness, let 
us suppose that the magnet is a rectangular parallelepiped, its length being 
parallel to the axis of x, while its height iwid breadth are parallel to the two 
other axes. The poles of this bar-magnet may be supposed to consist of 
a uniform distribution of infinitesimal magnetic poles over each of the two 
faces parallel to the plane of yz, let ns say a distribution of poles of aggregate 
strength I per unit area at the positive pole, and — / per unit area at the 
negative pole, so that if A is the area of each of these faces, the jjoles of’ 
the magnet are of strengths ± I A. 

As a first step, we may regard the magnet as made up of an infinite 
number of line-magnets placed side by side, each line-magnet being a 
rectangular prism parallel to the length of the magnet, and of very small 
cross-section. Thus a prism of cross-section dydz may be regarded as a line- 
magnet having poles ± I dydz. This again may be regarded as made up of 
a number of magnetic particles. As a type, let us consider a particle of 
length dx, ao that the volume of the magnet occupied by this particle is 
dxdydz. The poles of this particle are of strength ± I dydz, so that the 
moment of the particle is 

Idxdydz. 

If we take any small duster of these particles, occupying a small volume 
dv, the sum of their moments is clearly Idv, and these produce the same 
magnetic effects at external points as a single particle of moment 

Idv. 
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The quantity I ia called the “intensity of magnetisation” of the magnet. 
The magnetisation has direction as well as inagnitinie. In the present 
instance the direction is that of the a-xis of x. 

406. In general, we define the intensity and direction of magnetisation 
as follows : 

T/i£ intensity of magnetisation at any point o f a inagnetised body is defined 
to be the ratio of the mognetir moment of any small particle at this point to 
the volume of the particle. 

The direction of magnetisation at any point of a magnetised bod y is defined 
to he the direction of the magnetic axis of a small particle of magnetic matter 
at the point. 

Instead of specifying the magnetisation of a bndv in terms of its poles, 
it is both more convenient from the mathematical point of view, and more 
in accordance with tnitli from the physical point of view, to specify the 
intensity at every point in magnitude and direction. Thus the bar-magnet 
which has been under consideration would be specified by the statement 
that its inten.sity of magnet i.sation at every j>n'nt is / parallel to the a.x:is 
of T. A body such that the intensity is the saim* at every j-mint, both in 
magnitude and direction, is said to be uniformly magnetised. 


The M.^on’etic Fieu) of Fokce. 

407. The field of force pr<Hluc<‘d by a collection of magnets is in many 
resfK'cts similar to an electrostatic field of force, so that the various conceptions 
which were found of use in electrostatic theory will again be employed. 

The first of these conceptions was that of electric intensity at a point. 
In electro.static theory, the intensity at any point was defined to be the 
force per unit charge which would act on a small charged particle placed 
at the [xiint. It was necessary to supiwse the charge to be of infinitesimal 
amount, in order that the charges on the ccnKliictors in the field might not 
be disturbed by induction. 

There is, as we shall see later, a phenomenon of magnetic induction, 
which is in many respects similar to that of electrostatic induction, so that 
in defining magnetic intensity we have again to introduce a condition to 
exclude efl'ects of induction. 

Also, to avoid confusion between the magnetic intensity and the intensity 
of magnetisation defined in § 406, it vrill be convenient to speak of magnetic 
force at a point, rather than of magnetic intensity. We accordingly have the 
following definition, analogous to that given in § 30. 


j. 


24 
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The magnetic force at any point is given, in magnitude and direction, 
by the force per unit strength of pole, which would act on a magnetic pole 
situated at this point, the strength of the pole being supposed 80 amaU that 
the magnetism of the field is not affected by its presence. 


408. The other quantities and conceptions follow in order, ae in 
Chapter II. Thus we have the following definitions; 

A line of force is a curve in the magnetic field, such that the tangent at 
every point is in the direction of the magnetic force at that point (cf. § 31). 

The potential at any point in the field is the work per unit strength of pole 
which has to be done on a nuignetic pole to bring it to that point from infinity, 
the strength of the pole being supposed so small that the magnetism of the field 
is not affected by its presence ^cf. § 33). 

Let fl denote the magnetic potential and a, /9, 7 the components of 
magnetic force at any point x, y, z, then wc ha\e from this definition 
(cf. equation (G)), 

fl = — f {adx + /3dy + ydz) (330), 

.* X 




.(331). 


and the relations (cf. equations (9)), 

an _ an 

A surface in the magnetic held such that at every point on it the potential 
has the same value, is called an Equipotentud Surface (cf. § 35). 

From this definition, Jis in § 35, follows the theorem : 

Equipotential Surfaces cut lines offeree at nght angles. 

The law of force being the sjime as in electrostatics, we have as the value 
of the potential (cf. equation (10)), 


n=5; 


m 


.(332), 


where ni is the strength of any typical pole, and r is the distance from it 
to the point at which the potential is being evaluated. 

As in § 42, we have Gauss’ Theorem : 

Jj^dS = -4m-lm ( 333 ), 

where the integration is over any closed surface, and Xm is the sum of 
the strengths of all the poles inside this surface. If the surface is drawn 
so as not to cut through any magnetised matter, Xm will be the aggregate 
strength of the poles of complete magnetic particles, and therefore equal 
to zero. Thus for a surface drawn in this way 


( 884 ). 
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If the position of the surface S is determined by geometrical conditions — 
if, for instance, it is the boundary of a small rectangular element dxdydz — 
then we cannot suppose it to contain only complete magnetic particles, and 
equation (334) will not in general be true. 


If there is no magnetic matter present in a certain region, equation (334) 
is true for any surface in this region, and on applying it to the surface of the 
small rectangular element dxdydz, we obtsiin, as in § 50, 


ti'fl t)'fl 

<'ar Ctf dz- 


0 


,(335), 


the differential equation satisfied by the magnetic potential at every point 
of a region in which there is no magnetic matter present. 


Tubes of Force. 

409. A tubular surface bounded by lines of force is, as in electrostatics, 
called a tube of force. Let <«,, Wj be the areas of any two normal cross- 
sections of a thin tube of force, and let if,, if, be the values of the 
intensities at these jK)ints. By applying Gauss’ Theorem to the closed 
surface formed by the two cross-sections and the portion of the tube 
which lies between them, we obtain, as in § 50, 

l/lO), — 0, 

provided there is no magnetic matter inside this closed surface. 

Thus in free space the product Hm remains constant. The value of thLs 
product is called the strength of the tube. 

In electrostatics, it was found convenient to define a unit tube to oe one which ended 
on a unit charge, so that the product of intensity and cross-section was not equal to unity 
but to iv 


Potential of a Magnetic Particle. 

410. Let a magnetic particle consist of a pole of strength — m, 
a pole of strength -Pm, at P, the distance OP being 
infinitesimal. 

The potential at any point Q will bo 


at 0, and 

Q 


rn, n», 

OQ 


.(336). 


this becomes 



n (OQ - PQ) _ OP cos d _ ^ cos 0 
PQ.OQ “"P'Q.OV 
where ^ » m, . OP, the moment of the particle. 


.(337), 


24—3 




The analysis here given and fche result reached are eacactly similar to 
those already given for an electric doublet in § 64. The same result can also 
be put in a ditFerent form. 

Let us put OP = ds, and let ^ denote differentiation in the direction of 

OP, the axis of the particle. Then equation (336) admits of expression in 
the fonn 



Let I, m, 11 be the direction-cosines of the axis of the particle, then 
formula (338) dm also be written 



(339), 


where, in differentiation, x, y, z are supposed to be the coordinates of the 
particle, and not of the point Q. 


411. Resolution of a magnetic particle. Elquation (339) shews that the 
potential of the single p.article we have been considering is the same as the 
potential of three separate particles, of strengths pi, pm and pn, and axes in 
the directions Ox, Oy, Oz respectively Thus a magnetic particle may be 
resolved into components, and this resolution follows the usual vector law. 

The same result can be seen geometrically. 

Let us start from 0 and move a' distance Ids parallel to the axis of x, then 
a distance mds parallel to the axis of y, and then 
a distance nds parallel to the axis of z. This 
series of movements brings us from 0 to P, a 
distance ds in the direction I, m, n. Let the 
path be OqrP in fig. 106. The magnetic particle 
under consideration has poles — ntj at 0 and + mj 
at P. Without altering the field, we can super- 
pose two equal and oppo.site poles q, and 

also two equal and opposite poles ± at r. 

The six poles now in the field can be taken 
in three pairs so as to constitute three doublets 
of strengths . Oq, wr, . qr and to, rP respec- Pia. 

tively along Oq, qr and rP. These, however, are 
doublets of strengths pl, pm and pn parallel to the coordinate axes. 



Potential of a Magnetised Body. 

412. Let I be the intensity of magnetisation at any point of a mag- 
netised body, and let 1, m, n be the direction-cosines of the direction of 
magnetisation at this point 



373 


410-418] Th£ Magnetic Fidd of Force 

The matter occupying any element of volume dxdydz at this point will 
be a magnetic particle of which the moment is Idxdydz and the axis is in 
direction I, m, n. By formula (339), the potential of this particle at any 
external point is 



so that, by integration, we obtain as the potential of the whole body at any 
external point Q, 

L ^ 7 -) + I (7) + ” I (7)} 

in which r is the distance from Q to the element dxdydz, and the integration 
extends over the whole of the magnetised body. 

If we introduce quantities A, B,G defined by 

A=Il 1 

(341), 

C=/« J 

then equation (340) can be put in the form 

"«-///{•■* 5 '*1 \ j -) ^<" 1 ; * 7 .)} <•■*'‘ 2 '- 

The quantities A, B, C are called the components of magnetisation at the 
point (c, y, z. Equation (342) shews that the potential of the original magnet, 
of magnetisation /, is the same as the potential of three superposed magnets, 
of intensities A, B, G parallel to the three axes. This is also obvious from 
the fact that the particle of strength Idxdydz, which occupies the element of 
volume dxdydz, may be resolved into three particles parallel to the axes, of 
which the .strengths will be A dxdydz, Bdxdydz and Cdxdydz, if ^4, B, C are 
given by equations (341). 


Potential of a uniformly Magnetised Body. 

413. If the magnetisation of any body is uniform, the values of A, B, C 
are the same at all points of the body. 

Let the coordinates of the point Q in eejuation (342) be x', y' , z', so that 
- = [(.r - a')’ + (y - yj + (« - 

T 



Then, clearly, 
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Replacing differentiation with respect to x, y, z by differentiation with 
respect to x, y', t in this way, we find that equation (342) assunnes the form 

+ S 1 + c|, )/f/i d.d,d. (343). 

the quantities A, B, C and the operators py • ^ being taken outside the 

sign of integration, since they are not affected by changes in x, y, z. 

If V denote the potential of a uniform distribution of electricity of volunje 
density unity throughout the region occupied by the magnet, we have 

V^^jjjldxdydz (344). 


so that equation (343) becomes 


® dx 


_ ^ y 

oy d:' 


.(345), 


or 


BY Jr CZ, 


where X, F, Z are the components of electric intensity at Q produced by 
this distribution. 


Or again if gp denotes differentiation with respect to the coordinates of Q 

in a direction parallel to that of the magnetisation of the bixiy, namely that 
of direction-cosines I, m, n, equation (345) becomes 

= (345). 


414 . Yet another expression for the potential of a uniformly magnetised 
body is obtained on transforming equation (342) by Green’s Theorem. If 
I', m, n' are the direction-cosines of the outward-drawn normal to the magnet 
at any element dS of its surface, the equation obtained after transformation is 

=jf{Ar+ Bm' + Cn) dS. 

By equations (341), 

Al' -I- Bin' + Cii =I{ll' mm' -1- nn') 

= I cos 0, 

where 0 is the angle betw'een the direction of magnetisation and the outward 
normal to the element dS of surface. The equation now be<x>mes 

(. 347 ). 

shewing that the potential at any external point is the same as that of a 
surface distribution of magnetic poles of density I cos 0 per unit area, spread 
over the surface of the magnet. 
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This distribution is of course simply the " Green’s Equivalent Stratum ” 
(| 204) which is necessary to produce the observed external field. 

The bar-magnet already considered in § 405, provides an obvious illustra- 
tion of these results. 

416 . Uniformly magnetised sphere. A second and interesting example 
of a uniformly magnetised body is a sphere, magnetised with uniform 
intensity I. This acquires its interest from the fact that the earth may, to 
a very rough approximation, be regarded as a uniformly magnetised sphere. 

If we follow the method of | 313, we obtain for the value of V^, defined 
by equation (344), 

where a is the radius of the sphere. If we suppose the magnetisation to be 
in the direction of the axis of x, we have 



Thus the potential at any external point is the same as that of a magnetic 
j)article of moment ^va'l at the centre of the sphere. 

To treat the problem by the method of § 414, we have to calculate the 
potential of a surface density / cos 6 spread over the siuface of the sphere. 
Regarding cos^ as the first zonal harmonic Pi(cos^), the result follows at 
once from | 257 


Poisson's imaginary Magnetic Matter. 


416 . If the magnetisation of the body is not uniform, the value of fi,,, 
given in equation (342) cannot be transformed into a surface integial, so 
that the potential of the magnet cannot be repi-esented as being due to a 
surface charge of magnetic matter. If we apply Green’s Theorem to the 
integral which occurs in equation (342), we obtain 


flu 





- - 1 III + '1+ s ) + // ‘ ^ 

where I, m, n are the direction-cosines of the outward-drawn normal to the 
element dS of surface. 
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Thug if (348), 

where p, a are given by 

idA dB dC\ 

'’■-(E + aF^fe) 

tr = lA + 7 hB 4- tiC (350). 


Thus the potential of the magnet at any external point Q is the same as 
if there were a distribution of magnetic chargee throughout the interior, of 
volume-density p given by equation (349), together with a distribution over 
the surface, of surface-density a gi%-en by equation (350). 

Potetitial of a Magnetic Shell, 

417. A magnetised body which is so thin that its thickness at every point 
may be treated as infinitesimal, is called a “ magnetic shell.” Throughout 
the small thickness of a shell we shall suppose the magnetisation to remain 
constant in magnitude and direction, so that to specify the magnetisation of 
a shell we require to know the thickness of the shell and the intensity and 
direction of the magnetisation at every point. 

Shells in which the magnetisation is in the direction of the normal to the 
surface of the shell are spoken of as “normally-magnetised shells." These 
form the only class of magnetic shells of any importance, so that we shall deal 
only with normally-magnetised shells, and it will be unnecessary to ixqieal in 
every case the statement that normal magnetisation is intended. 

If I is the intensity of magnetisation at any jioint inside a shell of this 
kind, and if t is its thickness at this point, the product It is spoken of us 
the “ strength ” of the shell at this point. Any element dS of the shell will 
behave as a magnetic particle of moment ItUS, so that the strength of a 
shell is the magnetic moment per unit area, just as the intensity of magneti- 
sation of a body is the magnetic moment per unit volume. 

Any element dS of a shell of strength (f) behaves like a magnetic particle of 
strength <f)dS of which the axis is normal to dS. 

The magnetisation of a magnetic shell may often be conveniently pictured 
as being due to the presence of layers of positive and negative poles on its 
two faces. Clearly if tp is the strength and t the thickness of a shell at 

any point, the surface-density of these poles must be taken to be ±~. 

T 

418. To obtain the potential of a shell at an external point, we regard 
any element dS of the shell as a magnetic particle of moment <f>dS and axis 
in the direction of the normal to the shell at this point, it being agreed that 
this normal must be drawn in the direction of magnetisation of the shell. 
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The potential of the element dS o. the shell at a point Q distant r from dS 
is then 

so that the potential of the whole shell at Q is given by 

where d is the angle between the normal at dS and the line joining dS to P. 

Clearly dS cosfl is the projection of the element d<S' on a plane perpendicular 
to the line joining dS to P so that ^ is the solid angle subt< nded by 

(W at Q. iJenoting this by dai, we have the potential in the form 


^0 = // 


.(351). 


419. Uni fa rill, shell. If the shell is of uniform strength, <f> may be taken 

inUside (he .sign ot integration in etpialioii (351), so that we obtain 


fl^= <p jj d(o = <f>Q (352), 


where fl is the total .solid angle subtended by the shell at Q. 


P()TESTI.\L EnEUGY OF A MaGNET IN A FlELD OF FoRCE. 

420. The potential energy of a magnet in an external held of force is 
equal to the work done in bringing up the magnet from infinity, the field of 
force being supposed to remain unaltered during the process. 

Consider first the potential energy of a single pairticle, consisting of a pole 
of strength — wi, at 0 and a pole of strength + nq at P. Let 
the potential of the field of force at 0 be fto •'^nd at P be ^ 

Then the amounts of work done on the two poles in bringing ”** 

up this particle from infinity are respectively — wiiDo and 

, so that the potential energy of the particle when in Fia. 107 . 
the position OP 

= w, (Qf. - f2„) 

= . OP ^ , in the notation already used, 

(/S 

an /.dci an , an\ 




( 353 ). 
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The potential energy of any magnetised body can be found by integration 
of expression (363), the body being regarded as an aggregation of magnetic 
particles. 

421. Equation (353) assumes a special form if the magnetic field is due 
solely to the presence of a second magnetic particle. Let this be of moment 
fjL, its axis having direction cosines V, m’, n, and its centre having coordinates 
x', y , z'. Then ■we have tus the value of fl, from § 410, 

“ - 84 ' (?) - ('' h + 87 / ^ 87 ) © ■ 

Substituting these values for fl in the formulae just obtained, we have as 
the mutual potential energy of the two magnets, 

«---8^(?) 


= au [I ■: h «l “ + 

' CT ay 


'• 8 /)('- 4 '-' 87 -' 84 )(?)- 


This IB ayiumetrical with respect to the tw'o laaguets, as of course it ought to be — it is 
ininiatenal whether we bring the first magnet into the field of the second, or the second 
into the field of the first. 

If we now put 

1^ 1 

’■ {(a; - xy + {y- y’f + (r - r')*i^ 

we obtadn on differentiation. 


so that 


9 /1\ _ X — x' 

Alii 

dxdx’ \rj 


w ■ 


aydx' \rj 


y+(z-syy 

1 3 (x — x')' 

r* ' 

3 (x - x') (y - y' ) 

1* 


, etc. 


Hence we obtain as the value of W, 

W= (^(ir + mm’ + nn') 

{Hx-x')^m{y-y') + n{z-z)] {I' {x - x)+m(y-y')+n'(z-z')]. 

Let us now denote the angle between the axes of the two magnets by e. 
and the angles between the lino joining the two magnets and the axes of the 
first and second magnets respectively by 0 and 0", Then 
cos e = + mm' + nn', 

CO3 0 3a\[Hx—m')-¥m{y—y')^-n{z — z')], 

COB 0 " = i [i' (x — x') + m' (y — y') + n' (z — /)} 
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80 that W can be expressed in the form 

W = ^ (cos e — 3 cos 6 cos 0') (354). 


If we take the line drawn from the first magnet to the second as pole in 
spherical polar coordinates, and denote the azimuths of the axes of the two 
magnets by ifr, ^jr', then the polar coordinates of the directions of the axes of 
the two magnets will be 9, yfr and 6', ■yfr' respectively, and w-e shall have 

cos e = cos 0 cos 0' 4- ain 0 sin 0' cos (i^ — yjr’). 

On substituting this value for cose in equation (354), we obtain 
/ 

^ (sin 0 ain 0' cos — \(f') — 2 cos d cos 0' j (355 ). 


422. Knowing the mutual potential energy ir, wo can derive a know- 
ledge of all the mechanical forces by differentiation. For instance the 
rc'pulsion between the two magnets, t.e. the force tending to increase r, is 

air 

-7,,. or 

jsin 0 sin 0' cos (-^ — yfr') — 2 cos 0 cos 0']. 

Thus, whatever the position of the magnets, the force between them 
varies as the inverse fourth power of the distance. 

If the magnets are parallel to one another, 0=0' and ^ = so that the 
repulsion 

= (sin* ^ — 2 cos* 0). 


Thus when 0 = 0, i.e. when the magnets lie along the line joining them, 

f* ^ 

the force is an attractive force , When ^ , so that the magnets are 

O / 

at right angles to the line joining them, the force is a repulsive force . 

In passing from the one [Kvsition to the othei* the force changes from one of 
attraction to one of repulsion when sin’^— 2cos*^ = 0, t.e. when d=tan“‘ v'2. 


The couples can be found in the same way. If is any angle, the couple 
tending to increase the angle % 

f 3 

— ^ g- (sin 0 sin 6" cos (t^ — ^') — 2 cos ^ cos S'}, 
so that all the couples varj' inversely as the cube of the distance. 
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For instance, taking ^ to be the same as we find that the couple 
tending to rotate the first magnet about the line joining it to the second, 
in the direction of ^ increasing 

S W • a ■ at ■/ , I 

“ “ 3^ = ^ ^ ^ sm (y - y ), 

so that this couple vanishes if either of the magnets is along the line joining 
them, or if they are in the same plane, results which are obvious enough 
geometrically. 


Potential Energy of a Shell in a Field of Force. 


423 . Consider a shell of which the strength at any point is <^, placed 
in a field of potential H. The element dS of the shell is a magnetic particle 
of strength <^dS, so that its potential energy in the field of force will, by 
formula (353). be 


<^dS 


m 

dn ‘ 


0 

where denotes differentiation along the normal to the shell. Thus tht' 
potential energy of the whole shell will be 

( 356 ). 


If the .shell is of uniform strength, this may be replaced by 




Since the normal component of force at a p»int iust outside the shell 

and on its positive face is — it is clear that dS is equal to minus 

the surface integral of normal force taken over the positive face of the shell, 
and this again is equal to minus the number of unit tubes of force which 
emerge from the shell on its positive face. Denoting this number of unit 
tubes by n, equation (357) ma^ be expressed in the form 

(358). 


Here it must be noticed that we are concerned only with the original 
field before the shell is supposed placed in position. Or, in other terms, the 
number n is the number of tubes which would cross the space occupied by 
the shell, if the shell were annihilated. Since the tubes are counted on the 
positive face of the shell, we see that n may be regarded os the number of 
unit tubes of the extenial field which cross the shell in the direction of its 
magnetisation. 
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424 Consider a field consisting only of two shells, each of unit strength. 
Let fij be the number of tubes from shell 1 which cross the area occupied 
by 2, and let n, be the number of tubes from shell 2 which cross the area 
occupied by 1. The potcmtial energy of the field may be regarded as being 
either the energy of shell 1 in the field set up by 2, or as the energy of 
shell 2 in the field sot up by 1. Regarded in the first manner, the energy 
of the field is found to be — Uj ; regarded in the second manner, the energv’ 
is found to be — n,. Hence we see that n, = n 2 . This result, which Ls 
of great importance, will be obtained again later (| 446) by a purely 
geometrical method. 


Potential Energy of any Magnetised Body in a Magnetic Field of Force. 

426. Let I be the intensity of magnetisation and I, m, n the direction- 
. . sines of the direction of magnetisation at any point x, y, e of a magnetised 
body, and let fl be the potential, al this point, of an external field of magnetic 
force. The element dxdydz of the magnetised body is a magnetic particle 
of strength I dxdydz, of which the axis is in the direction /, m, n. Thus its 
lK>teutial energy in the fiel<l of force is, by formula 


Idxdydz 


da da 

. h Ht V 

cx cy 


+ « 


dz) ’ 


and by integration the potential of the whole magnet is 


da 


da 


da 




or 


l!l‘ 


Foiu'E inside a Magnetised Bodv. 

426 So far the magnetic force has been defined and discussed only in 
regions not occupied by magnetised matter : it is now necessary to consider 
the more difficult question of the measurement of force at points inside a 
magnetised body. 

At the outset we are confronted with a difficulty of the same kind as 
that encountered in discussing the measurement of electric force inside a 
dielectric, on the molecular hypothesis explained in § 143. We found that 
the molecules of a dielectric could be regarded as each possessing two equal 
and opposite charges 'of electricity on two opposite faces. If we replace 
“ electricity ” by " magnetism ” the state is very similar to what we believe 
to be the state of the ultimate magnetic particles. In the electric problem 
a difficulty arose from the fact that the electric force inside matter varied 
rapidly as we passed from one molecule to another, because the intensity of 
the field set up by the charges on the molecules neaiest to any point was 
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comparable with the whole field. A similar difficulty arises in the magnetic 
problem, but will be handled in a way slightly different from that previously 
adopted. There are two reasons for this difference of treatment — in the first 
place, we are not willing to identify the ultimate magnetic particles with 
the molecules of the matter, and in the second place, we are not willing to 
assume that the magnetism of an ultimate particle may be localised in the 
form of charges on the two opposite faces. We shall follow a method which 
rests ou no assumptions as to the connection between molecular stj-ucture 
and magnetic properties, beyond the ivell-establi.shed fact that on cutting 
a magnet new magnetic poles appear on the surfaces created by cutting. 

427. One way of measuring the force at a point Q inside a magnet will 
be to imagine a cavity scooped out of the magnetic matter so as to enclose 
the point Q, and then to imagine the force measured on a pole of unit 
strength placed at Q. This method of measurement will only determine 
a definite force at Q if it can be shewn that the force is independent of 
the position, shape and size of the cavity, and this, as will be obvious from 
what follows, is not generally the case. 

428. Let us suppose that, in order to form a cavity in which to place 
the imaginary unit pole, we remove a small cylinder of magnetic matter, the 
a.\is of this cylinder being in the direction of magnetisation at the point. 
Let this cylinder be of length I and cross-section S, and let the intensity of 
magnetisation at the point be /. Let the size of the cylinder be supposed to 
be veiy great in comparison with the scale of molecular structure, although 
veiy small in comparison with the scale of vaiiation in the magnetisation 
of the body. 

In steel or iron there are roughly 10^ molecules to the cubic centimetre, so that a 
length of 1 millimetre may be regarded as largo when measured by the moleculai- scale, 
ultliougb in most magnets the magnetisation may be treated as constant within a leiigtli 
of a millimetre. 

At a point near the centre of this cavity we are at a distance from the 
nearest magnetic particles, which is, by hypothesis, great compared with 
molecular dimensiona Hence, by § 416, we may regard the potential at 
points near the centre of the cavity as being that due to the following 
distributions of imaginary magpietic matter. — 

I. A distribution of surface-density I A ■+■ mB nC, spread over the 
surface of every magnet. 

IL A distribution of volume-density 

• /3A dB 0C?\ 

dz) ' 

^ead throughont the whole space which is occupied by magnetic matter 
afi^ the cavity has been scooped out 
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IIL A distribution of surface-density lA -1- mB + nC, spread over tlie 
walls of the cavity. 

From the way in which the cavity has been chosen, it follows that 
lA -P mli + nG vanishes over the side-walls, and is equal to ±I on the 
two ends. 

The force acting on an imaginary unit pole placed at or near the 
centre of the cavity may be regarded as the force arising from these 
three distributions. 

429. The force from distribution III can be made to vanish by taking 
the length of the <'avity to be very great in comparison with the linear 
dimensions of its ends. For the ends of the cavity may then be treated as 
points, and the force exerted by either end upon a unit pole placed at the 
centre of the cavity will be 

SI 

and this will vanish if S is small compared with l\ The resultant force will 
therefore arise solely from di.stributions I and II. 

The force arising from distribution II may be regarded as the force 
arising from a distribution of volume-density 

\ C.C vy cz ) 

spread throughout the whole of the magnetised matter, regardless of the 
existence of the cavity, together with a distribution of voluiue density 

dA cD cC 

-r "h 

Cx {If cz 

spread through the space occupied by the cavity. The force from this 
latter distribution vanishes in the limit when the size of the cavity is 
inlinitosimal, so that the force from distributiou II may be regarded as 
that from a volume-density 

\?a: dy ^ dz) 

spread through all the original magnetised matter. 

We have now arrived at a force which is independent of the shape, size 
and position of the cavity, provided only that these satisfy the conditions 
which have already been laid down. This force we define to be the magn^ic 
force, at the point under discussion, inside the magnetised body. 

430. In the notation of § 416, the force which has just been defined is 
due to a distribution of surface-density a, and a distribution of volume-density 
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p throughout the whole magnetised matter. The potential of these distribu- 
tions is 

jj^<lS-^liy-dxdydz, 

or SIq if we regard this as defined by equation (348). Thus, with this 
meaning assigned to fl(j, the components of force at a point Q inside a 
magnetic body will be 

Pfly dfly 
“ar’ “ly ' ~Tz' 

At the same time it must be remeinberiHl that Dq has not been shewn to 
be the true value of the potential except when the point Q is outside the 
magnetic matter. The true potential inside m.'ignetised matter will vary 
rapidly as we pass from one magnetic particle to another. 

431. Let us next supjwae that the length I of the cylindrical cavity is 
very small compared with the linear dimensions of nn 
end. The force, as before, is that due to the xlistribiit ions 
I, II and III of § 428. The force from distribution III, 
however, w'ill no longer vanish, for this distribution con- 
sists of distributions + I over the end* of the cavity, 
and the force from these is not now negligible. From 
analogy with the distribution of electricity on a parallel plate conden.sor, it 
is clear that the force ari.sing from di.strihution III is a force 47r/ in the 
direction of magnetisation. The forces from distnbution.s I and II are 
easily seen to be the same as in the former case. Thus the force on a unit 
pole placed at a point Q inside a cavity of the kind we are now considering 
is the resultant of 

(i) the magnetic force at Q, as defined in § 429, 

(ii) a force 47r/ in the direction of the intensity of magnetisation at Q. 

The le.sultant of these forcc,s is called the magnetic induction at Q. 

432. The magnetic force will be denoted by H, and its comiwnents 
by a, /9, 7 - 

The induction will be denoted by B, and its components by a, b, c. 

We have seen that the force B is the resultant of a force H and a force 
4ir/. The components of this latter force are 4ttA, 4irB, 4vC. Hence we 
have the equations 



a = a + i-rrA ' 
b = /3+47rB 
C = 7 -p i/TrC ^ 


( 359 ). 
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433. Let us next consider the force on a unit pole inside a cylindrical 
cavity when the cavity is disc-shaped, as in § 431, but its 
axis is not in the direction of magnetisation. The force can, 
as in § 428, be regarded as arising from three distributions. 

Distributions I and II are the same as before, but 
distribution III will now consist of charges both on the 
end and on the side-walls of the cylinder. By making the 
length of the cylinder small in comparison with the linear 
dimensions of its cross-section, the force from the distri- 
bution in the side-walls can be made to vanish. And if 6 is the angle 
between the axis of the aivity and the direction of magnetisation, the 
distribution on the ends is one of density + I cos 9. Thus the force arising 
from distribution III is a force ^irlcoad in the direction of the axis of 
the cavity. 

Thus the force on a pole placed inside this Ciivity may be regarded as 
compounded of the force H (arising from distributions I and II), and a force 
47r7 cos 9 in the direction of magnetisation, arising from distribution III. 

Let e be the angle between the direction of the force H and the axis of 
the cavity, then the component force in the direction of the axis of the cavity 

cose 4'7r/ cos 9. 

Iff, VI, Ji are the direction-cosines of this last direction, 

H cos e = la + m/3 -b ny, 

4-17/ cos 9 = 4nr {lA -f viB + nC), 
so that, by equations (395), 

H cos e -(- 4itrl cos 9 = la + mb -f vc. 

Thus the component of the force in the direction of the axis of the cavity 
is the same as the component, in the same direction, of the magnetic induc- 
tion, namely la + mb + nc. 

434. We are now in a position to understand the importance of the 
vector which has been called the induction. This arises entii-ely from the 
property of the induction which is expressed in the following theorem : 

Theorem. The mrface-inteyral of the normal component of induction, 
taken over any surface whatever, vanishes, 

or in other words (cf. § 177), 

The indwttion is a sol^toidal vector throughout the whole of the magnetic 
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To prove this let us take any closed surface S in the field, this surface 
cutting any number of magnetised bodies. Along those parts of the surface 
‘ which are inside magnetic bodies, let us remove a layer of matter, so that the 
surface no longer actually passes through any magnetic matter. 



Then by Gauss' Theorem (§ 409), 

[JjVdS^O (360), 

where X is the component of force in the direction of the outward normal to 
S, acting on a unit pole placed at any point of the surfiice S. This force, 
however, is exactly identical with that considered in § 433, and its normal 
component h,as been seen to be identical with the normal component of the 
induction. Thus N, in equation (360), will be the noianal component of 
induction, so that this equation proves the theorem. 


Analytically, the theorem may be stated in the form 



mb + nc) dS = 0 


and this, by Green’s Theorem (§ 179), is identical with 

da db dc _ 

+ ^ + 


(361) , 

(362) . 


436. Definition. By a line of induction is meant a curve in the 
magnetic field such that the tangent at every point is in the direction of 
the magnetic induction at that point. 

Definition. A tube of induction is a tubular surface of small cross- 
section, which is bounded entirely by lines of induction. 

By a proof exactly similar to that of § 409, it can be shewn that the 
product of the induction and cross-seetion of a tube retains a constant value 
along the tube. This constant value is called the strength of the tube, . 
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In free space the lines and tubes of induction become identical with the 
lines and tubes of force, and the foregoing definition of the strength of a tube 
of induction is such as to make the strengths of the tubes also become 
identical. 

436. At any point of a surface let B be the induction, and let e be the 
angle between the direction of the induction and the normal to the surface. 
The aggregate cross-section of all the tubes which pass through an element 
dS of this surface is diS cos «, so that the aggregate strength of all these tubes 
is B cos edS. Since B cose = N, where N is the normal induction, this may 
be written in the form N dS. Thus the aggregate strength of the tubes of 
induction which cross any area is equal to 


II 


NdS. 


This, we may say, is the number of unit-tubes of induction which cross 
this area. 


The theorem that 


II 


NdS^O, 


where the integration extend.s over a closed surface, may now be stated in 
the form that the number of tubes which enter any closed surface is equal 
to the numlx'r which leave it. This is true no matter where the surface 
is situated, so that we see that tubes of induction can have no beginning 
or ending. 

437. Let us take any closed circuit s in space, and let n be the number 
of tubes of induction w hich pass through this circuit m a specified direction. 

Then n will also be the number of tubes which cut any area whatever 
which is bounded by the circuit s. If 6' is any such area, this number is 

known to be jjdfdB, where the integration is taken over the area S, so that 

The number n, however, depends only on the position of the curve s by 
which the area (S' is bounded, so that it must be possible to express n in a 
form which depend.s only on the position of the curve s, and not on the area S. 

In other words, it must he jKvssible to rephree j j iV dS by an expression which 

depends only on the boundary of the area s. This we are enabled to do by 
a theorem due to Stokes. 


2&— 2 
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Stokes’ Theorem. 


Theorem. 1/ X, TT, Z are continuous functions of position in space, 


as as dsJ 




where the line integral is take^i round any closed curve in space, and the surface 
integral is taken over any area (or shell) hounded hy the contain-. 


Here I, m, n are the direction-cosinos of the normal to the surface. A 
rule is needed to fix the direction in which the normal is to be drawn. The 
following is perhaps the simplest. Imagine the shell turned about in space 
so that the tangent plane at any point P is parallel to the plain' of ivy, and 
so that the direction in which the line integral is taken round the contour 
is the same as that of turning from the axis of ir to the axis of y. Then 
the normal at P must be supposed drawn in the direction of the positive 
axis of r. 


439. To prove the theorem, let us select any two points A, iB on the 
contour, and let us introduce a quantity I defined by 






the path from A to P being the same as that followed in the integral of 
equation (363). Let us also introduce a quantity J equal to the same 
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integral taken from A to S, but along the opposite edge of the shell Then 
the whole integral on the left of equation (363) is equal to I — J. 
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It will be possible to connect A. and B by a series of non-intersecting 
lines drawn in the shell in such a way as to divide the whole shell into 
narrow strips. Let us denote these lines by the letters a,b, ... n, the lines 
being taken in order across the shell, starting with the line nearest to that 
along which we integrate in calculating /. Let us denote the value of 

taken along the line a by /<,. 

Then the left-hand member of equation (363) 

= I-J 

= {I — la) + (ta — + — + ... + (/» “ J). 


Let us consider the value of any term of this series, say la — lb- 


Let ns take each point on the line a and cause it to undergo a slight 
displacement, so that the coordinates of an}' point x, y, z are changed to 
y + hy, z+Bz. If Sx, By, Sz are continuous functions of x, y, z the 
result will be to displace the line « into some adjacent position, .and by a 
suitable choice of the values of Bx, By, Bz this displaced position of line a can 
be made to coincide with line b. If this is done, it is clear that the value of 
la, after replacing x, y, z by a: -)-&*■, y + Sy, z-\- Bz, will be Jj. Hence if we 
denote this new value of la by la + SI, we shall have 

la d" ^I — lit 


so that 


Ia-Ib = -^I 


=-*/:( 


dx , 
ds + ^ ds 




and the value of this quantity can be obtained by the ordinary rules of the 
calculus of variations. 


We have 


and since &E vanishes both at A and B, the term i JT &rj ^ may be omitted, 
and the whole expression put equal to 

Jj ^ dy dz ^ J dz ds ^ dy ds dz dsj J 
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or again, on simplifying, to 

This may De written in the form 

j (S^dx — Sxdi/) — ^ {ixdz — Srrf.r)| . . . . 



[CII. XI 


,( 364 ). 


Now in fig. 112, let P, Q, P' be the points x + dx, y+ dtf, e + dz 

and x+ Sx, y + Sy, z + Sz. Let dS denote the area of the parallelogram 
PQQ'P', and let (, m, n be the direction-cosines of the normal to its plane. 
Then the projection of the i)aralle]ograni on the plane of xy will be of area 
tidS, while the coordinates of three of its angular points will he x, y ; x + dz, 
y + dy; and a: + 8x, y + Sy. Using the usual formula for the area, wu obtain 

ndS = (Sydx — Sxdy), 

and using this relation in expression (364), we obtain 

*/r i "‘-/fi 

the integral denoting summation over all those elements of area of the shell 
which lie between lines a and b. By summation of three equations of the 
type of (305), we obtain 



where the integration has the same meaning as before. If we add a system 
of equations of this type, one for each strip, the left-hand, as alreatfy seen, 
becomes I — J, which is equal to the left-hand member of equation (363), 
while the right-hand member of the new equation is also the right-hand 
member of equation (363). This proves the theorem. 
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440 . Stokes’ Theorem can be readily expressed in a vector notation. If 
X, Y, Z are the components of any vector F, it is usual to denote by curl F 
the vector of which the components are 

By Bz ’ Bz Bx' Bx By 
Hence Stokes’ Theorem assumes the form 


J(componeiit of F along da) da 

= J(comjxments of curl P along normal to dS) dS. 


The theorem enables us to transform any line integral taken round a 
closed circuit into a surface integral taken over any area by which the circuit 
can be filled up. The converse operation of changing a surface integral into 
a line integral may or may not be possible. 


441 . Theorem. 


Tt will he possible to transform the surface integral 
j j(lu + m» + 7iw) dS (3C6) 


into a line integral taken round the contour of the area S if, and only if, 


at every point of the area «S'. 


?u Bv Bw 

i- + a- + = 0 

c'.r By Bz 


(367) 


It is easy to see that this condition is a necessarj’ one. Let S' denote any 
area having the same boundary as S, and being adjacent to it, but not 
coinciding with it. Then if / is the line integral into which the surface 
integral can be transformed, we must have 


I = jj{ln + »u’ + nu<)dS (368), 

and also 1 = (369). 

On equating these two values for I we obtain an equation which may be 
expressed in the form 

f [{III + mv + ntv) d8 = Q (370), 


where the integration is over a closed surface bounded by S and S , and 
I, m, n are the direction-cosines of the outward normal to the surface at any 
point. From equation (370), the necessity of condition (367) follows at once. 

Condition (367) is most easily proved to be sufficient by exhibiting an 
actual solution of the problem when this condition is satisfied. W e have to 
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shew that, subject to condition (367) being satisfied, there are functions 
X F, Z such that 

dy dz 

(371), 

dz ox I 
0F_^ 
dx dy 

for if this is so, the required line integral is j(lX +«iF+ nZ) dS. 

By inspection a solution of equations (371) is seen to be 

X=jvdz, V=-Judz, 2 = 0 (372), 

for it is obvious that the first two equations are satisfied, and on substituting 
m the third, we obtain 

dV dX [{ dti dv\ j fdw , 

shewing that the proposed solution satisfies all the conditions. 

442. The absence of symmetry from solution (372) suggests that this 
solution is not the most general solution. The most general solution can, 
however, be easily found. If we assume it to be 

X-jvdz + X', Y = ~ l^udz + y, 2=2' (373), 

then we find, on substitution in equations (371), that we must have 

dy dz ’ dz dx ’ dx dy ' 

and if we introduce a new variable x defined by = jx'dx, we find at once 
that 


^ -05’ 


^ -0y’ 




so that the most general solution of equations (371) is 

idz + p^, 

dy 


2=1^. 

dz 


jr-/.*+g, r—ju 

Substituting these values, the line integral is found to be 

/[(/”*) s- (/“*) S] 

and the condition that this shall be equal to the sur&ce integral is that 


(376). 


/ 


^ds-O. 

da 


or that X shall be single-valued. 
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Thus if X 18 any single-valued function, equations (375) represent a solu- 
tion, and the most general solution, of equations (371). 


V ECTOR- PoTENTlAI,. 

443. The discussion as to the transformation from surface to line inte- 
grals arose in connection with the integral jJjfdS or jj(la + nd) + nc)dii, in 
which a, b, c are the components of magnetic induction. .Since the condition 


('ll db 3c . 

r- ^ -t- ^ = 0 

cx ctf dz 


is satisfied throughout all space, it must always be possible (cf. § 441) to 
transform the surface integral into a line integral by a relation of the form 

,d.r tZy 


jj(la -i- ?iib + nc)dS — 


I)'"- 


The vector of which the components are fy, H is known as the magnetic 
vector-potential. 

From what has been said in § 442, it is clear that the vector-potential is 
not fully determined when the magnetic field is given. On the other hand, 
if the vector-potentiil^is given the magnetic field js fully determined, being 
given by the e<iuatioris 

a = ■ 



_cG 


rz 

3F 

dll 

cz 

dx 

?G 

_dF 

3x 



.(37G). 




We .shall calculate some possible values of the components of vector- 
[mtentiai in a few simple cases. It must be remembered that the values 
obtained, although solutions of equations (376), will not be the most general 
solutions. 

Magnetic Particle. 

444. Let us first suppose that the field is produced by a single magnetic 
particle at the point y’, z in free space, parallel to the axis of z. Then, 

by equation (338), fl « m f - j . so that at any point x, y, z. 


0n 


d‘ 


and similarly 


® “ “ 3* ^ dxdz' 






3^ 

Oyifz 
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The equations to be solved (equations (376)) are 

dH _dG ^ y /1\ 
dy dz ^dxdzKr/’ 

a* /1\ 

dz dx ^ dydz \r/ ’ 

dO_dF_ di n\ 

dx dy ~ ^ dz* \JV ’ 

and the simplest solution, similar to that given by equations (372), is 


F 




H^O. 


The components of vector-potential for a magnet parallel to the axes of 
X 01 y can be written down from symmetry. In terms of the coordinates 
x', y', z of the magnetic particle, this solution may be expressed as 







i/=0. 


445. Let us superpose the fields of a magnetic jiarticle of strength ly. 
parallel to the axis of x, one of strength my, parallel to the axis of y, and 
one of strength ny, parallel to the axis of z. Then , we oblain the vector- 
potential at X, y, 2 due to a magnetic particle of strength y, and axis {I, in, n) 
at X, y', z' in the forms 



The number of lines of induction which cross the circuit from a magnetic 
particle is (§ 437 ) 

which may be written in the form 



dz i 
ds ' 


n 



j 

t 

( 


the integral being taken round the circuit in the direction determined by the 
rule given in § 438 (p. 388). 
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Uniform Magnetic Shell. 


446 . Next let us suppose that the lines of force proceed from a uniform 
magnetic shell, supposed for simplicity to be of unit strength. Let 1', m', n' 
be the direction-cosines of the normal to any element dS’ of this shell. 
Then the element dS' will be a magnetic particle of moment dS' and of 
direction-cosines I', rti, n. The element accordingly contributes to F a term 
which, by equations (377), is seen to be 



whore x , y', z are the coordinates of the element dS' . 
of is 


F 



dy ) \ry 


/1\ 


dS'. 


Thus the whole value 


This surface integral satisfies the condition of § 441, so that it must be 
possible to transform it into a line integral of the forn» 



The equatioirs giving /, g, h are 

^ _ 0 
d]/ dz ~ ’ 

df _ _ 3 /I'l 

dz' dx' dz‘\r)’ 

/I'l 

?x' dy dy'\r)' 

Clearly a solution is 

f=l’ 17 = 0 . /<= 0 , 

so that on substitution the value of F is 


Similarly 



Thus the number of tubes of induction crossing the circuit s from a 
magnetic shell of unit strength bounded by the circuit s', is given by 


iV ^ dx 


dy 


rf.A 
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If € is the angle between the two elements ds, da', the direction of these 
elements being taken to be that in which the integration takes place, then 

dxdx' dy dy' dz dz' 


SO that 


n 


If 


cose 

r 


dsda'. 


From the rule as to directions given on p. 388, it will be clear that if the 
integration is taken in the same direction round both circuits, then the 
direction in which the n lines cross the circuit will be that of the direction 
of magnetisation of the shell. 

Clearly n is symmetrical as regards the two circuits a and s', so that we 
have the important result: 

number of tubes of induction crossing circuit s from a shell of unit 
strength bounded by the circuit s' is eqttal to the number of tubes of induction 
crossing the circuit s' from a shell of unit strength bounded by the circuit s. 

Here we have arrived at a purely geometrical proof of the theorem 
already obtained from dynamical principles in § 424. 


E.vebgt of a Magnetic Field. 

447. Let a, 6, c, ...n be a system of magnetised bodies, the magnetisation 
of each being permanent, and let us suppose that the total magnetic field 
arises solely from these bodies. Let us suppose that the potential Q at any 
point is regarded as the sum of the potentials due to the separate magnets. 
Denoting these by Da. ••• ^n, we shall have 

ii = fla + Hd + ... + fin* 

Let us denote the potential energy of magnet a, when placed in the field 
of force of potential fl, by n{a); if placed in the field of force arising from 
magnet b alone, by 0 ^( 0 ), etc. 

Let us imagine that we construct the magnetic field by bringing up the 
magnets a, 6, c, ... n in this order, from infinity to their final positions. 

We do no work in bringing magnet a into position, for there arc no 
forces against which work can be done. After the operation of placing o in 
position, the potential of the field is fl®. The operation of bringing magnet 
a from infinity has of course been simply that of moving a field of force of 
potential Ho from infinity, where this same field of force had previously 
existed. 

On bringing up magnet h, the work done is that of placing magnet b in 
a field of force of potential fl,. The work done is accordingly fl, (6). 
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Energy of a Magnetic Field 

The work done in bringing up magnet c is that of placing magnet c in a 
field of force of potential fi* + fij. It is therefore fla (c) + C c). 

Continuing this process we find that the total work done, W, is given by 

n, (6) 

+ n j (c) + lift (c) 

+ fla (d) + (d) flc (d) + etc. 

If, however, the magnets had been brought up in the reverse order, we 
should have had 

TK = fit (o ) + fic (a) + fid (a) + ... + fi„ (a) 

+ fic (6) + fid (6) + . . . + fi„ (l> ) 

+ fid (c) + ... + fi„ (c) 

"f" 

80 that by addition of these two values for W, we have 

2\\ = fit (a) + fij (a) + fid (o) + .. . + fin (o ) 

+ fin ) + fic (i) + fid (b) -h . . . + fin (b ) 

+ fio (c) + fi), (c) + fid (c) + . . . + fi„ (c) 

+ fin(dl + Clii{d) + fit(d) + . . . + fin (d ) 

etc. 

The first line is equal to fi («) except for the absence of the term fia((i), 
and so on fur the other lines. Thus we have 

2ir= fi(a)— fiofn) 

+ fi (6) - fit (b) + etc. 

= Sfi(a)-5;fia(«) (378). 

The quantity fia(o). the potential energy of the magnet a in its own 
field of force, is purely a constant of the magitet a, being entirely independent 

of the properties or positions of the other magnets b, c, d Thus in 

equation (378), we may regard the term Sflo((i) as a constant, and may 
replfice the equation by 

TK=^Sfi (a) + constant (379). 


448. If w'c take the magnets a, b, c, ... « to be the ultimate magnetic 
particles, the values of fi«(o), fi»(6), ... etc. all vanish, and their sum also 
vanishes. Thus equation (379) assumes the form 


r=iSn(a) (380), 

where the standard configuration from which W is measured is one in which 
the ultimate particlea are scattered at infinity. The value of fi (a) for a 
single particle is (cC. § 420) 


3fi 


3fi afi' 
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On replacing n by Idwdydz, we find for the energy of a eystem of 
magnetised bodies 



- i IfK^ S + ^ i s) 

the integration being taken throughout all magnetised matter. 

449. An alternative proof can be given of equations (380) and (381), 
following the method of § 106, in which we obtained the energy of a system 
of electric chargea 

Out of the magnetic materials scattered at infinity, it will be possible to 
construct n systems, each exactly similar as regards arrangement in space to 
the final system, but of only one-nth the strength of the final system. If n 
is made very great, it is easily seen that the work done in constructing a 

single system vanishes to the order of ^ , so that, in the limit when n is very 

gi-eat, the work done in constructing the series of n systems is infinitesimal. 
Thus the energy of the final system may be regfirded as the work done in 
superposing this series of n systems. 

Let us suppose so many of the component systems to have been sujH'r- 
poeed, that the system in position is k times its fin.il strength, where k 
is a positive qu.antity less than unity. The j)otential of the field at any 
point will be icH. On bringing up a new system let us suppose that k is 
increased to x + dx, so that the strength of the new system is dx times that 
of the final system. In bringing up the new system, we place a magnet <if 
dx times the strength of a in a field of force of potential xil, and so on with 
the other magnets. Thus the w'ork done is 

dx . «fl (a) + dx . xil (h) + ..., 
and on integration of the work performed, we obtain 

W^f'xdx in(a) + n(b) + ...} 

J (I 

= isn(a), 

agreeing with equation (380), and leading as before to equation (381). 

450. If the magnetic matter consists solely of normally magnetised 
shells, we may replace equation (881) by 

where ds denotes thickness and dS an element of area of a shell, Beplaciog 
Ids by tf>, so that <f) is the strength of a shell, we have 
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For uniform shells, may be taken outside the sign of integration, and 
the equation becomes 

ran 


w 




(cf. § 423), wliere >i is th o number of lines of induction which cross the shell. 

This calculation measures the energy from a standard configuration in 
which the magnetic materials are all scattered at infinity. To calculate 
the energy measured from a standard configuration in which the shells have 
already been constructed and are scattered at infinity as complete shells, we 
use equation (378), namely 

from which we obtain H' = j'j dS, 

where denotes the values at the surface of any shell if the shell itself 
on On ■' 

is supposed annihilated. 

If all the shells fire uniform, this may again be written 

(382), 

where «' is the number of tubes of force from the remaining shells, which 
cross the shell of strength An e.xample of this has already occurred in 
§ 4 - 24 . 


Energy in the Medivm. 


461 . We have seen that the energy of a magnetic field is given by 
(cf. equation (381)) 

‘//K-’ s) 

the integration being taken over all magnetic matter. As a preliminary to 
transforming this into an integnil taken through all spice, we shall prove 
that 


///<' 


|(a9 + h/3 + cy) d^dydz = 0 (384), 

the integration being through all spice. 

The integral on the left can bt' written as 

and this, by Green’s Theorem, may be transformed into 
fda db , ?c'\ 


^ — jj nc) dS, 
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the latter integral being taken over a sphere at infinity. Now at infinity fl 
ia of the order of ~ (cf. § 67), while la + mb + fic vanishes, and dS is of 

the order of f*. so that the surface integral vanishes on passing to the limit 
r = » . Also the volume integral vanishes since 

da db dc 
dx dy dz ' 

and hence the theorem is proved. 

Replacing a, b, c by their values, as given bj' equations (359), we find that 
equation (384) becomes 

JJJ (a^ + j3^‘ + y*) dxdydz + 4irr jJJ(Aa + £B+ Cy)dxdi/dz’=0 ...(38,5). 


Both integrals are taken through all space, but since A=B=C '=0 
except in magnetic matter, we can regai-d the latter integral as being taken 
only over the space occupied by magnetic matter. This integral is therefore 
e<pial, by equation (383), to — 2 IT, so that equation (385) becomes 

+ /S’ + 7 ’) dxdijdz (386), 

the integral being taken through all space. 

This expression is exactly analogous to that which hiis been obtained for 
the energy of an electrostatic system, namely, 

Z'‘)dxdydz. 


And, as in the case of an electrostatic system, equation (386) may be 
interpreted as meaning that the energy may be regarded as spread through 

the medium at a rate tp- (o’ + + 7 *) per unit volume. 

OTT 


Tebbkstbial Maoketism. 

452. The magnetism of the earth is very irregularly distributed and is 
constantly changing. The simplest and roughest approximation of all to the 
state of the earth's magnetism is obtained by regarding it as a bar magnet, 
possessing two poles near to its surface, the position of these in 1906 being 
as follows: 

North Pole 7(f30'N., 97“40'W. 

South Pole* 73" 39' S., 140" 16' E 

Another approximation, which is better in many ways although still 
very rough, is obtained by regarding the earth as a uniformly magnetised 
sphere. 

* Sit E. ShjiekUton gives the position ot the South Pols in 1909 m 79° SS' 8., 156° 16' B. 
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With the help of a compass-needle, it will be possible to find the 
direction of the lines of force of the earth’s field at any point. It will 
also be possible to measure the intensity of this field, by comparing it with 
known magnetic fields, or by measuring the force with which it acts on 
a magnet of known strength. 

463 . At any point on the earth, let us suppose that the angle between 
the line of magnetic force and the horizontal is 0, this being reckoned 
positive if the line of force points down into the earth, and let the horizontal 
projection of the line of force make an angle S with the geographical 
meridian through the point, this being reckoned positive if this line points 
west of north. The angle ff is called the dip at the point, the angle S is 
called the declumtion. 


Let H be the horizontal component of force, then the total force may be 
regarded as made up of three components; 

X = H cos fi, tow.ards the north, 

Y = 7/ sin S, towards the west, 

Z = H tan 0, vertically downwards. 

If fl IS the potential due to the earth’s field at a point of latitude I 
longitude \, and at distance r from the centre, we h.ave (cf. equations (331 )) 


1 ^ 
r dl 


1 

r cos I d\ ’ 



(387). 


Analysis of Potential of Earth’s field. 

464 . Since fl is the potential of a magnetic system, the value of f2 in 
regions in which there is no magnetisation must (by § 408) be a solution of 
Laplace’.s equation, and must therefore (by § 233) be capable of expansion in 
the form 

fl = ( 7.1 + + . - . ) -I- (6V + Sfr + S;rt + ...) (388), 

in which 5,, S., ... Sf Sf, Sf ... are surface harmonics, of degrees indicated 
by the subscripts. 

At the earth’s surface, the first term is the part of the potential which 
arises from magnetism inside the earth, while the second term arises from 
magnetism outside. 

The surface harmonic /S„ can, as in § 275, be expanded in the form 


It \ 

Sn= 2 P^(sin0(A„.«cos7n\-l- B„,,«sin»)i\), 


so that fl can be put in the form 

I 

+ rn P“ (sin 1) cos m\ + sin mX)| . 


ll="s |'^’^f'.“-(A„,„cos7nX4-P„,mSinmX) 


J. 


26 



402 Permanent Magnetism [oh. xi 

Hence from equations (387) we obtain the values of X, Y, Z at any point 
in terms of the longitude and latitude of the point and the constants such 

By observing the values of X, Y, Z &t a great number of points, we 
obtain a system of equations between the constants A^.m, etc., and on 
solving these we obtain the actual values of the constants, and therefore 
a knowledge of the potential as expressed by equation (388). 

If the magnetic field arose entirely from magnetism inside the earth, 
we should of course expect to find S,' = S/ = . . . = 0, while if the magnetic 
field arose from magnetism entirely outside the earth, we should find 
,S!, = 6',= ... = 0. 

455. The results actually obtainc-d are of extreme interest. The mag- 
netic field of the earth, as we have said, is constantly changing. In addition 
to a slow, irregular, and so-called "secular” change, it is found that there 
are periodic changes of which the periods arc, in general, recognisable as 
the periods of astronomical phenomena. For instance there is a daily 
period, a yearly period, a period equal to the lunar month, a period of 
about 26J days (the period of rotation of the inner core of the sun*), 
a period of about 11 years (the period of sun-spot variation.s), a period of 
19 years (the period of the motion of the lunar nodes), and so on. Thus 
the potential can be divided up into a number of periodic parts and a 
residual constant, or slowly and irregularly changing, part. All the periodic 
parts are extremely small in comparison with the latter. It is found, on 
analysing the potentials of these different parts of the field, that the constant 
field arises from magnetisation inside the earth, w'hile the daily variation 
arises mainly from magnetisation outside the earth. The former result 
might have been anticipated, but the latter could not have been predicted 
with any confidence. For the variation might have represented nothing 
more than a change in the permanent magnetism of the earth due to the 
cooling and heating of the earth’s mass, or to the tides in the solid matter of 
the earth produced by the sun’s attraction. 

This daily variation is not such as could be explained by the magnetism 
of the sun itself; Chreef has found that it cannot be explained by the 
cooling and heating either of the earth’s mass, or of the atmosphere as 
suggested by Faraday. Balfour StewartJ put forward the hypothesis that the 
daily variation was due mainly to electric currents circulating in the upper 
atmosphere as a result of the electromotive forces induced by the convective 

* The outer surface of the san is not rigid, and rotates at different rates in different latitades. 
Tbns it is impossible to discover the actoal rate of rotation of the inner core except bjr saob 
indirect methods as that of observing periods of magnetic variation. 

+ Hoy. Soc. Phil, 'Pram., 202, p. 335. 

J Art. “Terrestrial Uagnetism,” in the 9th Edn. of the Hncyc. Brit. (1882), 
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motion of the atmosphere across the earth’s magnetic field. This hypothesis 
was examined and developed by Schuster*, who examined the daily varia- 
tions by the method of harmonic analysis, already explained. Schuster found 
the origin of the magnetic field to be mainly external ; he suggested also that 
the convection currents indicated by the diunial barometric changes were ulti- 
mately responsible for the phenomenon, and further found that a small part 
of the field must be attributed to origins inside the earth : these it was 
suggested might be a system of currents induced in the earth by the atmo- 
spheric currents above. 

Chapman t has recently reexamined the que.stion, and obtains results in 
■substantial agreement with Schuster’s thooiy’. He finds that the contribution 
from inside the earth is about 2iS per cent, of the total diurnal variation. It 
is supposed that the conducting layer in the upper atmosphere in which the 
induced currents flow is that of which we already have evidence in the pheno- 
menon of the bending of electromagnetic waves round the earth; this layer is 
also the scat of the aurora borealis. Chapman finds that the internal magnetic 
field of induced currents would be explained b}' assuming that, beneath an 
upper non-conductive layer of 150 or 200 miles depth, the earth has a specific 
resistance of about 4 x 10~" C.G..S. units. 

Besides the variatitjn just considered, there is found to be a lunar diurnal 
variation, of period cnjual to the apparent period of motion of the moon. This 
appears to be the result of a semi-diurnal tidal oscillation of the atmosphere 
the mechanism being otherwise similar to that already explained. 


456. The non-periodic part of the earth’s field is found to arise entirely 
from magnetism inside the earth, having a potential of the form 


CO H-® m = n ( Pi 

H .w+i 


A N D • 

- (■an.m cos 7aA. -(- Pn,m Sm m\)^ 


^ n*l m=0 

This method of anal3’sing the earth’s field is due to Gauss, who calculated 
the coefficients, with such accuracy as was then possible, for the year 1830. 
The most complete analysis of the field which now exists has been calculated 
by Noumayer for the year 1885, using observations of the field at 1800 
points on the earth’s surface. 

The first few coefficients obtained by Neumayer are as follows : 

A ='3157 0248, 

. _.on7q (^7..=- om ^=., = --0057. 

5,., =--0126, 

_ 0-n4. 039(5, ji,., = --0279, ^,.,= - 0033, 

Ah.«= |b,.,= 0074, --0004, £ 3,3 =--0055, 

.04,4, J^4 .i= - 0306, .43 .s=-’ 0198, 4,., = -od68, ^,.3 = --0008, 
=--0119, B3,3= -0071, B,.3 = -0051, B.,* = -0010. 

• Phil. Tram. A, 180 (1889), p. 467, and A, 908 (1907), p. 163. 

T Phil Tram. A, 213 (1913), p. 279, and A, 218 (1919), p. 1. 


14,0- 


26—3 
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467. The simplest approximation is of course obtained by ignoring all 
harmonics beyond the first. This gives as the magnetic potential 

n = i |.4i, (,Pi (sin I') + Pi’ (sin V) (.4i,i cos X + Pi_ , sin X) 

•3157 sin Z + cos Z( ‘0248 cos X — ‘0603 sin X) . 

The expression in brackets is necessarily a bia.vial harmonic of order unity 
(cf. § 276 V> it is easily found to be equal to ‘3224 008 7 , where 7 is the 
angular" distance of the point (Z, X) from the point 

lat. 78“ 20' N., long. 67’ 17' \V (389). 

The potential is now fl = '3224 , 

which is the potential of a uniformly magnetised sphere, having as direction 
of magnetisation the radius through the point (§ 415). Or again, it is the 
potential of a single magnetic particle at the centre of the earth, pointing 
in this same direction. It is naturally impossible to distinguish between 
these two possibilities by a survey of the field outside the earth. Green’s 
theorem has already shewn that we cannot locate the sources of a field 
inside a closed sarface by a study of the field outside the surface. 



EXAMPLES. 


1. Two small magnets float horizontally on the surface of water, one along the 
direction of the straight line joining their centres, and the other at right angles to it. 
Prove that the action of each magnet on the other reduces to a single force at right angles 
to the straight line joining the centres, and meeting that line at one-third of its length 
from the longitudinal magnet. 

2. A small magnet A CB, free to turn about its centre C, is acted on by a small fixed 
magnet PQ. Prove that in equilibrium the axis ACB lies in the plane PQC, and that 
tanfl= — Jtanfi', where 0, ff are the angles which the two magnets make with the line 
joining them. 


. 3. Three small magnets having their centres at the angular points of an equilateral 
triangle ABC, and lieing free to move about their centres, can rest in equilibrium with 
the magnet at A parallel to BC, and those at B and C respectively at right angles to AB 
and Prove that the magnetic moments are in the ratios 


V3 ; 4 : 4. 


/ • 4. The axis of a small magnet makes an angle ^ with the normal to a plane. Prove 
that the line from the magnet to the point in the plane where the number of lines of 


force crossing it per unit area is a maximum makes an angle S with the axis of the 
magnet, such that 


£ tan ^ as 3 tan 2 (^ - 4). 
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^ 5. Two nnall magnets lie in the game plane, and make angles d, ff with the line 
joining their centres. Shew that the line of action of the resultant force between them 
divides the line of centres in the ratio 

tand'+2tand : tand+2tand' 

• 6. Two small magnets have their centres at distance r apart, make angles 6, ff with 
the line joining them, and an angle f with each other. Shew that the force on the first 
magnet in its own direction is 

(5 cos- 0 cos ff — cos ff — 2 cos t cos 0). 


Shew that the couple about the line joining them which the magnets exert on one 
another is 

mm’ 

1* 


■ dsini 


where d is the shortest distance between their axes produced. 


« 7. Two magnetic needles of moments M. M' are soldered together so that their 
directions include an angle a. Shew that when they are suspended so as to swing freely 
in a uniform horizontal magnetic field, their directions will make angles 0, ff with the 
lines of force, given by 

sin 0 sin ff _ sin a 

~ ^ ~ {M‘^+M'*+2MM'aosay 


• 8 . Prove that if there are two magnetic molecules, of moments M and M', with their 
centres fixed at A and B, where AB=^r, and one of the molecules swings freely, while the 
other is acted on by a given couple, so that when the system is in equilibrium this 
molecule makes an angle 0 with AB, then the moment of the couple is 

^ Jfif ' sin 2fl/r» (3 cos® d -H)^, 
where there is no external field. 


, 9. Two small equal magnets have their centres fix-ed, and can turn about them in a 
magnetic field of uniform intensity H, whose direction is perpendicular to the line r 
joining the centres. Shew that the position in which the magnets both point in the 
direction of the lines of force of the uniform field is stable only if 

.ff > 3if/r». 


10. Two magnetic particles of equal moment are fixed with their axes parallel to the 
axis of z, and in the same direction, and with their centres at the points +ix, 0, 0. Shew 
that if another magnetic molecule is free to turn about its centre, which is fixed at the 
point (0, y, z), its axis will rest in the plane x=0, and will make with the axis of z the 
angle 


tan”' 


3vr 

2z''-tt--y=' 


Examine which of the two positions of equilibrium is stable. 


11. Prove that there are four positions in which a given bar magnet may be placed 
so as to destroy the earth's control of a compass-needle, so that the needle can point 
indififerently in all directions. If the bar is short compared with its distanoe from the 
needle, shew that one pair of these positions are about times more distant than the 
other pair. 
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12. Three small magnets, each of magnetic moment fi, are fixed at the angular points 

of an equilateral triangle AJiC, so that their north poles lie in the directions AO^ AB^ BC 
respectively. Another small magnet, moment is placed at the centre of the triangle, 
and is free to move about its centre. Provo that the jieriod of a small oscillation is the 
same as that of a ptaidulum of length where & is the length of a side of the 

triangle, and / the moment of inertia of the movable magnet about its centre. 

13. Three magnetic particles of equal moments are placed at the corners of an 
equilateral triangle, and can turn about those points so as to point in any direction in the 
plane of the triangle. Prove that there are four and only four positions of equilibrium 
such that the angles, measured in the same sense of rotation, between the axes of the 
magnets and the bisectors of the corresponding angles of the triangle are equal. Also 
prove th.at the two symmetrical positions are unstable. 

14. Four small equal magnets are placed at the cf>rnBr.s of a square, and oscillate 
under the actions they exert on each other. Prove that the times of vibration of the 
principal osoillations am 

„ t m y 

|)ttS3C2 + l/2^'2)/ ’ 

, f li ^ ^ 

where m is the magnetic moment, and if/* the moment of inertia, of a magnet, and of is a 
side of the square. 

15. A system of magnets lies entirely in one plane and it is found that when the 
axis of a small needle travels round a contour in the plane that contains no magnetic 
poles, the needle turns completely round. Prove that the contour contains at least one 
equilibrium {>oint. 


16. Prove that the potential of ^ body uniformly magnetised with intensity / is, at 
any external point, the same as that due to a complex magnetic shell coinciding with the 
sur&ce of the body and of strength Is, where is a coordinate measured parallel to the 
direction of magnetisation. 

17. A sphere of hard steel is magnetised uniformly in a constant direction and a 
magnetic particle is held at an external point with the axis of the particle parallel to the 
direction of magnetisation of the sphere. Find the couples acting on the sphere and ou 
the particle. 


, 18. A spherical magnetic shell of radius a is normally magnetised so that its strength 
• at any jioint is St, where St is a siiherical surface harmonic of positive older i Shew 
that the x>otential at a distance r from the centre is 


4 "- 27 ^ (7) »• > "• 


y , 19. If a small spherical cavity bo made within a magnetised body, prove that the 
' oomponents of magnetic force within the cavity are 

a+jd, S+itB, y'+iC'. 
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20. If the earth were a uniformly magnetised sphere, shew that the tangent of the 
dip at any point would be equal to twice the tangent at the magnetic latitude. 

21. Prove that if the horizontal component, in the direction of the meridian, of the 
earth's magnetic force were known all over its surface, all the other elements of its 
magnetic force might be theoretically deduced. 

, 22. From the principle that the line integral of the magnetic force round any circuit 
ordinarily vanishes, shew that the two horizontal components of the magnetic force at any 
station may be deduced approximately from the known values for three other stations 
which lie around it. Shew that these six known elements are not independent, but must 
satisfy one equation of condition. 

^ 23. If the earth ■w(!ro a sphere, and its magnetism duo to two small straight bar 
magnets of the same strength situated at the poles, with their axes in the same direction 
along the earth’s axis, prove that the dip 8 in latitude \ would be given by 

8 cot ^8 + = cot I -6 tan ^ - 3 tan'^ ^ . 

« 24. Assuming that the earth is a sphere of radius a, and that the magnetic potential 

0 is represented by 

“ 0 + © ' 

shew that Q is completely determined by observations of horizontal intensity, declination 
and dip at four stations, and of dip at four more. 

25. Assuming that in the expansion of the earth’s magnetic potential the fifth and 
higher harmonics may be neglected, shew that observations of the resultant magnetic 
force at eight points are sufficient to determine the potential everywhere. 

1 26. Assuming that the earth’s magnetism is entirely due to internal causes, and that 
in latitude X the northerly component of the horizontal force is A cosX+^cos’X, prove 
that in this latitude the vertical component reckoned downwards is 

2 (A + j5)8in X - sin’ X. 



CHAPTER XII 


INDUCED MAGNETISM 
Phvsicai- Phenomena. 

458 . Reference has already been made to the well-known fact that 
a magnet will attract small pieces of iron or steel which are not themselves 
magnets. Here we have a phenomenon which at first sight does not seem 
to be explained by the law of the attractions and repulsions of magnetic 
poles. It is found, however, that the phenomenon is due to a magnetic 
" induction ” of a kind almost exactly similar to the electrostatic induction 
already discussed. It can be shewn that a piece of iron or steel, placed in 
the presence of a magnet, will itself become magnetised. Temporarily, this 
piece of iron or steel will be possessed of magnetic poles of its own, and the 
system of attractions and repulsions between those and the poles of the 
original permanent magnet will account for the forces which are observed 
to act on the metal. 

It has, however, been seen that pairs of corressponding positive and 
negative poles cannot be separated by more than molecular distances, so 
that we are led to suppose that each particle of the body in which magnetism 
is induced must become magnetised, the adjacent poles neutralising one 
another as in a permanent magnet. 

Taking this view, it will be seen that the attraction of a magnet for an 
unmagnetised body is analogous to the attraction of an electrified body for 
^ piece of dielectric (§ 197), rather than to its attraction for an uncharged 
conductor. The attraction of a charged body for a fragment of a dielectric 
has been seen to depend upon a molecular phenomenon taking place in the 
dielectric. Each molecule becomes itself electrified on its opposite faces, with 
charges of opposite sign, these charges being equal and opposite so that the 
total charge on any molecule is nil. In the same way, w'hen magnetism is 
induced in any substance, each molecule of the substance must be supposed to 
become a magnetic particle, the total charge of magnetism on each particle 
being nil. It follows that the attraction of a magnet for a non-magnetic 
body is merely the aggregate of the attractive forces acting on the different 
individual particles of the body. 

459 . Confirmation of this view is found in the fact that the intensity 
of the attraction exerted by a magnet on a non-magnetised body depends on 



468 - 460 ] Induced Magnetism 409 

the material of the latter. The significance of this fact will, perhaps, best be 
realised by comparing it with the corresponding fact of electrostatics. When 
an uncharged conductor is attracted by a charged body, the phenomena in 
the former body which lead to this attraction are mass-phenomena : currents 
of electricity flow through the mass of the body until its surfime becomes 
an equi potential. Thus the attraction depends solely upon the shape of 
the body and not upon its structure. On the other hand, the phenomena 
which lead to the attraction of a fragment of dielectric are, as we have seen, 
molecular phenomena. They are conditioned by the shape and arrangement 
of the molecules, with the result that the total force depends on the nature 
of the dielectric material. 

All magnetic phenomena occurring in material bodies must be molecular, 
as a consequence of the fact that corresponding positive and negative poles 
cannot be separated by more than molecular distances. Hence we should 
naturally expect to fiml, as we do find, that all magnetic phenomena in 
material bodies, and in particular the attraction of unmagnetised matter 
by a magnet, would depend on the nature of the matter. There would be 
a real difficulty if the attraction were found to depend only on the shape 
of the bodies. 

460 . The amount of the action due to magnetic induction varies 
eiKinuously more with the nature of the matter than is the case with the 
Corresponding electric action. Among common substances the phenomenon 
of magnetic induction is not at all well-marked except in iron and steel, 
'fhese sub.stnnces shew the phenomenon to a degree which appears very 
surprising when compared with the corresponding electrostatic phenomenon. 
After these substances, the next best for shewing the phenomena of induction 
are nickel and cobalt, although these are very inferior to iron and steel. It 
is worth noticing that the atomic weights of iron, nickel and cobalt are very 
close together*, and that the three elements hold corresponding positions in 
the table of elements arranged according to the periodic law. 

It has recently been found that certain rare metals shew magnetic 
induction to an extent comparable with iron, and that alloys can be formed 
to shew great powers of induction although the elements of which these 
alloys are formed are almost entirely non-magnetic f. 

It appears probable that all substances possess some power of magnetic 
induction, although this is generally extremely feeble in comparison with 
that of the substances already mentioned. In some substances, the effect 
is of the opposite sign from that in iron, so that a fragment of such matter 
is repelled from a magnetic pole. Substances in which the effect is of the 

• Iroii = j3'6, nickel = 58-3, oobalt=58-66, 

t For an acconnt of the composition and properties of Heusler’s alloys, see a paper by 
J. C. McLennan, Phyt. Pevieie, Vol. 24, p. 449. 
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same kind as in iron are called paramagnetic, while substances in which the 
effect is of the opposite kind are called diamagnetic. 

The phenomenon of magnetic induction is much more marked in para- 
magnetic, than in diamagnetic, substances. The most diamagnetic substance 
known is bismuth, and its coefficient of susceptibility (§ 461, below) is only 

about of that of the most paiamagnetic samples of iron. 

Coefficients of Susceptibility and Permeahility. 

461. When a body which possesses no permanent magnetism of its own 
is placed in a magnetic field, each element of its volume will, for the time it 
remains under the influence of the magnetic field, bo a magnetic particle. 
If the body is non-cjystalline the direction of the induced magnetisation at 
any point will be that of the magnetic force at the point. Thus if H denote 
the magnetic force at any point, we can suppose that the induced magnetism, 
of an intensity I, has its direction the same as that of H. 

Thus if a, 0, y are the components of magnetic force, and A, B. O the 
components of induced magnetisation, we shall have equations of the form 

(390). 

C^icy ] 

the quantity k being the same in each equation because the directions of I 
and H are the same. 

The quantity k is called the magnetic susceptibility. 

If the body has no permanent magnetisation, the whole components of 
magnetisation are the quantities A, B, C given by equations (390), and the 
components of induction are given (cf. equations (359)) by 

a = a -I- An A = a (1 + ^mc), 
h-=0 + AvB = /S (1 -f Ane), 

C = 7 + 47rC = 7(1-1- 47r/r). 


If we put fi, = l-^^nK ( 391 ), 

we have a = /ta ) 

i = (392), 

c = fiy > 

and p is called the magnetic permeability. 


462. The quantities k and p are by no means constant for a given 
substance. Their value depends largely upon the physical conditions, 
particularly the temperature, of the substance, upon the strength of the 
magnetic field in which the substance is placed, and upon the previous 
magnetic experiences of the substance in question. 



460 - 483 ] Physical Phenomena 411 

We pass to the consideration of the way in which the magnetic coefficients 
vary with some of these circumstances. As « and fj. are connected by a simple 
relation (equation (391)), it will be sufficient to discuss the variations of one 
of these quantities only, and the quantity ft. will be the most convenient for 
this purpose. Moreover, as the phenomenon of induced magnetisation is 
almost insignificant in all substances except iron and steel, it will be sufficient 
to consider the magnetic phenomena of these substances only. 

463 . Dependence of /x on H. The way in which the value of p. depends 
on H is, in its main features, the same for all kinds of iron. For small forces, 
/i is a constant, for larger forces p increases, finally it reaches a maximum, 
and after this decreases in such a way that ultimately pif approximates to 
a constant value, known as the “saturation” value. This is represented 
graphically in a typical case in fig. 113, which represents the results obtained 
by Ewing from experiments on a piece of iron wire. 





The abscissae represent values of If, the ordinate of the thick curve the 
value of plf, and the ordinate of the thin curve the value of p. The corre- 
sponding numerical values are as follows : 
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464. Retentiveness and Hysteresis. It is found that after the magnetising 
force is removed from a sample of iron, the iron still retains some of its mag- 
netism. Here we have a phenomenon similar to the electrostatic phenomenon 
of residual charge already described in § 397. 

Fig. 114 is taken from a paper by Prof. Ewing {Phil. Trans. Roy. Soc. 
1885). The abscissae represent values of H, and ordinates values of B, 
the induction. The magnetic field was increased from H =0 to H = 22, 
and as H increased the value of B increased in the manner shewn by the 
curve OP of the graph. On again diminishing H from H = 22 to 0, the 
graph for B was found to be that given by the curve PE. Thus during this 
operation there was always more magnetisation than at the corresponding 
stage of the original operation, and finally when the inducing field was 
entii’ely removed, there was magnetisation left, of intensity represented by 
OE. The field was then further decreased from H = 0 to H = — 20, and 
then increased again from H = — 20 to H = 22. The changes in B are 
shewn in the graph. 


eH 



465. Dependence of p, on temperature. As has already been said, the 
value of p. depends to a large extent on the temperature of the metal. In 
general, the value of p, continually increases as the temperature is raised, this 
increase being slow at first but afterwards more rapid, until a temperature 
known as the “ temperature of recalescence ” is reached. This temperature 
has values ranging from 600" to 700" for steel and from 700° to 800" for iron. 
This temperature takes its name from the circumstance that a piece of metal 
cooling through this temperature will sink to a dull glow before reaching it, 
and will then become brighter again on passing through it. 

After passing the temperature of recalescence, the value of p. falls with 
extreme rapidity, and at a temperature only a few degrees above this 
temperature, iron appears to be almost completely non-magnetic. 
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For paramagnetic substances, it appears to be a general law that the 
susceptibility k varies inversely as the absolute temperature (Curie’s Law). 


Mathematical Theory. 

466. If n is the magnetic potential, supposed to be defined at points 
inside magnetic matter by equation (348), we have, as in equations (341) 

(cf. § 430), a = — -g~ etc., so that 

ofl , dn dCl 

a = ~ fi , b = — (L . 

tix <:y cz 

The quantities a, b, c, as we have seen (§ 434), satisfy 


at every point, and 


da db dc ,, 

5 -- + ^- + .-=0 

bx oy 02 


.(393) 


l'J(la + mb + nc) dS = 0 (394), 


whei'e the integration is taken over any closed surface. In terms of the 
potential, equation (393) becomes 


dx V dx ) 'ey V dy) cz dz ,) 


while equation (394) becomes 


//' 


dn 


.(395), 

.(396). 


If y, is constant throughout any volume, equation (395) becomes 

v-n=o. 


Thus inside a mass of homogeneous noii-magnetised matter, the magnetic 
potential satisfies L<aplace's Equation. 


467. At a surface at which the value of y changes abruptly we may 
take a closed surface formed of two areas fitting closely about an element djS 
of the boundary, these two areas being on opposite sides of the boundary. 
On applying equation (396), we obtain 


an an 

^‘a1^ + ^av. 


0 


(397), 


where y^, y.^ are the permeabilities oir the two sides, and ^ denote 

dififerentiations with respect to normals to the surface dmwn into the two 
media respectively. 


Equations (397) and (395) (or (396)), combined with the condition that 
Cl must.be continuous, sufiSce to determine Cl uniquely. The equations 
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satisfied by fi, the niagnetic potential, are exactly the same as those which 
would be satisfied by V, the electrostatic potential, if /i were the Inductive 
Capacity of a dielectric. Thus the law of refraction of lines of magnetic 
induction is exactly identical with the law of refraction of lines of electric 
force investigated in § 138, and figures (,43) and (78) may equally well be 
taken to represent lines of magnetic induction passing from one medium to 
a second medium of different permeability. 


468. At any external point Q, the magnetic potential of the magnetisation 
induced in a body in which and k have constant values is, by equation (342), 








JJJ I OX ex \rj 11 / oy \rj 


+ 


rn a 

a/ ("j 


dxdydz ...(3DS). 


Transforming by Green’s Theorem, 
1 






— 


an 


ansi 

+ , ■¥ n - ) dh 

vy a / r 


.(39P), 


shewing that the potential is the same if there were a layer of magnetic 
matter of surface density — spread over the surface of the body. This 
is Poisson’s expression for the potential due to induced muguctisra. 

We can also transform equation (398) into 




Q ~ 


,lfa 


+ m 




dS 




(400), 


shewing that the potential at any external point Q of the induced magnetism 
is the same as if there were a magnetic shell of strength — kH coinciding 
with the surface of the body. 


Body in which permanent and induced magnetism coexist. 

469. If a permanent magnet has a permeability different from unity, we 
shall have a magnetisation arising partly from permanent and partly from 
induced magnetism. If k is the susceptibility and I the intensity of the 
permanent magnetisation at any point, the components of the total magnet- 
isation at any point will be 


A =11+ Ka, etc. 


..(401), 
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and the components of induction are 

a = a + 4'7r^ = ^II + fia, etc (402). 


For such a substance, it is clear that equations (395) and (396) will not 
in general be satished. 


Energy of a Magnetic Field. 


470. To obtain the energy of a magnetic field in which both permanent 
and induced magnetism may be present, we return to the general equation 
obtained in § 451, 



+ + C7) dxdi/ dz = 0 


(403). 


(In substituting for n. h, c from equations (402), thi.s bccome.s 


477 j I ( / (/a + lUiS + vy)dxdydz+ j jj + + y-}dxdydz = 0 ...(404). 

Whether or not induced magnetism is present, it is proved, in § 448, that the 
energy of the field is 

+ + n ^~) dxdydz, 

'.JJ \ ry cz / 

where the integral is taken through all space. This is equal to — ^ times the 

OTT 

first term in e<juaiiun (404). Thus 

1 


IK 


’ - jj fz (a- + y?" + y-) dxdydz (405). 


Tins could have hocn foreseen from analogy with the forranl.t 

I J I A'(-V^+ r- + ^^)d.vc/ycl;, 

which gives tlic energy of an elcctrostiitie tield. 

From formula (405) \ve see that the energy of a magnetic field may be 

TT 0 

supposed spread throughout the medium, at a rate — per unit volume. 


Mechanical Forces in the Field. 

471. The mechanical forces acting on a piece of matter in a magnetic 
field can be regiirded as the superposition of two systems — first, the forc^ acting 
on the matter in virtue of its permanent magnetism (if any), and, secondly, 
the forces acting on the matter in virtue of its induced magnetism (if any). 

The problem of finding expressions for the mechanical forces in a magnetic 
field is mathematically identical with that of finding the forces in an electro- 
static field. This is the problem of which the solution has already been 
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given in § 196. The result of the analysis there given may at once be 
applied to the magnetic problem. 

In equation (117), p. 175, we found the value of H, the a’-component of 
the mechanical force per unit volume, in the form 


^ ^ 3a: Stt 3a: 3a; vStt 3t j ‘ 


To translate this result to the magnetic problem, we must regard p as 
specifying the density of magnetic poles. It nmst be replaced by H, the 
magnetic intensity, and K by the magnetic permeability. Also the 
electrostatic potential V must be replaced by the magnetic potential 12. We 
then have, as the value of H in a magnetic field. 


an _ 3 m ^ /^/= 3u\ 
^ 3.^' Sv dx dx (Htt ’’’ Bt) 


(406). 


Clearly the first term in the value of H is that arising from the per- 
manent magnetism of the body, while the second and third terms arise from 
the induced magnetism. The first term can be transformed in the manner 
already explained in the last chapter. It is with the remaining terms that 
we are at present concerned. These will represent the forces when no per- 
manent magnetism is present. Denoting the comi)onents of this force by 
H'. H'. Z', we have 


, _ d i'II‘ dfj,\ 

Stt dx dx \Str dr ) 


(407) 


472. This general formula assumes a special form in a case whicli is of 
great importance, namely when the magnetic nu-dium i.s a fiuid. 

All liquid magnetic media in which the susceptibility is at all marked 
consist of solutions of salts of iron, and the magnetic properties of the liquid 
arise from the presence of the salts in solution. According to Quincke, the 
solution having the greatest susceptibility is a solution of chloride of iron in 
methyl alcohol, and for this the value of /i—l is about such a 

liquid, the field arising from the induced magnetism will be small compared 
with that arising from the original field, so that the magnetisation of any 
single particle of the salt in the solution may be regarded as produced 
entirely by the original field. Hence we have conditions similar to those 
which obtain electrostatically in a gas. The induced field may be regarded 
simply as the aggregate of the fields arising from the different particles of 
the magnetic medium, and is therefore jointly proportional to the density of 
these particles and to the strength of the inducing field. The latter fact 
shews that, for a given density of the medium, m ought to be independent of 
£f, a result to which we shall return later. The former fact shews that, as 


* Cf. O. T. Walker, “ Abenatiou” (Cambridge Univ. Press, 1900), p. 76. 
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the density t changes, fi — l ought to be proportional to t — a result analogous 
to the result that K — 1 is proportional to the density in a gas. It has been 
found experimentally by Quincke* that /t — 1 is approximately proportional 
to T. 

In gases we have conditions precisely similar to those which obtain when 
a gas is placed in an electrostatic field. Hence /t — 1 must, for a gas, be 
proportional to t, for exactly the same rea.son for which iC — 1 is proportional 
to T This result also has been verified by Quincke f. 

Thus we may say that for fluid media, whether liquid or gaseous, /x— 1 
is, in general, proportional to t, where t is the density of the magnetic liquid, 
in the case of a liquid in solution, or of the gas itself, in the c:ise of a gas. 

473. If we assume the relation 


/i — J = CT 


(408), 


where c is a constant, we find that expression (407) may be put in the 
simpler form 




/i. — i d 
Htt 9x 


(H*), 


shewing that the whole mechanical force is the same as would be sot up by a 
hydrostatic pre.s.suiv at every point of the medium of amount - H-. 


nil varic.s from point to [wint of the field, the effect of this jiressure will 
clearly be to urge the medium to congregate in the mure intense parts of the 
field. This has been observed by Matteucci* for a medium consisting of 
drops of chloride of iron dissolved in alcohol placed in a medium of olive oil. 
The drops of solution were obsen-ed to move towards the strongest parts of 
the field. 


M af/nelustriction. 


474. If a liquid is placed in a magnetic field, it yields under the 
influence of the mechanical forces acting upon it, so that we have a 
phenomenon of magnetostriction, analogous to the phenomenon of electro- 
striction already explained (§ 203). Clearly the liquid will expand until the 


pressure is decreased by an amount each point, the new pressui'e 


and the mechanical forces resulting from the magnetic field now producing 
equilibrium in the fluid. By measuring the expansion of a liquid placed in 
a magnetic field Quincke has been able to verify the agreement between 
theory and experiment. 


j. 


• H'ied, Anil. 24, p. 347. 
f Cimptti Sewhu, 86, p. 917. 


t Wied. Ann. 34, p. 401. 
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[CH. XII 


Moleculak Theories. . 

Poissons Molecular Theory of Induced Magnetism. 

476. In Chapter v it was found possible to account for all the electro- 
static properties of a dielectric by supposing it to consist of a number of 
perfectly conducting molecules. PoLsson attempted to apply a similar 
explanation to the phenomenon of magnetic induction. 

Poisson’s theory can, however, be disproved at once, by a considoiution of 
the numerical values obtained for the permeability /x. This quantity is 
analogous to the quantity K of Chapter v, so that its value may be estimated 
in terms of the molecular structure of the magnetic matter. The fact with 
respect to which Poisson’s theory breaks down is the existence of substances 
(namely, different kinds of soft iron) for which the value of (i is very large. 
To understand the significance of the existence of such substances, let us 
consider the field produced when a uniform infinite slab of such a substance 
is placed in a uniform field of magnetic force, so that the fiice of the slab is 
at right angles to the lines of force. If the value of g is very large, the fall 
of potential in crossing the .slab is very small. Throughout the supposed 
perfectly-conducting magnetic molecules the potential would, on Poisson’s 
theory, be constant, so that the fall of potential could occur only in the 
interstices between the molecules. In these interstices (cf. fig. 46), the fall of 
potential per unit length would be compai-able with that outside the sl.ab. 
Hence a very large value of fi could be accounted for only by supposing the 
molecules to be packed together so closely as to leave hardly any interstices. 
Samples of ij'on can be obtained for which y is as large as 4000 ; it i.s known, 
from other evidence, that the molecules of iron iu-e not so close together that 
such a value of /j. could be accounted for in the manner proposed by Poisson. 

It is worth noticing, too, that Poisson’s theory dties not seem able, without 
modification, to give any reasonable account of the phenomena of saturation, 
hysteresis, etc. 

Weber’s Molecular Theory of Induced Magnetism. 

476. A theory put forward by Weber shews much more ability than 
the theory of Poisson to explain the facts of induced magnetism. 

Weber supposes that, even in a substance which shews no magnetisation, 
every molecule is a permanent magnet, but that the efiects of these different 
magnets counteract one another, owing to their axes being scattered at 
random in all directions. When the matter is placed in a magnetic field 
each molecule tends, under the influence of the field, to set itself so that 
its axis is along the lines of force, just as a compass-needle tends to set 
itself along the lines of force of the earth’s magnetic field. The axes of the 
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molecules no longer point in all directions indiiferently, so that the magnetic 
fields of the different molecules no longer destroy one another, and the body 
as a whole shews magnetisation. This, on Weber’s theoiy, is the magnetisa- 
tion induced by the external field of force. 

Weber supposes that each molecule, in its normal state, is in a position 
of equilibrium under the influence of the forces from all the neighbouring 
molecules, and that when it is moved out of this position by the action of 
an external magnetic field, the forces from the other molecules tend to 
restore it to its old position. It is, therefore, clear that so long as the 
external field is sm.'ill, the angle through which each axis is turned by the 
action of the field will be exactly proportional to the intensity of the field, 
so that the magnetisation induced in the body will be just proportional to 
the strength of the inducing field. In other words, for small values of H, 
/j, must be independent of H. 

There is, however, a natural limit imposed upon the intensity of the 
induced magnetisation. Under the influence of a very inten.se field all the 
molecules will set themselves so that their axes are along the lines of force. 
The magnetisation induced in the body is now of a quite definite intensity, 
and no increase of the inducing field can increase the intensity of the 
induced magnetisation beyond this limit. Thus Weber’s theory accounts 
quite satisfactorily for the phenomenon of saturation, a phenomenon which 
Poisson’s theory was unable to explain. 

477. In connection with this iispect of Weber’s theory, some experi- 
ments of Beet?, are of great importance. A narrow line was scratched in 
a coat of varnish covering a siher wire The wire was placed in a solution 
of a salt of iron, arranged so that iron could be deposited electrolytically 
on the wire at the points at which the varnish had been scratched away. 
The effect was of course to deposit a long thin filament of iron along the 
scratch. If, however, the experiment was performed in a magnetic field 
whose lines of force were in the direction of the scratch, it was found not 
only that the filament of iron deposited on the wire was magnetised, but 
that its magnetisation was \ery inten.se. Moreover, on causing a powerful 
magnetising force to act in the s.ame direction as the original field, it was 
found that the increase in the intensity of the induced magnetisation was 
very small, shewing that the magnetisation had previously been nearly at 
the point of Siituration. 

Now if, as Weber supposed, the molecules of iron were already magnets 
before being deposited on the sil\ er wire, then any magnetic force sufficient 
to arrange them in order on the wire ought to have produced a filament in 
a state of magnetic saturation, while if, as Poisson supposed, the magnetism 
in the molecules was merely induced by the external magnetic field, then 
the magnetisation of the filament ought to have been proportional to the 
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original field, and ought to have disappeared when the field was destroyed. 
Thus, as between these two hypotheses, the experiments decide conclusively 
for the former. 


478. Weber’s theory is illustrated by the following analysis. 


Consider a molecule which, in the normal state of the matter, has 


its axis in the direction OP, and let 
the field of force from the neigh- 
bouring molecules be a field of in- 
tensity D, the direction of the lines 
of force beuig of course parallel to 
OP Now let an external field of 
intensity E be applied, its direction 
being a direction OA making an 
angle a with OP. The total field 
acting on the molecule is now com- 
pounded of D along OP and II 
along OA. 



Fio. U5. 


In fig. 115, let SO, OP represent H and D in magnitude and direction, 
then SP will represent the resultant field, so that the new direction of the 
axis of the molecule will be SP. Suppose that there are n molecules per 
unit volume, each of moment m. Originally, when the axes of the molecules 
were scattered indifferently in all directions, the number for which the 
angle a had a value between a and a +d '2 was In sin ado. These molecules 
now have their axes pointing in the direction SP, and therefore making an 
angle PSA (= 6, say) with the direction of the external magnetic field. The 
aggregate moment of all those molecules resolved in the direction of OA is 
accordingly 

A mn sin a cos 6 da, 

and on integration the aggregate moment of all the molecules per unit 
volume, which is the same as the intensity of the induced magnetisation I, 
is given by 

rm.-rr 

/= I \mnsd\a^o%6da (409). 


If R is the value oi SP, measured on the same scale on which 80 and OP 
represent H and D respectively, then 

R- = //* + IP — 2HD cos a 

so that, on changing the variable from a to J2, we must have the relation, 
obtained by differentiation of the above equation, 

RdR = HD sin ada. 
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We also have cos 6 = 

60 that equation (409) becomes 

I = ^muj 


R‘ + H‘- D> 
2R2f 


2HW 


dR. 


In fig. 115 the limits of integration for R are R = D + ff and R = D ~ H. 
If, however, H > D, then the point S falls outside the circle APB and the 
limits for R are R = D + H and R = H — D. 


On integrating, we find as the values of I, 


when X < D, 
„ X = D, 
,, X>D, 
.. X=x, 


I = ~ , 

7 = 3 mn, 


I = mil f 1 - y.) , 
1 = mn. 



In fig. 116, the abscissae represent values of H, the ordinates of the 
thick curve the values of I, and the ordinates of the dotted curve the 
values of B or fiU, drawn on one-tenth of the vertical scale of the graph 
lor I 


Maxwell’s Molecular Theory of Induced Magnetism. 

479. It will be seen that Weber’s theory fails to account for the 
increase in the value of ft before I reaches its maximum, and also that 
it gives no account of the phenomenon of retentiveness. Maxwell has 
shewn how the theory may be modified so as to take account of these 
two phenomena. He supposes that, so long as the forces acting on the 
molecules are small, the molecules experience small deflexions as imagined 
by Weber, but that ns soon as these deflexions exceed a certain amount, 
the molecules are wrenched away entirely from their original positions 
of equilibrium, and take up positions relative to some new position of 



422 Induced Mctgnetum [ch. xii 

equilibrium. It might be, for instance, that originally the molecule had two 
possible ptositions of equilibrium, OP and OQ in fig. 117. Suppose the 
molecule to be in position OP and to be 
acted upon by a giadually inci-easing force 
in some direction OA. At first the molecule 
will turn fi-om the position OP towaads OA. 

But it may be that, as soon as the molecule 
passes some position OR, it suddenly swings 
round and takes up a position in which it 
must be regarded as being deflected from the position of equilibrium OQ and 
not from OP. Let its new position be OS, then the deflexion produced is 
the angle SOP instead of the angle ROP which would be given by Weber’s 
theory. 

In Maxwell’s original discussion, no distinction was made between the 
position OR, at which the magnet broke away from its old position of equi- 
librium. and OS, the new position of equilibrium. Maxwell accordingly had to 
assume that in some unknown way, the force of restitution broke down as 
soon as the magnet reached the position OR. 

The improvement of distinguishing between the position OR, the limit of 
stability under the old position of equilibrium, and OS, the new jxtsition of 
equilibrium, was introduced by Ewing. In Ewing’s form of the theory, no 
forces are needed beyond those provided by the mutual action of the magnets 
upon one another. 

On either form of the theory, it is clear that the ratio of I to H will 
remain appro.Niraately constant until the molecules begin to break away from 
their original positions of equilibrium. As soon as this hajijxins, the induced 
magnetism will increase more rapidly than the inducing force— f.e. n will 
increase with H, in agreement with observation. 

If the magnetising force is now removed, the molecule in the pjosilion 
OS will not return to its original position OP,, but to the position OQ. It 
will therefore still have a deflexion QOP, called by Maxwell its “permanent 
set,” and this will account for the “ retentiveness ” of the substance. 

No molecular theory of this kind can, however, bo regarded as at all 
complete. We shall return to the discussion of molecular theories of magne- 
tism in Chapter XVL 



EXAMPLES. 

1. A small magnet Ls placed at the centre of a spherical shell of radii a and b. 
Determine the magnetic force at any point outside the shell. 

2. A system of permanent magnets is such that the distribution in all planes parallel 
to a certain plane is the same. Prove that if a right circular solid cylinder be placed in 
the field with its axis perpendicular to these planes, the strength of the field at any point 
inside the cylinder is thereby altered in a constant ratio. 
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3. A magnetic particle of moment m lies at a distance a in front of an infinite block 
of soft iron bounded by a plane face, to which the ails of the particle is perpendicular. 
Find the force acting on the magnet, and shew that the potential energy of the system is 

■ 4 . The whole of the space on the negative side of the yz plane is filled with soft iron, 
and a magnetic particle of moment m at the point (a, 0, 0) iwints in the direction 
(cos a, 0, sin a). Prove that the magnetic potential at the point x, y, z inside the iron is 

2ni zsina—(<i — x) cos a 
1 + /Z {(a-ar)^+yS + 22}' 

5. A small magnet of moment Mis held in the presence of a very lat^ filed mass of 
soft iron of permeability fi with a very large plane face ; the magnet is at a distance a 
from the plane face and makes an angle d with the shortest distance from it to the plane. 
Shew that a certain force, and a couple 

(fJL - 1 ) ffig 

are requiind to keep the magnet in position. 


6 . A sniiUl sphere of radius 6 is placed near a circuit which, when carrying luiit 
current, would produce a field of strength H at the point where the centre of the sphere is 
placed. Shew that if * is the coefficient of magnetic induction for the sphere, the presence 
of the sphere incrca-ses the self-induction of the wire by, approximately, 

Srr^V (3-(-2ir<) //'•* 

(3-f 4ir<c)- 


7. If the magnetic field within a l>ody of permeability y. be uniform, shew that any 
siihcrical {sirtion can l>e removisl and the cavity filled up with a ooncentiic spherical 
nucleus of permeability and a concentric shell of permeability pj without affecting the 
external field, provided ft lies between fti and ftt, and the ratio of the volume of the nucleu.s 
to that of the shell is pnvjwrly chosen. Prove also that the field inside the nucleus is 
uniform, and that its intensity is graiter or less than that outside according as ^ is greater 
or less than 

8 A sphere of radius a ha.s at any point (x, y, z) components of permanent magneti- 
sation {Px, Qy, 0), the origin of coordinates being at its centre. It is surrounded by a 
spherical shell of uniform permeability ft, the bounding radii being a and 6. Determine 
the vector potential at an out.side [xvint. 


9. A sphere of soft iron of radius a is placed in a field of uniform magnetic force 
parallel to the axis of z. Shew that the line.s of force external to the sphere lie on surfaces 
of revolution, the eqviation of which is of the form 


{> 


. 20 *-!) 



(j4-t-y*) = cous., 


r being the distance from the centre of the sphere. 


10. A sphere of soft iron of jxirmeabjlity ft is introduced into a field of force in which 
the potential is a homogeneous (tolynomial of degree n in x, y, z. Shew that the potential 
inside the sphere is reduced to its original value multiplied by 


2h-H 

1 ’ 

11. ^ If a shell of radii a, b is iutroduoed in place of the sphere in the last question, 
shew that the force inside the cavity is altered in the ratio 

{2n + l)^fi : {nn + n + l)(jtfi + H + ii)~n(n + i){ii~l)^^^' 
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12. An infinitely long hollow iron cylinder of permeability ft, the cross-section being 
concentric circles of radii a, b, is placed in a uniform field of magnetic force the direction 
of which is perpendicular to the generators of the cylinder. Shew that the number of 
lines of induction through the space occupied by the cylinder is changed by inserting the 
cylinder in the field, in the ratio 

(p -pl )« - a» (p - 1)* : 2^ !«.= (m -H ) - a» (p - 1 )}. 

13. A cylinder of iron of permeability p has for cross-section the curve 

r = a(l-p»oos2tf), 

where may be neglected. Find the distribution of potential when the c^'linder is placed 
in a field of force of which the potential before the iutrodiiction of the cylinder was 

Q = Ajcjf 

14. An infinite elliptic cylinder of soft iron is placed in a uniform field of potential 

.A" 

-(.Va:-1- Fy), the equation of the cylinder being !• tihew that the potential of 

the induced magnetism at any internal point is 


15. A solid elliptic cylinder whose equation is f = a gi\’eii by 

x+iy — c cosh (( + iri) 

is placed in a field of magnetic force whose potential is Shew that in the 

sjiace external to the cylinder the potential of the induced magnetisu) is 

— 1 .4 c* cosech 2 (a -P /9) sin 4a ® cos 2 j), 
where coth 2^ is the permeability. 


16. A solid ellipsoid of soft iron, semi-axes o, b, c and I'Kirmeability p, is placed in a 
uniform field of force X parallel to the axis of x, which is the major axis. Verify that the 
internal and external potentials of the induced magnetisation are 

0 1 = |.r, Qp = 


where 






0 (a^ + ylt)i(b^ + yfr)i(e‘ + ,lr)i’ 




= r- - 






P=^ (p- 1 ) A/{(p - 1 ) A, -P2 (a6c)->}, 


ana X is the parameter of the coufocal through the ixfint considered. 


17- A unit magnetic pole is placed on the axis of x at a di.stance / from the centre of 
a sphere of soft iron of radius a. Shew that the potential of the induced magnetism at 
any external point is 


I p-I tv' 
TT p -p 1 / * 




0 



inr cos — 


T) 


where x, or are the cylindrical coordinates of the point. Find also the jv>tential at an 
internal point. 


16L A magnetic pole of strength m is placed in front of an iron plate of permeability 
ft and thidxness c. If this pole be the origin of rectangular coordinates x, y, and if x be 
prapendioular and y parallel to the plate, shew that the potential behind the plate is 
given hy 




p = t-J 



CHAPTER XIII 

THE MAGXETIC FIELD PRODUCED BV ELECTRIC CURRENTS 
Experimental Basis. 

480 . So far the subjects of electricity and magnetism have been developed 
as entirely separate groups of physical phenomena. Although the mathe- 
matical treattnent in the two cases has been on parallel lines, we have not 
had occasion to deal with any physical links connecting the two series of 
phenomena. 

The tirst definite link of the kind was di.scovered by Oersted in 1820. 
Oersted’s discovery was the fact that a current <<f electricity produced a 
magnetic field in its neighbourhood. 

The nature of this field can be investigated in a simple manner. We 
first double back on itself a wire in which 
a cuiTcnt is flowing (fig. 118, 1). It is 
found that no magnetic field is produced. 

Next we open the end into a small 
plane loop FQRS (fig. 118, 2). It is found 
that at distances from the loop which are 
great compared with its linear dimensions, 
such a loop, exercises the same magnetic 
forces as a magnetic particle of which the 
axis is perpendicular to the plane PQRS, 
and the moment is jointly proportional to the strength of the current and 
to the area PQRS The single current flowing in the circuit OPQRST is 
obviously equivalent to two currents of equal strength, the one flowing in 
the circuit OPST obtaineil by joining the points P and S, and the other 
flowing in the closed circuit PQRSP. The former current is shewn, by 
the preliminary experiment, to have no magnetic effects, so that the whole 
magnetic field may be ascribed to the small closed circuit PQRS. 



Fw. 118. 
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481. Instead of regarding this field as due to a particle of moment jointly 
proportional to the area PQRS and to the current-strength, we may regard 
it as due to a small magnetic shell, coinciding with the area PQRS, and of 
strength sinoply proportional to the current flowing in PQRS. 


482. Next, let us consider the current flowing in a closed circuit of any 
shape we please, and not necessarily in 
one plane. Let us cover in the closed 
circuit by an area of any kind having the 
circuit for its boundary, and let us cut 
up this area into infinitely small meshes 
by two systems of lines. A current of 
strength i flowing round the boundary 
circuit, is exactly equivalent to a current 
of strength i flowing round each mesh in 
the same direction as the current in the 
boundary. For, if we imagine this latter 
system of currents in existence, any' line 
such as AB in the interior will have two currents flowing through it, one 
from each of the two meshes which it sepstrates, and the.se cuirents will 
be equal but in opposite directions. Thus all the currents in the lines 
which have been introduced in the interior of the circuit annihilab? one 
another as regards total eflect, while the curreiits lu thoM* pai'ts of the 
me.shes which coincide with the original circuit ju.st combine to reproduce 
the original current flowing in this circuit. 



Fui. 111). 


Thus the original circuit is equivalent, as regaids magnetic effect, to a 
system of currents, one in each mesh. By taking the meshes sufficiently 
small, we may regard each mesh as plane, so that the magnetic effect of a 
current circulating in it is known : the magnetic effect of the current in a 
single mesh is that of a magnetic shell of strength proportional to the current 
and coinciding in position with the mesh. Thus, by addition, we find that 
the whole system of current.s produces the same magnetic effects as a single 
magnetic shell coinciding with the surface of which the original current- 
circuit i.s the boundary, and of strength proportional to the current. This 
shell, then, produces the same magnetic effect as the original single current. 
The magnetic shell is spoken of as the “equivalent magnetic shell.” 


T^Hus we have obtained the following result ; 

A current flowing in any closed circuit produces the same magnetic fleld 
certain magnetic shell, known as the 'equivalent magnetic shell.' This 
fj^g V taken to he any shell having the circuit for its boundary, its 
shell may^ uniform and proportional to that of the current^ 

strength 
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Latv of Signs. If an observer is imagined to stand on that side of the 
“ equivalent magnetic shell ” which contains the negative poles, the current 
flows round him in the saiue direction as that in which the sun moves round 
aji observer standing on the earth’s surface in the northern hemisphere. 


We can also state the law by saying that to drive an ordinary right- 
handed screw {e.g. a cork-screw) in the direction 
of magnetisation of the shell, the screw would 
have to be turned in the direction of the 
current. 

Current 



The law of signs eiiiresses a fact of nature, not a 
mathematical convention. At the same time, it must bo 
noticed that the law does not express that nature shews 
any preference in this re.spect for right-handed over left- 
handed screws. Two conveutioii.s have already been made 
in deciding which are to be called the positive directions 
of current and of luagncti-satioii, and if either of the.se 
conventions had hetm difl'erent, the word “right-handed” in 
had to bo reiilaced by “ left-handed.” 


i 

V 

Direction of Mngnetitation 
of equivalent thell. 

Fio. 120. 

the law of signs would hav'e 


483. Since, by § any system of currents can be regarded as the 
superposition of a number of simple closed currents, it follows that the 
magnetic field produced by any system of currents can always be regaided as 
that produced by a nunil)er of magnetic shells, each of uniform strength. 


Electromagnetic Unit of Current 

484. If i is the strength of the current flowing in a circuit, and <f> the 
strength of the equivalent magnetic shell, then 

<f> = 

where k is a constant, which is positive if the law of signs just stated has 
been obeyed in determining the signs of <f) and i. 

In the system of units known as Electromagnetic, we take fc = 1, and 
define a unit current as one such that the equivalent magnetic shell is of 
unit strength. The strength of a current, in these units, is therefore 
measured by its magnetic effects. Obviously the strength measured in this 
way will be entirely difi'ereut from the strength measured by the number of 
electrostatic units of electricity which pass a given point. This latter method 
of measurement is the electrostatic method. A full discussion of systems of 
units will be given later (§ at present it may be stated that a current 
which is of unit strength when measured electromagnetically in units is 
of strength 3x10*" (very approximately) when measured electrostatically. The 
practical unit of current, the ampere, is, as already stated, equal to 3 x 10* 
electrostatic units of current, so that the electromagnetic unit of current is 
equal to 10 amperes. 
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A unit charge of electricity in electromagnetic units will be the amount 
of electricity that passes a fixed point per unit time in a circuit in which an 
electromagnetic unit of current is flowing. It is therefore equal to 3 x 10” 
electrostatic units. 


Work done in threading a Circuit. 


485. In fig. 121 let the thick line 
is flowing, and let the thin line through 
the point P represent the outline of 
any equivalent magnetic shell, P 
being any point in the shell. Let us 
imagine that we thread the circuit by 
any closed path beginning and ending 
at P, this path being represented by 
the dotted line in the figure. At every 
point of this path except P, we have a 
iull knowledge of the magnetic forces. 


represent a circuit in which a current 





Fi... 121. 


It will be convenient to regard the shell as having a definite, although 
infinitesimal, thickness at P. Let P. denote the points in 
which the path intersects the positive and negative faces of the 
shell. Then we may say that the forces arc known at all point.s of 
the path, except over the small range P+P,, i®+ 


Q- 


The original current can, however, be represented by any 
number of equivalent magnetic shells, for any shell is capable of 
representing the current, provided only it h.os as boundaiy the 
circuit in which the cuirent is flowing. 


P- 
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Let any other equivalent shell cut the path in the points Q+Q— From 
our knowledge of the forces exerted by this shell, we can determine the 
forces exerted by the current at all points of the path except those within 
the range of Q+Q— In particular we can determine the forces over the range 
^J.P, and it is at once obvious that on passing to the limit and making the 
range T^P. infinitesimal, the forces at the points P., P., and at all points on the 
infinitesimal range PP must be equal. Obviously the forces are also finite. 


The work done on a unit pole in taking it round the complete circuit 
from P back to P, is accordingly the same as that done in taking it from P 
round the path to p. This can be calculated by supposing the forces to be 
exerted by the first equivalent shell, for the path is entirely outside this 
shell. If the potential due to the shell is at P and is fl, at P, the 
work done is — flp . 

Now n, the potential of the shell at any point, is, as we know (§ 419), 
equal to iet, where a> is the solid angle subtended by the shell and i is the 
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current, measured in electromagnetic units. The change in the .solid angle 
as we pass from is, as a matter of geometry, equal to iv. Thus 

n;.^-np_=47ri (410). 

The w'ork done in taking a unit pole round the path described is accord- 
ingly 47ri, 

/' ^ ‘ '.r * ■ ■ ' ■ ■ >' 

Magnetic Potential of a Field due to Currents. 

486 . Lot us fix upon a definite equivalent sliell to represent a current of 
strength i. Let us bring a unit pole from in- 
finity to any point .d, by a path which cuts 
the equivalent shell in points P, Q, ... Z. For 
simplicity, let us at first suppose that at each 
of these points the path passes from the 
positive to the negative side of the shell, and 
let the points on the two sides of the shell be 
denoted, as before, by P_; Q^, Q_; and 
so on. 

Then, if fl denotes the magnetic potential due to the equivalent shell, 
the work done in bringing the unit pole from infinity to iL will be Dp^. In 
the limit P+ and R. are coincident, so that the work in taking the unit pole 
on from to ii is infinitesimal. In taking it from P. to Q+ work is done of 
amount £1^ — fip_, from Q+ to Q_, the work is infinitesimal, and so on, until 
ultimately we arrive at A. Thus the total work done in bringing the unit 
pole to A is 

— np_) -t — fig ) -t {£1^ — ilz ), 

or, reaiTanging, is 

s- ( p^ — flp ) -f- — £^(> } "t . . • • 

Now each of the terms flp.— flp > £1q^ — £1q , etc. is equal by equation 
(410) to 4'7ri, so that if n is the number of these terms, the whole expression 
is equal to 

£1^ -t- 47r;n’. 

Replacing £1^ by io), where oi is the solid angle subtended by the shell at 
A, we find fur the potential at A due to the electric current 

(or -I- 47rn) t (411). 

If the path cuts the equivalent shell n times in the direction from -I- to — , 
and m times in the opposite direction, the quantity n must be replaced by 
n — 7H. 

Expression (411) shews that the potential at a point is not a single-valued 
function of the coordinates of the point. The forces, which are obtained by 
differentiation of this potential, are, however, single-valued. 
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Current in infinite straight wire. 

487. As an illustration of the results obtained, let us consider the 
magnetic field produced by a current flowing in a straight wire which is of 
such great length that it may be regarded as infinite, the return current 
being entirely at infinity. 

Let us take the line itself for axis of z. ‘Any semi-infinite plane termi- 
nated by this line may be regarded as an equivalent magnetic shell. Let us 
fix on any plane and take it as the plane of xz. 

Consider any point P such that OP, the .shortest distance from P to 
the axis of z, makes an angle d with Ox. The cone ^ 
through P which is subtended by the semi-infinite 
plane Ox, is bounded by two planes — one a plane 
through P and the axis of x; the other a plane through ^ 

P parallel to the plane zOx. These contain an angle 
tr — d, so that the solid angle subtended by the plane 
zOx at P is 2(7r — d). Giving this value to a> in 
formula (411i. we obtain a.s the magnetic iKjtenti.vl at P 

f2 = {2 (tt — ^) -t- 4H7r] i. 

Since — ^ is clear that there is no radial magnetic force, and the 

force at any point in the direction of 6 increasing 

^ ^ ^ 2,; 

red r ‘ 

This result is otherwise obvious. If the work done in taking a unit pole 
round a circle of circumference 2iTr is to be 47rt, the tangential force at 

every point must be ^ . 



Tin. 124. 


488 This result admits of a simple experimental confirmation. 

Let PQR be a disc su.spended in such a way that the only motion’ of 
which it is capable is one of pure rotation about a 


long straight wire in which a current is flowing. 
On this disc let us suppose that an imaginary unit 
pole is placed at a distance r from the wire. Thiu-e 
will be a couple tending to turn the disc, the 


moment of this couple being ^ x r or 2i. Similarly 


if we place a unit negative pole on the disc there is 
a couple — 2i. 


On placing a magnetised body on the disc, there 
will be a system oS couples consisting of one of 
moment 2i for eveiy positive pole and one of moment 
— 2t for eveiy negative pole. Since the total charge 
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in any magnet is nil, it appears that the resultant couple must vanish, so 
that the disc will shew no tendency to rotate. This can easily be verified. 


Circular Current. 

489. Let us find the potential due to a current of strength i flowing in a 
circle of radius a. The equivalent magnetic shell may be supposed to be a 
hemisphere of radius a boutided by this circle. 

The potential .at any point on the axis of the circle can readily be found. 
For at a point on the axis distant r from the centre 
of the circle, the solid angle <d subtended by the 
circle is given by 


&) = 2Tr (1 — co.K a) = ‘Itt (l — 


rt- + rV 

so that the potential at this point is 

This expression can be expanded in powers < f r 
by the binomial theorem. We obtain the following 
expansions : 

if r < a 



fl=27ri 1 

( n 2 (d 

if r > rf, 


2.4... 2ft W 


1 o- 


n = 27rt- - ... f (-1)"+' -y 


1 .3...2n-l 
2.4... 2ft 


(ff 


+ . 


1 


.(413). 


From this it is possible to deiluce the potential at any point in space. 
Lot us take .spherical polar coordinates, taking the centre of the circle as 
origin, and the axis of the circle as the initial line 0 = 0. Inside the sphere 
r = a, the potential is a solution of V’ft = 0 which is symmetrical about the 
axis ^ = 0, and remains finite at the origin. It is therefore capable of 
expansion in the lunn 

n = (cos 6 ), 

Along the axis we have 0, so that this assumed value of fl becomes 

n = 2A„r», 

0 

and the coefficients may be determined by comparison with equation (412). 
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Thus we obtain for the potentials, 
n = 27ri |l - ^ i?(cos + 

+ (-l)-‘-^-4- £)™"/i.+.(cos^') + ...} ...(414), 

when r < o, and 

12 = 2'7n' P^{c«»6)- ^(cos^)- ... 


'' 2.4... 2« 


(fj" ■■■■ •••{41 •'3 


when r >«. 


12 = 27ri ^1 — ^ cos ^ — 2 - 7 i { ^1 — , 

where ^=rcos^, and the magnetic force is a uiiifonu force 
parallel to the axis. 


dQ _ 27r!' 
ds a 


Solenoids. 

490 A cylinder, wound uniformly with wire through which a current 
can be sent, is called a “solenoid.” 

Consider first a circular cylinder ot radius a and 
height h, having a wire coiled round it at tlie unifoim 
inte of n turns per unit length, the wire carrying u 
current i Let « be a cooixlinate measuring tho 
distance of any cros.s-section from the base of the 
solenoid. Then the small layer between z and z + dz. 
being of thickness dz, will contain ndz turns of wiie. 

The currents flowing in all these turns may be re- 
gai-ded as a single current nidz flowing in a circle, this circle being of radius 
A and at distance z from the base of the solenoid. The magnetic potential 
of this current may be written down from the fonnula of the la.st section, and 
the potential of the whole solenoid follows by integration. 

491. Endless Solenoid. In the limiting case in which the solenoid is of 
infinite length (or in which the ends are so far away that the solenoid may 
be treated as though it were of infinite length), the field can be determined 
in a simpler manner. 

Consider first the field outside the solenoid. In taking a unit pole round 
any path outside the solenoid which completely surrounds the solenoid, the 
work done is, by § 485, 47n’. The current flowing per unit length of the 


t 
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solenoid is ni. In general we are concerned with cases in which this is finite 
n being very large and i being very small. The quantity 4in' may accordingly 
be neglected, and we can suppose that the work done in taking unit pole 
round the solenoid is zero. 


P' 


R' 


It follows that the force outside the solenoid can have no component at 
right angles to planes through the axis, and clearly, by a similar argument, 
the same must be true inside the solenoid. Hence the lines of induction 
must lie entirely in the planes through the axis of the 
solenoid. From symmetry, there is no reason why 
the lines of induction at any point should converge 
towards, rather than diverge from, the axis, or in'ce 
versa. Hence the lines of induction will be parallel 
to the axis, and the force at every point will be entirely 
parallel to the axis. 

Let the lines PQR, P'Q'R' in fig. 128 be radii 
meeting the axis, the lines PF, Q(^, RR' being 
parallel to the axis and each of length e. Lot the 
magnetic forces along these lines be P and 
respectively. 

In taking unit pole round the closed path PP'Q'QP the work done is 

P\^ - Re, 


Fio . 128. 


and since this must vanish, we must have R = JFl. Hence the force at ail 
points outside the solenoid must be the same ; it must be the same as the 
force at infinity and must consecjnently vanish. Thus there is no force at all 
outside the solenoid. 


In taking unit pole round the closed path PFR'RP, the work done is 
F,€, and this must bo equal to 47r»ue, so that we must have ije = ^trni. Thus 
the force at any point inside the solenoid is a force ^irni parallel to the axis. 

Thus the field of force arising from an infinite solenoid consists of a 
uniform field of strength inside the solenoid, there being no field at all 
outside. The construction of a solenoid accordingly supplies a simple way of 
obtaining a uniform magnetic field of any required strength. 


Galvanometers. 

492. A galvanometer is an instrument for measuring the strength of an 
electric cuirent, the method of measurement usually being to observe the 
strength of the magnetic field produced by the current by noting its action 
on a small movable magnet. 

There are naturally various classes and types of galvanometers designed 
to fulfil various special purposes. 
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The Tangent Oalvanometer. 


493 . In the tangent galvanometer the current flows in a vertical 
circular coil, at the centre of which a small magnetic needle is pivoted 
so as to be free to turn in a horizontal plane. 

Before use, the instrument is placed so that the plane of the coil contains 
the lines of magnetic force of the earth’s field. The needle accordingly rests 
in the plane of the coil. When the current is allowed to flow in the coil 
a new field is originated, the lines of force being at right angles to the 
plane of the coil and the needle will now place itself so as to be in equi- 
librium under the field produced by the superposition of the two fields — the 
earth’s field and the field produced by the current. 


As the needle can only move in a horizontal plane, we need consider 
only the horizontal components of the two fields. Let H, as usual, denote 
the horizontal component of the earth’s field. Let i be the current flowing 
in the coil, measured in electromagnetic units, let a be the radius and let n 
be the number of turns of wire. Near the centre of the coil the field 
produced by the current is, by § 489, a uniform field at right angles to 

the plane of the coil, of intensity . The total 

horizontal field is therefore compounded of a field of 
strength - H in the plane of the coil, and a field of 

strength — ~ at right angles to it. 

The resultant will make an angle 6 with the plane 
of the coil, where 

(“") 
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tan 6 = - 


H 


.(416), 


and the needle will set itself along the lines of force of the field. Thus the 
needle will, when in equilibrium, make an angle 0 with the plane of the 
coil, where 6 is given by equation (416). If we observe 6 we can determine 
i from equation (416). We have 

i=^tan9 (417), 


where G is a constant, known as the galvanometer constant, its value 
27r« 
a 



The instrument is called the tangent galvanometer from the circum- 
stance that the current is proportional to the tangent of the angle 0. 
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The tangent galvanometer has the advantage that all currents, no matter 
how small or how great, can be measured without altering the adjufiftment 
of the instrument. A disadvantage is J;hat the readings are not very sensi- 
tive when the currents to be measured are large — only a very small change 
in the reading is produced by a considerable change in the current. Let 
the current be increased by an amount di, and let the corresponding change 
in 0 be d9, then from equation (417), 

so that if i is large, is small. Thus, although the instrument may be 

used for the measurement of large currents, the measurements cannot be 
efifected with much accuracy. 

A second defect of the instrument is caused by the circumstance that 
the field produced by the current is not absolutely uniform near the centre 
of the coil. If a is the radius of the coil, and b the distance of either pole 
of the magnet from its centre, the poles will be in a part of the field in 
which the intensity differs from that at the centre of the coil by terms of 
6 * . . 

the order of — . For instance, if the magnet is one inch long, while the 

coil has a diameter of 10 inches, the intensity of the field will be different 
from that assumed, by terms of the order of (-jV)’- so that the reading will be 
subject to an error of about one part in a thousand. 

By replacing the single coil of the tangent galvanometer by two or more 
parallel coils, it is possible to make the field in the region in which the 
magnet moves, as uniform as we please. It is therefore possible, although 
at the expense of great complication, to make a tangent galvanometer which 
shall read to any required degree of accuracy 

The Sine Galvanometer. 

494. The sine galvanometer differs from the tangent galvanometer in 
having its coil adjusted so that it can be turned about a vertical axis. 
Before the current is sent through the coil, the instrument is turned until 
the needle is at rest in the plane of the coil. The coil is then in the direc- 
tion of the earth’s field at the point. 

As soon as a current is sent through the coil, the needle is deflected, as 
in the tangent galvanometer. The coil is now slowly turned in the direction 
in which the needle has moved, until it overtakes the needle, and as soon 
as the needle is again at rest in the plane of the coil, a reading is taken, 
giving the angle through which the coil has been tumed. Let 0 be this 
angle, then the earth's field may be resolved into components, H cos 0 in 

28—2 
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the plane of the coil and H sin 6 at right angles to this plane. Since the 
needle rests in the plane of the coil, the latter component must be just 
neutralized by the field set up by the current, this being, as we have seen, 
entirely at right angles to the plane of the coil. We accordingly have 


so that we must have 


H sin 8 = ' 


i 


H 

G 


sin 6 


(tl8). 


where G, the g.ilvanometer constant, has the same meaning as before. 

This instrument h.as the disadvantage that it cannot be used to measure 

currents greater than It is, however, sensitive over the whole mnge 

through which it can be used : if d8 is the increase in 8 caused by a change 
di in i, we have 

^ sec 8 di, 


so that the greater the current the more sensitive the instnimeut. 

The great advantage of this form of galvanometer, however, is that when 
the reading is taken the magnet is always in the same position relative 
to the field set up by the current in the coil. Thus the deviations from 
uniformity of intensity at the centre of the field do not produce any error 
in the readings obtained : they result only in the galvanometer constant 
having a value different from that which it has so far been supposed to 
have. But when once the right value has been assigned to the constant 0, 
equation (418) will be true absolutely, no matter how large the movable 
needle may be in comparison with the coil. 


Other galvanometers. 

496. There are various other types of galvanometers in use to scrvi' 
various purposes other than the exact measurement of a current. For full 
descriptions of these the reader may be referred to books treating the 
theory of electricity and magnetism from the more experimental side. The 
following may be briefly mentioned here 

I. The D’ Arsonval Galvanometer. This instrument is typical of a class 
of galvanometer in which there is no moving needle, the moving part being 
the coil itself, which is free to turn in a strong magnetic field. The coil 
is suspended by a torsion fibre between the poles of a powerful horseshoe 
magnet. When a current is sent through the coil, the coil itself produces 
the same field as a magnetic shell, and so tends to set itself across the 
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lines of force of the permanent magnet, this motion being resisted by no 
forces except the torsion of the fibre. 

II. The Mirror Oalvanometer. This is a galvanometer originally designed 
by Lord Kelvin for the measurement of the small currents used in the trans- 
mission of signals by submarine cables. The design is, in its main outlines, 
identical with that of the tangent galvanometer, but, to make the instrument 
ns sensitive as possible, the coil is made of a great number of turns of fine 
wire, wound as closely as "possible round the space in which the needle 
moves, and the needle is suspended as delicately as possible by a fine 
torsion-thread. To make the instrument still more sensitive, permanent 
magnets can be arranged so as to neutralize part of the intensity of the 
earth’s field. The instrument is read by observing the motion of a ray of 
light reflected from a small mirror which moves with the needle ; it is from 
this that the instrument takes its name. In the most sensitive form of this 
instrument a visible motion of the spot of light can be produced by a cun'ent 
of 10“'“ amperes. 


III. The Ballistic Galvanometer. This instrument does not measure 
the current passing at a given instant, but the total flow of electricity 
which passes wiring an infinitesimal interval. If the needle is at rest in 
the plane of the coil, a current sent through the coil will establish a 
magnetic field tending to turn the needle out of this plane. So long as 
the needle is approximately in the plane of the coil, the couple acting on 
the needle will be proportional to the current in the coil : let it be denoted 
by ci, where i is the current. 


Then if w is the angular velocity of the needle at any instant, we shall 
have an equation of the form 


mk- 



where mk‘ is the moment of inertia of the needle. Integrating through the 
small interval of time during which the current may be supposed to flow, 
we obtain 

mk'‘ Q —c Jidt. 

Here fl is the angular velocity with which the needle starts into motion, 
and J idt is the total current which passes through the coil Thus the total 

flow J idt can be obtained by measuring (1, and this again can be obtained by 

observing the angle through which the needle swings before coming to rest 
at the end of its oscillation. 
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Vector-potential of a Field due to Currents. 

496. From the formulae obtained in § 446 for the vector- potential of a 
uniform magnetic shell, we can at once write down expressions for the vector- 
potential of a field due to currents. 

For, by § 483, the field due to any systeni of currents may be regarded as 
the field due to a number of shells of uniform strength, so that the vector- 
potential at any point will be the sum of the vector-potentials due to these 
different shells. Hence if ... are the strtingths of the various shells, 

the vector-potential at any point P has components (cf. § 446) 

F='Z etc., 

J r as 

where the summation is over all the shells, and dx, ds' refer to an element of 
the edge of a shell of strength <f), this element being at a distance r from the 
point P. 

The equations just found may clearly be replaced by 

fi dx 


, _ fi dx 
~ ] r ds 

■I 


r ds 
i dz 


ds 


ds 


ds 


ds 


.(410), 


where ds is now an element of any wire or linear conductor in which a 
current of strength i is flowing, and the integiation is noiv along all the 
conductors in the field. 

By the use of equations (376), we may at once obtain the components of 
magnetic force or induction at any |x>int x', y, z' in the forms 

dH BG 


a = 


dy' dz' 


= / * {iy' C) £ - j §} (^ 20 ). 


Mechanical Action in the Field. 

Amph e’s rule for the force from u circuit. 

497. Let 0 {x, y, z) be the position of any element ds of a circuit, and 
let P be any point (x', f, /) in free space. 

From equations (420) it follows that the magnetic force at P may be 
regarded as made up of contributions from each element of the circuit such 
that the contribution from the element ds at 0 has components 


^ [k © t - h © S} 
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On putting r*=(a; — + — 3 /')* + (2 — and differentiating, these 

components become 


ids ^y — y‘dz z — / dy) ids {z — z'dx x — x dz 


r* 1 
Let us denote 


ds 


r ds 


) ids (z 

r 


r ds 


dz) ^ 


(421). 


y-y 


by li, rtii, «i, these being the direction- 


cosines of the line OP, and let ~ ^ ^ 

ds ds ds 

be denoted by 1^, m,, these being the 
direction-cosines of ds. Then the com- 
ponents of force (421) become 

ids ids 

~ (»«i n, - TO.jji,). 


ids 


(/, »ij .. .(422). 



Clearly the resultant is a force at right angles both to OP and to ds, and 
of amount 

ids sin d 

- (423). 


where 6 is the angle between OP and ds. 

Thus the total force at P may be regarded as made up of contributions 
such as (423) from each element of the circuit. This is knowTi as Ampere’s 
law. 


Mechanical action on a circuit. 

498 . We are at present assuming the currents to be steady, so that 
action and reaction m.iy be supposed to be equal and opposite. It follows 
that the force exerted at a unit pole at P upon the circuit of which the 
clement ds is part, may be regarded as made up of forces of amount 

1 sin 6 

~?i~ 

jier unit length, acting at right angles to OP and to ds. If we have poles of 
steength m at P, m' at P', etc., the resultant force on the circuit may be 
regarded as made up of contributions 

imsind im' Bin O' 

per unit length The resultant of these forces may be put in the form 

in sin;i^ 

where H is the resultant magnetic intensity at 0 of all the poles wi, m', etc., 
and X “ the angle between the direction of this intensity and ds. This 
resultant force acts at right angles to the directions of H and of ds. 
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4S9, We have found that the force from a whole circuit is the same as if 
each element ids contributed a force idssin6jr'‘, and the force on a whole 
circuit is the same as if each element were acted on by a force i/Tsin But 
so long as we are dealing only with complete closed currents, it is impossible 
to discover what the actual force from or on a single element of the current 
will be. In a later chapter we shall regard a current as a stream of electrons 
in motion. The element will then be treated as a small number of moving 
electrons, and we shall be able to shew that the actual forces associated with 
the single element ids are exactly identical with those just found. 

Li.'Euuy of a System of Circuits carrying Currents. 

600. The energy of a magnetic field, as we have seen (§ 470), i.s 

^ If I (424). 

If the energy resides in the medium, this ex'pression may be reg.orded as 
the energy of the field, no matter how this field is produced. If the field is 
produced wholly by cuiTents, expression (424) may be regarded as the energy 
of the system of currents. As we shall now s<' 0 , it can be transformed in a 
simple way, so as to express the energy oi’ the field in terms of the currents 
by which the field is produced. 

The integral through all sp.ace, as given by expression (424), may be 
regarded as the sum of the integrals taken over all the tubes of induction by 
which space is filled. The lines of induction, as we have seen, will be closed 
curves, so that the tubes are closed tubular spaces. 

If ds is an element of length, and dS the cross-section .at any point, of a 
tube of unit strength, we may replace dxdydz by dSds, and instead of inte- 
grating with respect to dS we may sum over all tubes. Thus expression (424) 
becomes 

^ (“’ + + 7*) dS } ds, 

where the summation is over all unit tubes of induction. If .ff * = o'^ -I- yS* + 
we have, by the definition of a unit tube, iiUdS=l, so that 

M (o’ -f ^ -f- 7 ’) dS = frH^dS = H, 
and the integral becomes 

Now 19 the work performed on a unit pole in taking it once round 

the tube of induction, and this we know is equal to 47 r 2 't, where 2't is the 
sum of all the currents threaded by the tube, taken each with its proper 
sign. Thus the energy becomes i2(2'»)L 
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This indicates that for every time that a unit tube threads a current i, 
a contribution \i is added to the energy Thus the whole energy is 

^'LiN (425), 

where the surnination is over all the currents in the field, and N is the 
number of unit tubes which thread the current i. ■■■ ' 

‘ . 


601 . We have seen that a shell of strength <f> is equivalent, as regards 
the field prorluced at all external points, to a current i, if = The energy 
of a system of currents has however been found to be ^%iN, whereas the 
energy of a system of shtdls was found (§ 450) to be 

(426). 


The difference of sign can readily be accounted for. Let us consider a 
single shell of strength <f), and let dS be an element of area, and dn an element 
of length inside the shell measured normally to the shell. At any point just 
outside the shell, let the three components of magnetic force be a, /S, y, the 
first being a component normal to the shell, and the others being components 
in directions which lie in the shell. On pftssing to the inside of the shell, the 
nonnal induction is discontinuous owing to the permanent magnetism "which 
must be supposed to reside on the surface of the shell. Thus inside the shell, 

we may suppose the components of force to be 5 + -, /S, 7 , where is the 

d- 

permeability of the matter of which the shell is composed, and S is the 
force originating from the permanent magnetism of the shell. 


The contribution to the energy of the field which is made by the space 
inside the shell is 

where the integral is taken throughout the interior of the shell ; or 




This can be regarded as the sum of three integrals. 




( 427 ). 
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On reducing the thickness of the shell indefinitely, becomes infinite, for 
at any point of the shell, 

j Sdn ^ — (difference of potential between the two fci'oea of shell) 

— — 4iTrd>, , ; - / ' 

; . / . 

so that S becomes infinite when the thickness vanishes. 

Thus on passing to the limit, the first integral 

becomes infinite. Thi.s quantity is, however, a const.ant, for it represents the 
energy required to separate the shell into infinitesimal {ooles scattered at 
infinity. 

The second integral vanishes on passing to the limit, and so need not be 
further considered. 

The third integral can be simplified. We have 

^jiisad„ds= (j^rfii) ds. 

Now Jsdn = — while adS is the integral of normal induction over 

the shell, and may therefore be replaced by N, the number of unit tubes of 
induction from the external field, which pass through the shell. Thus the 
third integral is seen to be equal to 

In calculating expression (424) when the energy is that of a system of 
currents, the contribution from the space occupied by the equivalent mag- 
netic shells is infinitesimal. Thus all the terms which we have discussed 
represent differences between the energies of shells and of circuits. 

Terms such as the first integrals of scheme (427) represent merely that 
the energies are measured from different standard positions. In the case of 
the shells, we suppose the shells to have a permanent existence, and merely 
to be brought into position. The currents, on the other hand, have to bo 
crated, as well as placed in position. Beyond this difference, there is an 
outstanding difference of amount <f>N for each circuit, and thi.s exactly 
accounts for the difference between expressions (425) and (426). 

602. Let us suppose that we have a system of circuits, which we shall 
denote by the numbers 1, 2, .... Let us suppose that when a unit current 
flows through 1, all the other circuits being devoid of currents, a magnetic 
field is produced such that the numbers of tubes of induction which cross 
circuits 1, 2, 3, ... are 

Lii, Lii> L]j 
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Similarly, when a unit current flows through 2, let the numbers of tubes 
of induction be 

Ini lai •••• 

The theorem of | 446 shews at once that 


=z.=rr 


— lit 


cos e 


dsds, etc (428). 


.(429). 


If currents i,, i^, ... flow through the circiiits simultaneously, and if the 
numbers of tubes ol induction which cut the circuits are N^, N-,, K,, we 
have 

A, = + Z,2ti + Z„t, + ... ^ 

= Zj, 1) + Z^t] + Z^tj + . . ., etc. J 

The energy of the system of currents is 

= jSii (Z„t, 4-Z„tj + ...), 

— iZ|ir|*+ Z^2fltJ + 4" (430). 

Coefficients of Induction. 

603. The coetticient Z„ is commonly called the coefficient of self-induc- 
tion (or, more briefly, the self-inductance) of circuit ], while Z,j is called 
the coefficient of mutual induction of the two circuits 1 and 2. The value 
of Z,a for any pair of circuits can be calculated from formula (428). 

As an example, consider the important case of two circular wires, radii 
a, a' in parallel planes, the line joining their centres being perpendicular to 
the planes and of length d, b. Formula (428) gives 
^ aa cos{6 — ff)dd d& 


' 0 u [«’ -4 a'* + 6’ — 2a((' cos {0 — ^)]i 
P' ua' cos 

[a» + 6’-; 


Put 

and we readily find 


c‘ — 


4aa' 

(a -4 a’f -4 fr-* ’ 


■ 2aa' cos ^]r 
lf> = i (ir — yfr) 


Jo <1 -c’sin^Ali 


(1 — c* sin= <f>y 


4Tr (oa')^ -cjK(c)-^ E (c) 


where K(c), E(c) arc the complete elliptic functions to modulus c. 

When the circles nearly coincide, b is small and a and a' are nearly equal 
Thus c is nearly equal to unity, and E{c) approximates to unity. Put 

c' = (l-c»)i. 
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so that c' is small, then 

K- . I‘- •!* ^ ^ , 

0 (1— c'-sin^^)® JO (cos® ^ + c“ sin-' <|))^ 

of which the approximate value is found to be log(4/c'). 

If r is the nearest distance apart of the two circles, wo have, when r is 
small, c = r/2n, so that 

A'’ (c) = log (H«/r), 

and A,n = ^ira ^log — 2^ ( 430a). 


504. It jnight be expected that w'e could obtain the value of X„ in any 
jirobleni by making the two circuits 1 and 2 coincide, but thi.s proves not to 
he the case: the value of tlie integral in equation (428), where the integral is 
taken twice round the same circuit, is alway.s infinite. As an instance, we 
may notice that on putting r = 0 in the formula just obtained, we find A,,, = x . 

We can readily sec why this must be. When there i.s oids' one current 
flowing, we have 

i fj 1“' + /?■ + 7^ d.r<JytJc, 


eaVili side of tnis eijuation representing the energj’ of the current. Xeai- to 
the ware, at a small distance r from it, the magnetic force is 2i/r so that 
+ = Thus the energy contained within a thin ring formed of 

coaxal cylinders of radii r, , n, bent so as to follow the wire conveying the 
current, wVll be 


Htt 


rdrddih, 


■where the iptegration with respect to r is from r, to that with res[)ect to 
6 is from 0 to ■^'Tr, and that with respect to s is along the wire. Integrating, 
we find energy 


pi® log (rj/r,) 

per unit length, and ^in taking r, =0, the energy is seen to be infinite. 

Suppose that the wire has a circular croas-section of radius a, and that 
the current is uniformljr distributed over this cross-section. A circle of nulius 
r inside the wire will f;nclose a current xV®jo*, so that the magnetic force at 
distance r from the centre will be 2ir/a®, and 


a®-h/3= + 7® = 


4P,.s 

o* 


On integrating this from r = 0 tor = a we find that there is magnetic 
energy inside the wire of amount per unit length, where p' is the 

magnetic permeability of the material of the wire. Hence the total energy 
jier unit length inside a cylinder of radius r, enclosing the wire is 

ip't’-f-pv' log (r,/a) 


(4306). 
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Even when a is finite this still becomes infinite when r-j is made infinite — 
t.e. vrhen the magnetic field extends to infinity. Thus the self-induction per 
unit length of a straight wire in free space is infinite except when the 
magnetic field is limited b 3 ’ the presence of other conductors. 

Suppose that the return current is carried by a concentric cylinder of 
radius h surrounding the wire. The total flow of current through a circle of 
radius greater than b is zero, so that there will be no magnetic force outside 
the cylindrical conductor, and the magnetic field will be limited by the cylinder 
r = 6. The energy i>er unit length is now given by formula (430t) with r-j put 
equal to b, so th<at the coefficient of self-induction per unit length is 

Z =^/x'+ 2/1, log(f> u) (430c), 

and this i.s finite for ail finite values of 6 and «. 

606. The energ\’ of the magnetic field pi'ixluced b}" a current f in a wire 
will alway.s be the sum of the energies of the magnetic field in the wire and 
of the magnetic field outside the wire. If the current is uniformly distributed 
in the wire, the former energy wilt always be as in § 504. Thus L, the 
self-induction of a wire of length I, wall always be of the form 

L — ^ /x'l fj (430d), 

where the term arises from the fieltl inside the wire, and L' arises from 
the field outside the wire. 

When the circuit lies entirelj' in one plane and the radius of cross-section 
of the wire is small a simple value can be obtained f u- L'. Let S denote the 
curve formed by the centres of the cross-sect ion.s of the wire, and let S' denote 
the curve formed by the inner edge of the wire in the plane in which 
the circuit lies. Then it will he easily verified that the magnetic force at any 
{Kiint inside S' is the same as if the whole current i flowed along the cune S. 
Hence the number of tubes of induction which flow through S' when the 
current flows in the wire is the same as if a current i flowed in S, and so is 
ecjual to ?' timc.s Z',. where Z',j is the coefficient of mutual induction between 
S and S’. Tims in formula (430(0, Z' will be the coefficient of mutual induc- 
tion between the circuit.s ,S’ and ,S'. 

As an example, let us find the coefficient of self-induction in a ware of 
Icngtli 2-na whose cross-section is a circle of radius r, bent into a circle of 
nuliua u. The curve S is a circle of radius a, the curve iS' is a concentric 
circle of radius a — r. By formula (430rt), 

Z' - 4^0 (^log - 2 ') , 

Z = TTO/t' 4Tra l^log ^ — 2^ . 


so that 
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As a second example, let us find the coefficient of self-induction of a rect- 
angular circuit of sides a, b made of wire of circular cross-section of radius r. 
In this case the circuit S will be a rectangle of sides a, b, while the circuit S' 
is a coplanar concentric rectangle of sides a ~ r, h — v. We evaluate L' the 
coefficient of mutual induction of S and S' from foriunla (428). There is no 
contribution from paii-s of elements on sides perpendicular to one another, 
since for these cos e = 0; the whole value of L' is contributed by parallel pairs 
of elements. 


For two parallel lines of lengths I, I' at distance h apart, we find 
t'dsds' 




dsds' f-*' dj'dx 

r J ~iiJ - ii' [{so — xf + 


J -it 


sinh”' 


Jr=ir 

x'=-4r 


dx 


= {l+l') sinh 


L±£ -(l- l') sinh- - - [4/,= -I- (^ + 


•2h 


+ [iid + ii-ry]K 

On making I — I' small, and replacing sinh~* by its logarithmic value, this 


becomes 


21 log - 




-2{l--i-}r)^ + 2h. 


By repeated use of this formula we find 
L' - - S {a + b) + ii (a“ + 6-)^ — 4« log [a -f (cd -t- b'‘ )-] 

— 46 log [6 + (or + b-y] + i{u + b) log , 

r 

and the coefficient of self-induction is now given by 

L = (u + 6) p- -p A , 


606a. Formula (430c), expressing the self-induction per unit length of a 
circular wire with a concentric return, can be put in the form L = ifi + L', 
where 

L' = 2fi log (6/a). 

If K is the electrostatic capacity per unit length of the condenser formed 
by the wire and its surrounding cylinder, we have, fiom § 82, 

^^Tiogibi^)- 

where * is the inductive capacity of the insulating materia] surrounding the 
wire. Thus 




K 


(43()e). 


It is not a mere accident that this simple relation holds. Suppose we 
solve the electrostatic problem by the method of conjugate functions (§ 312). 
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The appropriate transformation is readily found to be (cf. § 318) 

U +iV = Cons. + 2 log r + 2i6, 

where x=r cos 6, y = r sin 6. In this transformation U may be taken to be the 
electrostatic potential due to unit charge per unit length, and V will clearly be 
the magnetic potential due to unit current. It follows at once that the value of 
T’ at any jwiint when there is unit charge per unit length is the same 
as the value of at the same point when there is unit current flowing, 

and relation (430e) i.s at once seen to be true. 

The argument can be applied equally well to any conjugate-function trans- 
formation whatever. Thu.s relation (430a) is seen to be universally true for 
any straight conductor accompanied by a parallel return. 


EXAMPLES. 

1. A current i flows in a very long straight wire. Find the forces and couples it 
exerts upon a small magnet. 

Shew that if the centre of the small magnet is fixed at a distence c from the wire, it 
has two free small oscillations about its position of equilibrium, of equal period 



where is the moment of inertia, and p the magnetic moment, of the magnet. * 

2. Two parallel straight infinite wires convey equal cun'cut-. of strength i in oppoeite 
directions, their distance apart lieing 2o. A magnetic jiarticle of strength p and moment 
of inertia mP i.s free to turn about a pivot at its centre, distant c from each of the wires. 
Shew that the time of a small oscillation is that of a pendulum of length I given by 

iialji — mgl-c\ 

3. Two equal magnetic poles aix; observed to repel each other with a force of 40 dynes 
when at a decimetre apart. A current is then sent through 100 metres of thin wire 
wound into a circular ring eight decimetres in diameter and the force on one of the poles 
placed at the centre is <26 dynes. Find the strength of the current in amptires, 

4 . Regarding the earth as a uniformly and rigidly magnetised sphere of radius or, 
and denoting the intensity of the magnetic field on the equator by U, show that a wire 
surrounding the earth along the parallel of south latitude X, and carrying a current i 
from west to ea.st, would experience a resultant force towaj-ds the south pole of the 
heavens of omoiuit 

diraiH Hio X cos* X. 

5 . Shew that at any jsiint along a line of force, the vector potential duo to a current 
in a circle is inversely proportional to the distance between the centre of the circle and 
the foot of the jicrfieiidicular from the jxjiiit on to the plane of the circle. Hence trace 
the lines of constant vector jxitoiitial. 

6. A current i flows in a circuit in the shape of an ellipse of area A and length 1. 
Shew that the force at the centre is triljA. 
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7, A current i flows round a circle of radius a, and a current t' flows in a very long 
straight wire in the same piano. Shew that the mutual attraction is 47rtr (sec a - 1), whore 
a is the angle subtended by the circle at the nearest point of the straight wire. 

a If, in the last question, the circle is placed jasrpeiidicular to the straight wire with 
its centre at distance <r from it, shew that there is a couple tending to set the two wires in 
the same plane, of moment 2ir«V'f»-/c or 2irii'c, according aac> or <a. 

9. A long straight current intersects at right angles a diameter of a circular oiurent, 
and the plane of the circle makes an acute angle a with the plane through this diameter 
and the straight current. Shew that the coefficient of mutual induction is 


477 {c sec a - (c- sec’ a - a^)i} 


or 47rc tan 



according as the straight current passes within or without the circle, u being the nidius of 
the circle, and c the distance of the straight current from its centre. 


10. Prove that the coefficient of mutual induction between a pair of infinitely long 
straight wires and a circular one of radius a in the same plane and witli its centre at a 
distance 6(>a) from each of the straight wires, is 

Stt (fi — Vi** — O")* 


11. A circuit contains a straight wire of length ia ooiui'ying a cuiTcnt. A .second 
straight wire, infinite in l>oth directions, makes an angle n with the first, and their 
common perpendicular is of length c and meets the first wire in its middle point. Prove 
that the additional electromagnetic forces on the first straight wire, due to the presence 
of a cun-ent in the second wire, constitute a wrench of pitcli 

„/ _• , _,a8ina\ / . ... ,77 MU a 

Slasina-ctan * - ^ - 1 /.sin tun- ‘ 


12. Two circular wires of radii a, b have a common centre, aiul an.’ free to turn on an 
insulating aris which is a diameter of both. Shew that when tlje wii-es carry currents 
t, i', a couple of magnitude 


is required to hold them with their planes at right angle.s, it being .'ussumoil that hja i.s no 
small that its fifth power may be neglected. 


13. Two circular circuits are in planes at right angles to the line joining their centres. 
.Shew that the coefficient of induction 


= 2:7 (a^-c^l 


/: 


cos 2.6 dd 

y/ .sin* 6 + c* co.s* 8 ’ 


where a, c are the longest and 8borte.st lines which can be drawn from one circuit to the 
other. Find the force between the circuits. 


14, Two currents i, i' flow round two squares each of side a, placed with their edges 
parallel to one another and at right angles to the distance c between their ceiitre.s. Shew 
that they attract with a force 

I o' + o* cVrr'.-fc*] 

15. A current i flows in a rectangular circuit whose sides are of lengths 2o, 26, and 
the circuit is free to rotate about an axis through its centre parallel to the sides of length 
2a. Another current i' flows in a long straight wire parallel to the axis and at a distance 
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d firom it. Prove that the couple required to keep the plane of the rectangle inclined at 
an angle if> to the plane through its centre and the straight cun'ent is 

Bifabd(h ^+(P) sin tf> 

6* + d* — 26W cos 2<J) ' 

16. Two circular wires lie with their planes parallel on the same sphere, and carry 
opposite currents inversely profjortional to the areas of the circuits. A small magnet has 
its centre fiied at the centre of the sphere, and moves freely about it. Shew that it will 
be in equilibrium when its axis either is at right angles to the planes of the circuits, or 
makes an angle tau~'^ with them. 

17. An infinitely long straight wire conveys a current and lies in front of and jrarallel 
to an infinite block of soft iron bounded by a plane face. Find the magnetic potential at 
all i>oints, and the force which tends to displace the wire. 

18. A small sphere of radius b is placed in the neighl>ourho«d of a circuit, which 
when carrying a current of unit strength would produce magnetic force // at the (>oiut 
where the centre of the sphere is placed. Shew that, if « is the coefficient of induced 
magnetization for the sphere, the presence of the sphere increases the coefficient of self- 
induction of the wire by au amount approximately equal to 

Srrl/>K(3 + 2fr ,c ) H"- 

(3-b4jrK)* 

19. A circular wire of radius a is concentric with a spherical shell of soft iron of radii 
b and c If a steady unit current flow round the wire, shew that the presence of the iron 
inci-oases the number of lines of induction through the wire by 

+■ 1) (p -I- 2; - 2 (m -ly 6‘] 

approximately, where « is small compaied with b and c. 

20. A right circular cylindrical cavity is mailc in an infinite moss of iron of perme- 
ability p In this cavity a wire runs parallel to the axis of the cylinder carrying a steady 
current of strength /. Preve that the wire is attracted towards the nearest part of the 
surface of the ca^■ity with a force per unit length equal to 

2(p-l)/’ 

(p+l)</ ’ 

where a is the distance of the wire from its electrostatic image in the cj'linder. 


21. A steady current C flows along one wire and back along another one, inside a 
long cylindrical tnlio of soft iron of permeability p, whose internal and external radii are 
a, and uj, the wiies being parallel to the axis of the cylinder and at equal distance a on 
opposite sides of it. Shew that the magnetic potential outside the tube will be 

F=-'sind-b ^’sin3fl-h ^'sinS^-b..., 


whore 




Henoe shew that a tul<e of soft iron, of 160 cm. radius and 5 cm. thickness, for whioh the 
effective value of p is 1200 c.a.s,, will reduce the magnetic field at a diatanoe, due to the 
current, to loss than one-twentieth of its natural strength. 


J. 


39 
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22, A wire is wound in a spiral of angle a on the surface of an insulating cylinder of 
radius a, so that it makes n complete turns on the cylinder. A current i flows through 
the wire. Prove that the resultant magnetic force at the centre of the cylinder is 

2R'm 

a (1 + ir*»»*tan*a)i 

along the axis. 

23. A current of strength t flows along an infinitely long straight wire, and returns in 
a parallel wire. These wires are insulated and touch along generators the surface of an 
infinite uniform circular cylinder of material whose coefficient of induction is k. Prove that 
the cylinder becomes magnetized as a lamellar magnet whose sti'ength is '2-nkij{\-^iitk). 

21. A fine wire covered with insulating material is wound in the form of a circular 
disc, the ends being at the centre and the circumference. A cun-ent is sent through the 
wire such that I is the quantity of electricity that flows per unit time acro.H.s unit length 
of any radius of the disc. Shew that the magnetic force at any point on the axis of the 
disc is 

2ff/{cosh“* (seco) -sin a}, 

where a is the angle subtended at the point by any radius of the disc. 

25. Coils of wire in the form of circles of latitude are wound upon a sphere and 
produce a magnetic potential Ai^P^ at internal joints when a current is sent through 
them. Find the mode of winding and the potential at external points. 

26. A tangent galvanometer is to have five turns of copper wire, and is to be made so 
that the tangent of the angle of deflection is to be equal to the number of amp<:re.s flowing 
in the coil. If the earth’s horizontal force is T8 dynes, shew that the radius of the coil 
must be about 17 '45 cms. 

27. A given current sent through a tangent galvanometer deflects the magnet through 

an angle 0. The plane of the coil is slowly rotated round the vertical axis through the 
centre of the magnet. Provo that if the magnet will describe complete revolu- 

tions, but if d < Jw, the magnet will oscillate through an angle sin ' ’ (tan 0) on each side of 
the meridian. 

28. Prove that, if a slight error is made in reading the angle of deflection of a tangent 
galvanometer, the jiercentage error in the deduced value of the current is a minimum if the 
angle of deflection is 

29. The circumference of a sine galvanometer is I metre ; the earth’s horizontal 
magnetic force is "IS c.o.s. units. Shew that the greatest current which can be measured 
by the galvanometer is 4‘66 amperes approximately. 

30. The poles of a battery (of electromotive force 2-9 volts and internal resistance 
4 ohms) are joined to those of a tangent galvanometer whose coil has 20 turns of wire and 
is of mean radius 10 cms. : shew that the deflection of the galvanometer is approximately 
45”. The horizontal intensity of the earth’s magnetic force is 1’8 and the resistance of 
the galvanometer is 16 ohms. 

31. A tangent galvanometer is incorrectly fixed, so that equal and opposite eiirrents 
give angular readings a and /3 measured in the same sense. Show that the plane of the 
coil, supposed vertical, makes an angle » with its proper position such that 

2 tan f tan a -f tan /3. 

32. If there be an error o in the determination of the magnetic meridian, find the 
true strragth of a current which is t os ascertained by means of a sine galvanometer. 
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33. In a tangent galvanometer, the sensibility is measured by the ratio of the incre- 
ment of deflection to the increment of current, estimated per unit current. Shew that 


the galvanometer will be most sensitive when the deflection is 


4 


and that in measuring 


the current given by a generator whose electromotive force is A] and internal resistance 
IL, the galvanometer will be most sensitive if there be placed across the terminals a shunt 
of resistance 


Hftr 


whore r i.s the resistance of the galvanometer, and IT is the constant of the instrument. 
What is the meaning of the lesult if the denominator varil.^hes or is negativ'e ? 


34. A tangent galvanometer consists of two equal circles of radius 3 cms. placed on a 
common axis 8 cms. apart. A steady current sent in opposite directions through the two 
circles deflects a small needle placed on the axis midway lietwoen the two circles through 
an angle a. Shew that if the ejirth’s horizontal magnetic force be AT in e.G.s. unite, theti 
the strength of the current in c.O.S. unite will Ije 125 //tan a/Sfln-. 


35. A galvanometer coil of n turns is in the form of an anchor-ring des ril>etl by the 
revolution of a circle of nulius b about an axis in its plane distant a from its centre. 
Shew that the constant of the galvanometer 

>= — f cn*«dn*«£fw (/=l>/a) 

ft. J n 


- (8b/3A-%) [(I I - /■») A']. 
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CHAPTER XIV 

INDUCTION OF CURRENTS IN LINEAR CIRCUITS 
Physical Pbinch'les. 

606. It has been seen that, on moving a magnetic pole about in the 
presence of electric currents, there is a certain amount of work done on the 
pole by the forces of the field. If the conservation of energy is to be true of 
a field of this kind, the work done on the magnetic pole must be represented 
by the disappeai-ance of an equal amount of energy in some other part of the 
field. If all the currents in the field remain steady, there is only one store 
of energy from which this amount of work caji be dran n, namely the energy' 
of the batteries which maintain the cun-onts, so that these batteries must, 
during the motion of the magnetic poles, give up more than sufficient energj' 
to maintain the currents, the excess amount of energy representing work 
performed on the poles. Or again, if the batteries supply energy at a 
uniform rate, part of this energy nmst be used in performing work on the 
moving poles, so that the cuirents maintained in the circuits will be less 
than they would be if the moving poles were at rest. 

Let us suppose that we have an imaginary arrangement by which addi- 
tional electromotive forces can be inserted into, or removed from, each circuit 
ns required, and let us suppose that this arrangement is manipulated so as to- 
keep each current constant. 

Consider first the case of a single movable pole of strength m and a single 
circuit in which the current is maintained at a uniform strength t. If a> is 
the solid angle subtended by the circuit at the position of the pole at any 
instant, the potential energy of the pole in the field of the current is rnito, so 
that in an infinitesimal interval dt of the motion of the pole, the work per- 
formed on the pole by the forces of the field is mi di. The current which 
has flowed in this time is idt, so that the extra work done by the additional 
batteries is the same as that of an additional electromotive force 

dt 
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Thus the motion of the pole must have set up an additional electromotive 

force in the circuit of amount — to counteract which the additional 

at 

electromotive fjicea are needed. The electromotive force — which 

appears to be sot up by the motion of the magnets is called the electromotive 
force due to induction. 

The number of tubes of induction ivhich start from the pole of strength rn 
is 4ww, and of the.se a number via) pass through the circuit. Thu.s if n is the 
number of tubes of induction which jxts.s through the circuit at any instant, 

(hi 


the electromotive force may be e.xpressed in the form — 


dt ' 


So also if \vc have any number of magnetic poles, or any magnetic system 
of any kind, we find, by addition of effects such as that just considered, that 

rfiV 

there will be an electromotive force j— arising from the motion of the' 

whole system, where X is the total number of tubes of induction which cut 
the circtiit. 

It will be noticovl that tho arpunent we have given ne reason for taking X to 

lie the nuinl>er of lut>es of iiuiuotion rather than tui>c.s of forve. But if the number of 
tul)e.s cro.s.siiig the eiiciut i.s to dei)on<i only on the lioundary of the cijenit we must take 
tulles of induction and not tubes of force, for the induction is a solenoidal vector while 
the force, in general, is not. 

dX 

'^607. The electromotive force of induction - has been supposed to 

be measured in the same direction as the current, and on comparing this 
with the law of signs previously given in § 483, we obtain the relation 
between the directions of the electromotive force round the circuit, and of 
the lines of induction across the circuit. The magnitude and direction of 
the electromotive foiice are given in the two following laws: 

r Nkum^nn’s Law. Whenever the number of tubes of mnynetie inductwa 
which are enclosed hij a circuit is chanffing, there is an electromotive force 
acting round the circuit, in addition to the electromotive force of any batteries 
which may be in the circuit, the amount of this additional electromotive forex 
being equal to the rate of diminution of the number of tubes of indwtion 
enclosed by the circuit. * 

Lenz’s Law. The positive direction of the electromotive force / — -^1 and 

the direction in which a tube of force must pass through the dreuit in oi-der to 
be (minted as positive, are related in the same way as the forward rnotion and 
rotation of a right-handed screw. 
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If there is no battery in the circuit, the total electromotive force will be 
— and the current originated by this electromotive force is spoken of as 
an “ induced ” current. 


S08. In order that the phenomena of induced currents may be consistent 
with the conservation of energy, it must obviously be a matter of indifference 
whether we cause the magnetic lines of induction to move across the circuit, 
or cause the circuit to move across the lines of induction Thus Neumann’s 
Law must apply equally to a circuit at rest and a circuit in motion. So also 
if the circuit is flexible, and is twisted about so as to change the number of 
lines of induction which pass through it, there will be an induced current of 
which the amount will be given by Neumann’s Law. 


509. For instance if a metal ring is spun about a diameter, the number 
of lines of induction from the earth’s field which pass through it will change 
continuously, so that currents will flow in it. Furthermore, energy will be 
consumed by these currents so that work must be expended to keep the ring 
in rotation. Again the wheels and axles of two cars in motion on the same 
line of rails, together with the rails themselves, may be regarded )is forming 
a closed circuit of continually changing dimensions in the earth's magnetic 
field. Thus there will be currents flowing in the circuit, and there will be 
electromagnetic forces tending to retard or accelerate the motions of the cars. 


610. If, as we have been led to believe, electromagnetic phenomena are 
the effect of the action of the medium itself, and not of action at a distiince, 
it is clear that the induced current must depend on the motion of the lines of 
force, and cannot depend on the manner in which these lines of force are pro- 
duced. Thus induction must occur just the same whether the magnetic field 
originates in actual magnets or in electric currents in other parts of the field. 
This consequence of the hypothesis that the action is propagated through the 
medium is confirmed by experiment — indeed in Faraday’s original investiga- 
tions on induction, the field was produced by a second current. 

611. Liet us suppose that we have two circuits 1, 2, of which 1 conbiins 
a battery and a key by which the circuit 
can be closed and broken, while circuit 2 
remains permanently closed, and contains a 
galvanometer but no battery. On closing 
the circuit 1, a current flows through circu^ 

1, setting up a magnetic field. Some of the 
tubes of induction of this field pass through 
circuit 2, so that the number of these tubes 
changes as the current establishes itself in 
circuit 1, and the galvanometer in 2 will 
accordingly shew a current. When the current in 1 has reached its steady 
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value, aa given by Ohm’s Law, the number of tubes through circuit 2 will no 
longer vary with the time, so that there will be no electromotive force in 
circuit 2, and the galvanometer will shew no current. If we break the 
circuit 1, there is again a change in the number of tubes of induction paasing 
through the second circuit, so that the galvanometer will again shew a 
momentaiy current. 


General Equations of Induction in Linear Circuits. 

/ 612 . Let us sujipose that we have any number of circuits 1, 2 

Let their resistances be 72, , ..., let them contain batteries of electro- 

motive forces £i, Ei,, .... and let the currents flowing in them at any instant 
be ti, u 


The numbers of tubes of induction iV,, iVa, ... which croas these circuits 
are given by (cf. equations (429))^^ 

Ni = L„ii + + Li^i, + ..., etc. 


In circuit I there i.s an electromotive force Ei due to the batteries, and an 

dN 

electrornoiive turco due to induction. Thus the total electromotive 

dt 

dN^ 

force at any instant i.s > -'uid this, by Ohm’s Law, must be equal to 

Jiiii. Thu.s we have the expiation 

E, — (Liib + 4- Xjjlj 4- ...)== Ri!i (431). 


Similarly for the second circuit, 

Lj (X.jit) 4" -4 5331 ) -4 (432), 

and .so on for the other circuits. 

Equations (431), (432), ... may be regarded as difl'crential equations from 
which we «in derive the currents t,. i,, ... in terms of the time and the 
initial conditions. We shall consider various special cases of this problem. 


Induction in a. Sinc.le Circuit. 

613 . If there is only a single circuit, of resistance B and self-induction L, 
equation (431) becomes 

E-~iLH) = Rh (433). 

Let us use this equation first to find the effect of closing a circuit pre- 
viously broken. Suppose that before the time < = 0 the circuit has been 
open, but that at this instant it is suddenly closed with a key, so that the 
current is free to flow under the action of the electromotive force E. 



Indmtion of Currents in Linear Circuits [CH. Xiv 

The first step will be to determine the conditions immediately after the 

circuit is closed. Since by equation (433), a finite quantity, it 

follows that Lh must increase or decrease continuously, so that immediately 
after closing the ciicuit the value of Liy must be zero. 

To find the way in which iy increases, we have now to solve equation (433), 
in which E, L and R are all constants, subject to the initial condition that 
iy = 0 when t = 0. Writing the equation in the form 

we see that the general solution is 

-’it 

E-Riy^Ce . 

where C is a constant, and in order that t, may vanish when < = 0, we must 
have G=E, so that the solution is 

i, = |(l-c'^) (434). 


The graph of t, as a function of t is shewn in fig. 131. It will be seen 
that the current rises gradually to its final 
value EjR given by Ohm’s Law, this rise t, 
being rapid if L is small, but slow if L is 
great. Thus we may say that the increase in 
the current is retarded by its self-induction. 

We can see why this should be. The energy 
of the current i, is and this is large when 
L is large. This cneigy represents work per- 
formed by the electric foices; when the current 
is iy, the rate at \\hich these forces perform work is Ei,, a <|uantity which 
does not depend on L. Thus when L is large, a great time is required for 
the electric forces to establish the great amount of energy /.i,’. 



A simple analogy may make the effect of thi« nelf-indiiction clearer. Let the flow of 
the current be representfsl by the turning of a inill-whoel, tho action of the electric forces 
being represented tiy the falling of the water by which the mill-wheel is tiinit'd. A large 
value of L mean.s large energy for a finite current, and must therefore represented by 
supposing the mill-wheel to have a large moment of inertia. Clearly a wheel with a small 
moment of inertia will increase its sj>ced up to its maximum sj-iced with groat rapidity, 
while for a wheel with a large moment of inertia the speed will only iiicroiise slowly. 


Alternating Current 

■^614. Let us ne-xt suppose that the electromotive force in the circuit is 
not produced by batteries, but by moving the circuit, or part of the circuit, 
in a magnetic field. If is the number of tubes of induction of the 
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external magnetic field which are enclosed by the circuit at any instant, 
the equation is 

+ = (435). 

The simplest case arises when N is a simple-harmonic function of the 


time, proportional let us say to co»pt. We can simplify the problem by sup- 
posing that N is of the form C(cospt -f-isinpt). The real part of JV will 
give rise to a real value of i,, and the imaginary part of N to an imaginary 
value of i). Thus if we take = C'e'>‘* we shall obtain a v'alue for i, of which 
the real part will be the true value required for ij. 

Assuming N— G(cospt + isin pt)=Ce'^, the equation becomes 

- ~ (if. -t- Ce^t^) = ^ 

and clearly the solution Avill be proportional to e'f*. Thus the differential 
operator ^ will act only on a factor e'^^, and will accordingly be equivalent to 
multiplication by ip. We may ficcordingly write the equation as 

- ip{Lix -f Ce'^)= Rtu 

a simple algebraic equation of which the solution is 

— pi Ce'f* 

R + Lip • 

Let the modulus and argument of this expression be denoted by p and X: 
so that the value of the whole expression is p (cos -I- ■* sin The value of 
p, the modulus, is equal (§ 311) to the product of the moduli of the factors, so 
that 

V/f* + L*p‘ ’ 

while the argument being equal (§ 311) to the sum of the arguments of 
the factora, is given by 

The solution require<l for t, is the real term p cos so that 
i, = p cos X 



The electromotive force produced by the change in the number of tubes 
of the external field is 


dN d 
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Thus, if self-induction were neglected, the current, ns given by Ohm’s 
Law, would be 

pG . . 

^ sin pt, 

and this of course would agree with that which would be given by equation 
(436) if L were zero. 

The modifications produced by the existence of self-induction are repre- 
sented by the presence of L in expression (436), and are two in number. In 
the first place the phase of the current lags behind that of the impressed 

electromotive force by tan~’ , and in the second place the appsirent resist- 
ance is increased from to L^p\ 


>/616. The conditions assumed in this problem are sufficiently clo.se to 
those which occur in tlie working of a dynamo to illustrate this working. A 
coil which forms part of a complete circuit is caused to rotate rapidly in a 
magnetic field in such a way as to cut a varydng number of lines of induction. 

The quantity ^ may be supposed to represent the number of alterna- 
tions per second. In the simple case of a two-pole alternator this will be 
equal to the number of revolutions of the engine by which the dynamo is 
driven, so that the current .sent through the circuit will be an “alternating” 
current of frequency equal to that of the engine. In the e.xample given, the 
rate at which heat is generated is (p cos xf *'tid the a\ eruge rale, averaged 
over a large number of alternations, is or 

This, then, would be the rate at which the engine driving the dynamo 
would have to pertbnii the work. 


Discharge of a Condenser. 

/516. A further example of the effect of induction in a single circuit which 
is of extreme interest is supplied by the phenomenon of the di.scharge of a 
condenser. 

Let us suppose that the charges on the two plates at any instant are Q 
and — Q, the plates being connected by a wire of resistance 11 and of self- 
induction L. If C is the capacity of the condenser, the di fference tjf ptjtential 

of the two plates will be and this w'ill now play the same part us the 
electromotive force of a battery. The equation is accordingly 

^ f T P' 


(437). 
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The quantities Q and i are not independent, for t measures the rate of 
flow of electricity to or from either plate, and therefore the rate of diminution 

of Q. We accordingly have substituting this expression for 

i, equation (437) becomes 

d}Q dq Q 


The solution is known to be 

Q = (438), 

where A, B are arbitrary constants, and X,, X, are the roots of 

(439). 


If the circuit is completed at time i = 0, the charge on each plate being 
initially Qg, we must have, at time < = 0, 


Q — Qo> 


t = 


dQ 

dt 


= 0 , 


and these conditions determine the constants A and B. The equations 
giving these quantities are 

A B = Qo, .4Xi + B\., = 0. 


If the roots of equation (439) are real, it is clear, since both their sum 
and their pnKluct are positive, that they must themselves be positive quanti- 
ties. Thus the value of Q given by equation (438) will gradually sink &om 
Q, to zero. The current at any instant is 

i= - 

at 

= ^X,e-*>'(l-e-(^-*'>0, 

and this starts by being zero, rises to a maximum and then falls again to 
zero. The current is always in the same direction, so that Q is always of the 
same sign. 


It is, however, possible for equation (439) to have imaginary roots. This 
will be the case if 

46 


R‘- 


46 


is negative. Denoting , when negative, by — k?, the roots will be 

M ± IK 


X] , X, — - 


26 ' 
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SO that the solution (438^ becomes 

XU Ui ia 

Q = e + 


_^Rl 

s=e ^^Dcos 


(i-’h 


where J), e are new constants. In this case the discharge is oscillatory. The 

2irJj 

charge Q changes sign at iiibervals ~ , so that the charges surge backwai'ds 


and forwards from one plate to the other. The presence of the exponential 
m 

e' shews that each charge is less than the preceding one, so that the 
charges ultimately die away. The graphs for Q and i ii» the two cases of 


(i) 

4L 

Q (discharge continuous). 

(li) 

4i 

Ji’ < -g- (dischai^e oscillatory), 

are given in figs. 132 and 133. 




The existence of the oscillatory discharge is of interest, as the poasihility 
of a discharge of this type was predicted on purely theoretical grounds by 

Lord Kelvin in 1853. Four years later the actual oscillations were observed 
by Feddersen. 
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617. It is of value to compare the physical processes in the two kinds of 
discharge. 


Let us consider first the continuous discharge of which the g^raphs are 
shewn in fig. 132. The first part of the discharge is similar to the flow 
already considered in § 513. At first we can imagine that the condenser is 

exactly equivalent to a battery of electromotive force E = ^;, and the act of 


discharging is equivalent to completing a circuit containing this battery. 
After a time the difference between the two cases comes into effect. The 
battery would maintain a constant electromotive force, so that the current 

E 

would reach a constant final value , whereas the condenser dixjs not supply 


a constant electromotive force. As the discharge occurs, the potential differ- 
ence betw’cen the plates of the condenser diminishes, and so the electromotive 
force, and consequently the current, also diminish. Thus the graph for i in 
fig. 132, can be regarded as shewing a gradual increase towards the value 



in the earlier stages, combined with a gradual falling off of 


the current, con.scquent on the diminution of E, in the later stages. 

For the o.scillatory discharge to occur, the value of L must be greater than 
for the continuous discharge. The energy of a current of given amount is 
accordingly greater, while the rate at which this is dissipated by the genera- 
tion of heat, namely remairrs unaltered by the greater value of L. Thus 
for sufficiently great values of L the current may persist even after the con- 
denser is fully discharged, a continuation of the current meaning that the 
condenser again becomes charged, but with electricity of different signs from 
the orjginal charges. In this way we get the oscillatory discharge. 


Induction in a Pair op Circuits. 

518. If L, M, N are the coefficients of induction (An, Aj., Aa> of a pair of 
circuits of resistances R, S, in which batteries of electromotive forces E^, E^ 


are placed, the general equations become 

Ei - (Ai, + Mi,) = Ri^ (440). 

= (441). 


Sudden Completing of Cirmit. 

619. Let us consider the conditions which must hold when one of the 
cii-cuits is suddenly completed, the process occupying the infinitesimal inter- 
val from f 0 to t » T. Let the changes which occur in ii and during this 
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interval be denoted by At'i and At|. Eq^tions (440) and (441) shew that 
during the interval from t = 0 to t = T the values of ^ (Zfi + J/fj) and of 

+ are finite, so that when r is iriv5nitesimal, the changes in 
Liy + Mii and + must vanish. Thus we ini»af. have 


XAt] ~{* 3/Aia — 0, 

MAit + NAii = 0 . 

Except in the special case in which LN — = 0 (a case of inaportance, 

which will be considered later), these equations can be satisfied c>nly by 
Aij = Ai,= 0, Thus the currents remain unaltered by suddenly mail ing a 
circuit, and the change in the currents is gradual and not instantaneous. 


620. Suppose, for instance, that before the instant t = 0 circuit L’. is 
closed but contains no battery, while circuit 1, containing a battery, is broke.u. 
Let circuit 1 be closed at the instant t = 0, then the initial conditions are 
that at time t = 0, = ?, = 0. The equations to be solved are 


+ + (02). 

+ 

The solution is known to be 

i, = Be~>^ + 


where A, A', B, B' are constants, and X, X' are the roots of 
(R - Xx) (5 - NX) - Jf’X* = 0. 

(4r-ef RS-{RN + SL)X-^(,LN-M*)\^=^0 (444). 

The energy of the cuirents, namely 

^ (Zf,* + + Ni^), 

being positive for all values of *i and ij, it follows that LN — M* is nccessiirily 
positive. Since RS and i?iV'+ SL are also necessarily j)ositive, we si;e that all 
the coefficients in equation (444) are positive, so that the roots X, X' are both 


positive. 

When t = 0, we must have 

E 

(ii)«.„ = A+A'+j^>=‘0 (445), 

(b)t., = 5 + .B' = 0 (446), 
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and in order that equation (443) may be satisfied at every instant, we must 
have 

- JIfilXe-*' - + (S- N\) + (S - NX') = 0, 

for all values of t, and for this to be satisfiel the coefficients of e~^‘ and e~^'* 
must vanish separately. Thus we must have 

(S - NX) B = MA \ (44.7 ), 

{8-NX')B'=MA'X' (41.8X 

and if these relations are satisfied, and X, X' are the roots of equation (444), 
then equation (442) will be satisfied identically. From equations (445), (446), 
(447) and (44H), we obtain 

B ~E AX -A’X' - E, 

M M ~ 8- N\~S-NX‘~ RS(x-^-X'-^)’ 

and the solution is found to be 


(^-NX)E, (S-NX')E_, 

‘ B8X(X-^~X’-')^^ RSX'{X'-'-X-')^^ 


rj = - 


RS (X-‘ - \'- 


R8{X'-^- 


X-')- 


E 


We notice that the current in 1 rises to its steady value the rise being 


similar in nature to that when only a single circuit is concerned (§ 513). The 
rise is quick if X and X’ are large — t.e. if the coefficients of induction are 
small, and conversely. The current in 2 is initially zero, rises to a maximum 
and then sinks again to zero. The changes in this current are quick or slow 
according as those of current 1 are quick or slow. 


Sudden Breaking of Circuit. 

521. The breaking of a circuit may be represented mathematically by 
supposing the resistance to become infinite. Thus if circuit 1 is broken, the 
process occurring in the interval from < = 0 to t = r, the value of R will 
become infinite during this interval, while the value of f, becomes zero. The 
changes in i, and li, are still determined by equations (440) iuid (441), but we 
can no longer treat i? as a constant, and we cannot assert that in the interval 
from 0 to T the value of Ri, is always finite. 

It follows, however, from equation (441) that (Aft’i + A%) remains finite 

throughout the short interval, so that we have, with the same notation as 
before. 


Jl/Ai, + NAif = 0. 
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Suppose for ins 
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that before the circuit 1 was broken we had a steady 
nrTent in circuit 2. We shall then have 


current in circuit 1. and m 

a 


so that 



Nli> 


and therefore immediately after the break, the* current in circuit 

ME, ' 

This current simply decays under the influence of the resist 
circuit. Putting ^^^ = 0 and i, = 0 in equation (441) we ' 

di, S . 

I^fE 

and the solution which gives i, = initially is 


, _M^ -p 

^ \rz> ^ 

iV/i /A± 

The changes in the current i, during the infinitesimal interval t Uiv. 
interest. These are governed by equation (440), the value of R not being 
constant. 

^ The value of E, is finite, and may accordingly be neglecU'd in comparison 
with the other terms of equation (440), which are very great during the 
interval of transition. Thus the equation becomes, approximately, 

^^{Li, + Mu)=-Ri, (449). 

The value of {Mi, + Ni^) is. as we have already seen, finite, so that we 

may subtract ^ times this quantity from the left-hand member of equation 

(449) and the equation remains true By doing this we eliminate 4, and 
obtain 

The solution which gives to i, the initial value (f,);, is 

gmng the way in which the current falls to zero. We notice that if 
LN- M* is very small, the current falls off at once, while if LN-M‘\& large, 
the current will persist for a longer time. In the former case the breaking 
of the circuit is accompanied only by a very slight spark, in the latter case 
by a stronger spark. 
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One Circuit containing a Periodic Electromotive Force. 

622 . Let us suppose next that the circuits contain no batteries, but that 
circuit 1 is acted upon by a periodic electromotive force, say E cospt, such as 
might arise if this circuit contained a dynamo. 

As in § 514, it is simplest to assume an electromotive force Ee'r^ : the 
solution actually required will be obtained by ultimately rejecting the 
imaginary terms in the solution obtained. 

The equations to be solved .are now 

Ee'r‘ - ~ (Zi, + Ml) ^ R!, (450), 


d 

(It 


(Ml, + Nii) = Sij 


(451). 


As before both i, and u, as given by these equations, will involve the 
time only through a factor e'P\ so that we may replace ^ by ip, and the 
equations become 

Ri, + Lijn, + Mipi^ = 

+ Mipi, + EijHj = 0, 

from %vhich we obtain 


Z’e'X 


S + Nip ~ - Mip (R + Lip){S + Nip) + M"p^ ' 

The current i, in the primary is given, from these equations, by 

Ee'rf 

M^p^ 

R + Ltp + 

^ S-\-Nip 

Ee'i'‘ 


where 


R' = R-\ 


R + Lip + 

jrptx 

’"K + L'ip' 

SMy 

H'^+Ny 


My (8 — Nip) 

S^ + N^p^ 


L' = L- 


NMpy 

8-‘+Ny' 


The case of no secondary circuit being present is obtained at once by 
putting 8= CO , and the solution for », is seen to be the same as if no 
secondary circuit were present, except that R', L' are replaced by R and L. 
Thus the current in the primary circuit is affected by the presence of the 
secondary in just the same way as if its resistance were increased from 
R to R', and its coefficient of self-induction decretised from L" to L. 

30 
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The atnpHtudes of the two ourrenta are |ti| and Itj), so that the ratio of 
the amplitude of the current in the secondary to that in the priniaiy is 


jt,| I —Mip 


Mp 

The difference of phase of the two currents 


.(462). 


= arg t. - arg f, 
«= arg (iVt,) 


= arg 



= w — tan~* 



(453). 


623. The analysis is of practical importance in connection with the 
theory of transformers. In such applications, the current usually is of very 
high frequency, so that p is large, and we find that approximately the ratio 

of the amplitudes (cf, expression (452)) is while the difference of phase 

(cf. expression (453)) is w. These limiting results, for the case of p infinite, 
can be obtained at a glance from equation (451). The right-hand member, 

g 

Sit, is finite, so that (Jiff, + JVfj) is finite in spite of the infinitely rapid 

variations in i, and fj separately. In other words, we must have approxi- 
mately Mi, -f Ni„ constant, and clearly the value of this constant must be 
zero, giving at once the two results just obtained. 


624. Whatever the value of p, the result expressed in equation (452) can 
be deduced at once from the principle of energy. The current in the primary 
is the same as it would be if the secondary circuit were removed and i2, L 
changed to R', 11 . Thus the rate at which the generator performs work is 
iJ'f,*, or averaged over a great number of periods (since f, is a simple-harmonic 
function of the time) is \B: | f, |*. Of this an amount \R | h |’ is consumed in 
the primary, so that the rate at which work is performed in the secondary is 
i(-R'--K)!fi|’. or 

1 SM ^p' . . 

This rate of performing work is also known to be and on 

equating these two expressions we obtain at once the result expressed 
ly equation (452). 
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Case in which LN — is small. 

62S. The energy of currents f,, V, in the two circuits is 

^ {Li^ + 2Mify + Ni^) (454), 


and since this must always be positive, it follows that LN — must neces- 
sarily be positive. The results obtained in the special case in which LN — M* 
is so small as to be negligible in comparison with the other quantities 
involved are of special interest, so that we shall now examine what special 
features are introduced into the problems when LN—M^ is very small. 
EiXpression (454) can be transformed into 

so that when LN — is neglected the energy becomes 

^ (Lti + J/4)’, 

and this vanishes for the special case in which the currents are in the ratio 
*= — This enables us to find the geometrical meaning of the relation 

LN-M^ = 0. For since the energy of the currents, as in § 501, is 

8y//M(“*+^+7'). 

we see that this energy can only vanish if the magnetic force vanishes at 
every point. This requires that the equivalent magnetic shells must coincide 
and be of strengths which are equal and opposite. Thus the two circuits 
must coincide geometrically. The number of turns of wire in the circuits 
may of course be different ; if we have r turns in the primary and s in the 
secondary, we must have 

L_M r 

M~N~8’ 

and when the currents are such as to give a field of zero energy, each fraction 
is equal to — i^jii. 

526. Let us next examine the modifications introduced into the analysis 
by the neglect of LN — in problems in which the value of this quantity is 


small We have the general equations 518), 

— (Lii -h Mii) = Rij (455), 

^ + iVii,) = (Si, (456). 

If wo multiply equation (455) by M and equation (456) by L and sub- 
tract, we obtain 

MEi — LEi^ RMii — SLif (457), 

an equation which contains no differentiala 


30—2 
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627 . To illustrate, let us consider the sudden making of one circuit, 
discussed in the general case in § 519. The general equations there obtained, 
namely 

X + il/At, 0, 

ifAt\ + J7At; = 0, 


now become identical. We no longer can deduce the relations Ai, = Ai^ = 0, 
but have only the single initial conditions 


Ail M 

Ai. X 


(458). 


But by supposing equations (455) and (456) replaced by equations (455) 
and (457) we have only one difierential coefficient and therefore only one 
constant of integration in the solution, and this can be determined from 
the one initial condition expressed by equation (458). 

Let us, for instance, consider the definite problem discussed (for the 
general case) in § 520. Circuit 2 contains no battery so that A’, = 0, and at 
time < = 0 circuit 1 is suddenly closed, so that the electromotive force Ei 
comes into play in the first circuit. The initial currents are given by 


(.from equation (458)), Xt, + J1 /jj = 0 (459), 

(from equation (457)), ME, = RMii — SLi, (460), 


_ _J^i _ _ 

Al - X “ iii/» + 6 'X» X {EN + SL) ■ 


Thus finite currents come into existence at once, but the system of 
currents is one of zero energy, since equation (459) i.s satisfied. To find the 

subsequent changes, we multiply equation (455) by ^ and equation (456) by 

JLlf 

M 

-g (putting Ei = 0), and find on addition 


^’i _ (L 
E' [e 



Lii + Jlfi„ 


of which the solution, subject to the initial condition Xj'i + Mii = 0, is 

LE, ' 


From this and equation (460) we obtain 






sx+IS* 


E, 

iiiv + Zs’ 


and these equations give the currents at any time. 
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These results can of course be deduced also by examining the limiting 
form assumed by the solution of § 520, when LN — vanishes. 

The problem of the breaking of a circuit, discussed in § 521, can be 
examined in a similar way in the special case in which LN — The 

current i, in the broken circuit is found to disappear instantaneously, its 
energy immediately reappearing as that of a current LiijM in circuit (2) ; 
this latter current then decays under the resistance of the circuit. 


EXAMPLES. 


1. A coil is rotated with constant angular velocity a about an aiis in its plane in a 
uniform field of force perpendicular to the axis of rotation. Find the current in the coil 
at any time, and shew that it is greate.st when the plane of the coil makes an angle 

tan“* with the lines of magnetic force. 

2. The resistance and self-induction of a coil are R and L, and its ends A and B are 
connected with the electrodes of a condenser of capacity C by wires of negligible resistance. 
There is a current I co» pi in a circuit connecting A and JJ, and the charge of the con- 
denser is in the same phase as this Qirrcnt. .Shew that the charge at any time is 

and that C{R-+p‘L-) = L. Obtain also the current in the coil. 

, 3. The ends /?, Z) of a wire (/f, L) are connected with the plate.s of a conden.scr of 
cajaicity C. The wire rotat<‘s aUmt BD which is vertical with angular velocity w, the 
area between the wii-e and B/t being A. If // i.s the hori.ioiital component of the earth’s 
raagneti.sm, shew tliat the average rate at which work inu.st be done to maintain the 
rotation is 

i JPAK^Ra,* - CLu,h^], 

4, A closed solenoid consists of a large number AC of circular coils of wire, each of 
radius a, wound unifonnly upon a circular cylinder of lioiglit 2/i. At the centre of the 
cylinder is a small magnet whose axis coincides with that of the cylinder, and whoso 
moment is a periodic quantity p sin pt. Shew that a current flows in the solenoid whose 
intensity is approximately 

2irpACp 


where 


-r sin 

the resistance and self-induction of the solenoid, and tan a = RjLp. 


5. A circular coil of « turns, of radius a and resistanoe R, spins with angular velocity 
a round a vertical diameter in the earth’s horizontal magnetic field H-. shew that the 

average electromagnetic damping couple which resists its motion is Given 

//=017, » = 60, fi = l ohm, a=10cra., and that the coil makes 20 turns j»er second, 
express the couple in dyne-centimetres, and the mean square of the current in amp&res. 

6 . A condenser, capacity C, is discharged through a circuit, lesistance R, induction L, 
containing a periodic electi'omotive force ^sintif. Shew that the “forced” current in the 
oirouit is 

E sin (n< - 6) 

where tan «■ {n*CL—\)lnCR. 
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7. Two circuits, resistances Ri and Ji*, oocfBcients of induction L, M, N, lie near each 
other, and an electromotive force E is switched into one of them. Show that the total 
quantity of electricity that traverses the other is Ei/jRi ffj, 

8. A current is induced in a coil 5 by a current /sin pt in a coil A. Shew that the 
mean force tending to increase any coordinate of position 6 is 

, dJf 


where L, M, E are the coefficients of induction of the coils, and R is the resistance of B 


9. A pkne circuit, area S, rotates with uniform velocity w about the axis ot *, which 
lies m its plane at a distance A from the centre of gravity of the area. A magnetic 
molecule of strength p is fixed in the axis of * at a great distance a from the origin, 
pointing in the direction Ox. Prove that the current at time t 's approximately 


a3(/J* + iV)i 


cos (o>t - v) 




a* (fT- + 


cos (2<i)t - Ij), 


wheie tj, t are determinate constants. 


10. Two points A, B are joined by a wire of rc.sistiuice It without self-induction ; 
B is joined to a thiitl point C by two wires each of resi.staucc /f, of which one is without 
self-induction, and the other has a coefficient of induction L If the ends A, C are kept 
at a potential difference Ecoipt, prove that the diSerence of potentials at B and C will 
be E' cos {j)t - y), where 


E' 


\9/P + 4/Z*/ ’ 


tan y = 


pLR 


11. A condenser, cajiacity C, charge Q, is discharged through a circuit of resistance 
R, there being another cireuit of resistance 5 in the field. If LE = J/*, shew that there 
will be initial currents - EQjC {RE + SL) and MQiC \RE+ SL), and find the currents at 
any time. 


12. Two insulated wires A, B of the same resistance have the same coefficient of 
self-induction L, while that of mutual induction is slightly le.S8 than L. The ends of B 
are connected by a wire of small resistance, and those of A hy a Wttery of small resistance, 
and at the end of a time t a cuiTent i is passing through A. Prove that except when ( is 
very small, 

approximate^, where ?o is the permanent current in A, and i ' is the current in each after 
a'time t, when the ends of both are connected in multiple arc by the battery. 

' 13. The ends of a coil forming a long straight uniform solenoid of m turns per unit 
length are connected with a short solenoidsl coil of n turns and cross-section A, situated 
inside the solenoid, so that the whole forms a single complete circuit. The latter coil can 
rotate freely about an axis at right angles to the length of the solenoid. Shew that in ft«e 
motion without any extenuvl field, the current i and the angle 6 between the crosa-aootions 
of the coils are determined by the equations 

A'= -^{Lii+hji+STrmnAicose}, 


^0 

/ ^ -t- 4n-7»» Af* sin 5 = 0, 


where Zi, L% are the coefficients of self-induction of the two' coils, I is the moment of 
inertia of the rotating coil, R is the resistance of the whole circuit, and the effect of the 
ends of the long solenoid is neglected. 
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14. Two electrified conductors whoae coefficients of doctrostatic capacity are yj, r 
ore connected through a coil of reeistanoe R and large inductance L. Verify that the 
frequency of the electric oscillations thus established is 

/ar+y.+'^l _ 

2n \ yiya — r* L ^I?) 

19. An electric circuit contains an impressed electromotive force which alternates 
in an arbitrary manner and also an inductance. Is it possible, by connecting the 
extremities of the inductance to the poles of a condenser, to arrange so that the current 
in the circmt shall always be in step with the dectromotive force and ijroixjrtional to it ? 

16. Two coils (resistances R, S ; coefficients of induction L, M, R) are arranged in 
parallel in such positions that when a steady current is divided between the two, the 
resultant magnetic force vanishes at a certain suspended galvanometer needle. Prove 
that if the currents are suddenly started by completing a circuit including the coils, then 
the initial magnetic force on the needle will not in general vanish, but that there will be 
a “throw” of the needle, equal to that which would be produced by the steady (final) 
current in the first wire flowing through that wire for a time interval 

M-L J^-R 


17. A condenser of capacity C is discharged through two circuits, one of resi.stance R 
and self-induction L, and the otlier of resistance R and containing a condenser of capacity 
O'. Prove that if ^ is the charge on the condenser at any tinje. 


dfi VC"'' 


R^R\dQ^ Q 


^^C)dc 




cc 


= 0 , 


18. A condenser of capacity C is connected by leads of resistance r, so as to be in 
parallel with a coil of self-iuduction L, the resiatance of the coil and its leads being R. If 
this arrangement forms part of a circuit in which there is an electromotive force of period 

— , shew that it can be replaced by a wire without self-induction if 

^ (iP-i/C)=p>Z,C'(r»-i/C), 

and that the resistance of this equivalent wire must be (,Rr+L!C)!(R+r). 


16. Two coils, of which the coefficients of self- and mutual-induction are L\, Zj, If, 
and the resistances /fi, R^, carry steady currents Cj, Cj produced by constant electro- 
motive forces inserted in them. Shew how to calculate the total extra currents produced 
in the coils by inserting a given resistance in one of them, and thus also increasing its 
coefficients of induction by given amounts. 

In the primary coil, sup^si-sed open, there is an electromotive force which would 
produce a steady ciurent C, and in the socomlary coil there is no electromotive force. 
Prove that the cun'ent induced in the secondary by closing the primary is the same, as 
regards its effects on a galvanometer and an electrodynamometer, and also with r^ard to 
the beat produced by it, os a steady current of magnitude 

. 

* K^Lt+RtCi' 

R\ 

Ituding for a time ' 

while the current induced in the secondary by suddenly breaking the primary circuit may 
be wptesented in the same rsepeots by a steady current of magnitude OMjiLi lasting for 
a time iLjJRf 
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20. Two conductors ABD, ACD »ro arranged in multiple arc. Their resistances are 
i2, iS and their coeflicients of self- and mutual-induction are Z, jV, and M. Provo tliat 
when placed in series with leads conveying a current of fitxiuoncy p, the two circuits 
produce the same effect as a single circuit whose coefficient of self-induction is 
Njr-+LS‘‘+iAfi{B+f>^{LAr~ m) (Z-t- N-^M) 

and whose resistance is 

RS{S+R)+p"^{R{,N-Mf+S{L-MY) 

(L + N-‘m'i‘tA+{R+Sf 


21. A condenser of capacity C containing a charge Q is discharged round a circuit in 
the neighbourhood of a second circuit. The resistances of the circuits are R, S, and their 
coefficients of induction are Z, if, N. 

Obtain equations to determine the currents at any moment. 

If i; is the current in the primary, and the disturbance bo over in a time leK.s than t, 
shew that 


and that 


S’) * -”“1 /;**■"-» s f'’+zS.+ ciJ ! i.)) 

lat 

Examine how j ^ varies with &, 



CHAPTER XV 

rN’DUCTlON OF OURRENTS IN CONTINUOUS MEDIA 


(lE.VERAL EqCATIONS. 

528. We have seen that when the number N, of tubes of induction, 

dN 

which cross any circuit, is changing, there is an electromotive force — ^ 

acting round the circuit. Thus a change in the magnetic field brings into 
play certain electric forces which would otherwise be absent. 

W(; have now abandoned the conception of action at a distance, so that 
we must suppose that the electric force at any point depends solely on the 
changes in the magnetic field at that point. Thus <at a point at which the 
magnetic field is changing, we see that there must be electric forces set up 
by the changes in the magnetic field, and the amount of these forces must be 
the same w hether the point happens to coincide with an element of a closed 
conducting circuit or not. 

Let dn be an element of any closed circuit drawn in the field, either in a 
conducting medium or not, and let X, Y, Z denote the components of electric 
intensity at this point. Then the work done by the electric forces on a unit 
electric charge in taking it round this circuit is 

<«')• 

dN 

and this, by the principle just explained, must be equal to — where N is 
the number of tubes of induction which cross this circuit. 


629. We have (cf. § 4;i7) 

X = (la + mb + nc) dS .... 

so that on equating expres.sion (401) ~ ^ 


■( 462 ). 



ds^ ds^ 
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The left-hand member is equal, by Stokes’ Theorem (§ 438), to 

/dx dz\ . /ay iX\ 

n[-. 


rn, (dz dr\ , /dx dZ\ 


\dx dy 


)} 


dS, 


the integratioa being over the same area as that on the right hand of equa- 
tion (463). Hence we have 




di dt) 


m 


(dX 

Va^ 


hz . dh\ , (dY dX . dcNl 
dx dt) ^\dx dy dt)] 


dS = 0. 


This equation is true for every surface, so that not only must each inte- 
grand vanish, but it must vanish for all possible values of I, m, n. Hence each 
coefficient of I, m, n must vanish separately. We must accordingly have 


da dZ dY 
di dy dz 

(464), 

db^dX _dZ 
dt dz dx 

(465), 

dc dY dX 

(460). 

|Ct5 

1 

II 


630. The components F, G, H of the magnetic vector-potential are 
given, as in equations (376), by 



On comparing these equations with equations (464) — (466), it is clejir 
that the simplest solution for the vector-potential is given by the relations 



If F, G, H is the most general vector-potential, « e must have relations of 
the form (cf. equations (375)) 

iF ^ d'V 

U~ ~ ^ 

where ’F is an arbiti-ary function replacing the — x of equations (375). 


631. Writing these relations in the form 



dF 

d^ 


Z = 

dt 

dx 

(470), 


dO 



y= 

dt 


(471), 

z~ 

dH 

d'V 

(472), 

dt 

dt 


we have equations giving the electric forces explicitly. 
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The function has, bo far, had no physical meaning assigned to it. 
Equations (470), (471), (472) shew that the electric force (X, F, Z) can be 
regarded as com[x>unded of two forces; 


/•\ f / dF dG dH\ ■ . ~ , 

( 1 ) a torce 1 — , — -^1 arising from the changes in the mag- 

netic field ; 

/ gvp p\}/\ 

(ij) a force of components which is present when 


there are no magnetic changes occurring. 


We now see that the second force is the force arising from the ordinary 
electrostatic field, so that we may identify 'I' with the electrostatic potential 
when no changes are occurring. The meaning to be assigned to when 
change.s are in progress is discussed below (Chapter XX). 


632. If the medium i.s a conducting medium, the preseiic" of the electric 
forces sets up currents, and the components u, v, w of the current at any 
point are, as in § 374, connected with the currents by the equations 
X = T(t, ¥ = Tl', Z = TW, 

these equations being the e.Kpression of Ohm's Law, where t is the specific 
resistance of the conductor at the point. 

On 8ub.stituting these values for X, F, Z in equations (464) — (466) or 
(470) — (4721, we obtain a system of equations connecting the currents in 
the conductor with the changes in the magnetic field. 


533. There is, however, a further system of equations expressing rela- 
tions between the currents and the magnetic field. We have seen (§ 480) 
that a current sets up a magnetic field of known intensity, and since the 
whole magnetic field must arise either from currents or from permanent 
magnets, this fact gives rise to a second system of equations. 

In a field arising solely from permanent magnetism, we can take a unit 
jx)ie round any closed path in the field, and the total work done will be nd. 
Hence on taking a unit pole round a closed circuit in the most general 
magnetic field, the work done will be the same as if there were no perma- 
nent magnetism, and the W’hole field were due to the currents present. The 
amount of this work, as we have seen, is 4Tr2i, where Si is the sum of all the 
currents which flow through the circuit round which the pole is taken. If 
u, V, w are the components of current at any point, we have 

Si = JJ (lu + mv -(- nw) dS, 

the integration being over any area which has the closed path as boundary. 
Hence our experimental fact leads to the eqtiation 

ds = 4irj (lu + mv + nvr) dS. 
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Transforming the line integral into a surface integral by Stokes’ Theorem 
(§ 438), we obtain the equation in the form 

As with the integral of § 529, each integrand must vanish for all values 
of I, m, n, so that we must have 


dy dfi 
dy dz 

(473), 

da dy 
dz dx 

(474). 

d0 da 
dx dy 

(475). 


534. If we differentiate these three equations with respect to x, y, z 
respectively and add, we obtain 


du dv div 
dx dy dz 


= 0 


(476), 


of which the meaning (cf. § 375, equation (311)) is that no electricity is 
destroyed or created or allowed to accumulate in the conductor. 


The interi^retation of this result is not that it is a i>hj’8i(jal impossibility for electricity 
to accumulate in a conductor, but that the assumptions upon which we are working are 
not sufficiently general to cover cases in which there is such an accumulation of electricity. 
It is easy to see directly how this has come about. The supposition underlying our 
equations is that the work done in taking a unit pole round a circuit is equal to iir times 
the total current flow through the circuit. It is only when equation {‘176) is satisfied by 
the current components that the expression “total flow through a circuit” has a definite 
significance : the current flow across every area bounded by the circuit must be the same. 
We shall see later (Chapter xvii) how the equations must be modified to cover the case 
of an electric flow in which the condition is not satisfied. For the present we proceed upon 
the supposition that the condition is satisfied. 


Currents in homogeneous media. 

636. Let us now suppose that we are considering the currents in a 
homogeneous non-magnetised medium. We write 

a = fia, eta, X = ru, etc., 

in which y, and t are constant. The systems of equations of §§ 629 and 633 
now become 


da 


dvt dv' 
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Differentiating equation (478) with respect to the time, we obtain 
. du d 


fa 



V dt) 

3^ 

dt) 


/dv 

du\ 

d 

/du 



dy) 

dz 


dxj} 


— ( ^ 7Pu\ d /du dv dw , ] 

V0J:’ dz^) dxKdx'^dy^dz)] 


= tV‘u, 

in virtue of equation (476). 

Similar equations arc- satisfied by the other current-components, so that 
we have the system of differential equations 


iTT/J. du y. ' 
T dt 

dv 

T dt-^‘ 

iTTfJ, dw 
T dt 


: V-«l 


.(479). 


If we eliminate the current-components from the system of equations 
(477) and (478), we obiaiii 

(480), 

and similar equations are satisfied by h and c. 

636. The equation which has been found to be satisfied by m, v , w , 
a, /8 and y is the w'ell-known equation of conduction of heat. Thus 
we see that the currents induced in a mass of metal, as well as the com- 
jKUieiits of the magnetic field associated with these currents, wull diffuse 
through the metal in the same way as heat diffuses through a uniform 
conductor. 


Rapidly alternating anrents. 


637. The equations assume a form of special interest when the currents 
are alternating currents of high frequency. We may assume each component 
of current to be proportional to e'P* (cf. § 514), and may then replace the 


operator ^ 


by the multiplier ip. 


The equations now assume the form 




( 481 ), 


Anrfixp 


a = V*o, etc. 


T 
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anH if p is 80 large that it nmy be treated as infinite, these equations assume 
the simple form 

M ® =r ta = 0, 

a = b’= c =0. 


Thus for currents of infinite fi^uency, there is neither current nor 
magnetic field in the interior. The currents are confined to the surface, 
and the only part of the conductor which comes into play at all is a thin 
skin on the surface. 

Equations (481) enable us to form an estimate of the thickness of this 
skin when the frequency of the curi'ents is very great without being actually 
infinite. 


At a point 0 on the surface of the conductor, let us take rectangular 
axes so that the direction of the current is that of Ox while the normal to 
the surface is Oz. If the thickness of the skin is very small, we need not 
consider any region except that in the immediate neighbourhood of the 
origin, so that the problem is practically identical with that of current 
flowing parallel to Oa: in an infinite slab of metal having the plane Oxy 
for a botindary. 


Equation (481) reduces in this case to 


T 


w = 


dhi 

d?' 


and if we put 


in flip 

T 


= Ac“, the solution is 


u = Ae-" + Be-*. 


The value of * is found to be 


K = 



(l+i). 


so that 


u=Ae 




and the condition that the current is to be confined to a thin skin may now 
be expressed by the condition that m = 0 when z = oo, and is accoidingly 
B = 0. The multiplier A is independent of z, but will of course involve 
the time through the factor ; let us put A = and we then have 
the solution 


u 
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Rejecting the imaginary part, we are left with the real solution 

« = «oe V T cos {^pt — - z\ , 

from which we see that as we pass inwards from the surface of the con- 
ductor, the phase of the current changes at a uniform rate, while its amplitude 
decreases exponentially. 


We can best form an idea of the rate of decrease of the amplitude by considering a 
concrete case. For coi>j>er we may take (in c.g.s. electromagnetic umtsj >i = l, t = 1600. 
Thus for a current which alternates 10(X> times per second, we have 


P = X 1000, 



5 approximately. 


Jt follows that at a depth of 1 cm. the current will be only e~^ or OOC? times its value 
at the surface. Thus the current is practically confined to a skin of thickness 1 cm. 


r*=oD 

The total current per unit width of the surface at a time t is ( udz, 

Jt=o 

which the value is found to be 


of 



Thus, if we denote the amplitude of the aggregate current by U, the 
value of will be if . 

The heat generated per unit time in a strip of unit width and unit 
length is 

rs^QB 

T I u^dfdz 

J <=>0 J ««0 




dz 


= iTv( 

Thus the resistance of the conductor is the same as would be the 
resistance for steady currents of a skin of depth 1 , 




The results we have obtained will suffice to explain why it is that the conductors used 
to convey rapidly alternating currents are made hollow, as also why it is that lightning 
conductors are made of strips, rather than cylinders, of metal 
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Plane Cuhbent-sheets. 

538. We next, examine the phenomenon of the induction of currents 
in a plane sheet of metal. 

Let the plane of the current-sheet be taken to be z = 0. Let us introduce 
a current-function ‘P, which is to be defined for every point in the sheet by 
the statement that the total strength of all the cmrents which flow between 
the point and the boundary is <t>. Then the currents in the sheet are known 
when the value of <l> is known at every point of the sheet. If we assume 
that no electricity is intioduced into, or removed from, the current-sheet, or 
allow’ed to accumulate at any point of it, then clearl}’ will be a single- 
valued function of position on the sheet. 

The equation of the current-lines will be = constant, and the line 
<J) = 0 will be the boundary of the current-sheet. Between the lines <t> and 
9 + we have a current of strength flowing in a closed circuit. The 
magnetic field produced by tliis current is the s.ame as that produced by 
a magnetic shell of strength rf«l> coinciding with that part of the current- 
sheet which is enclosed by thi.s circuit, so that the magnetic effect of the 
whole system of currents in the sheet is that of a shell coinciding with 
the sheet and of variable strength This again may be replaced by a 

distribution of magnetic poles of surface den.sity <t>/c on the jwsitive .side of 
the sheet, together wdth a distribution of surface density —<!>/« on the 
negative side of the sheet, where e is the thickness of the sheet. 

Let F denote the potential at any point of a distribution of poles of 
strength so that 

P = lj^dx di/ (482), 

where da' di/ is any element of the sheet. The magnetic potential at any 
point outside the current-sheet of the field produced by the currents is then 



If <r is the re.sistance of a unit square of the sheet at any point, and 
«, V the components of current, we have, by Ohm’s Law, 

X = <TU, Y = crv. 

The components u, v are readily found to be given by 

d<P d<i> 

^ 
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80 that we have the equations 


^ 34* 

A = a 


% 


ow 


.(484) 


true at every point of the sheet. 
Hence, by equation (466), 


_^_dr / 3 » 4 > 


.(485). 


dt dx dy " VSic’ J 

The total magnetic field consists of the part of potential H due to the 
currents and a part of potential (say) H', due to the magnetic system by which 
the currents are induced. Thus the total magnetic potential is fl + fl', and 
at a point just outside the current-sheet (taking /r = 1) 

dc d d 


dt dt Zz 


(ft+no, 


the equation (485) becomes 

(486). 

The function P (eqtiation (482)) is the potential of a distribution of poles 
of surface density <t> on the sheet. Hence P satisfies Laplace’s equation at 
all points outside the sheet, and at a point just outside the sheet and on its 

positive face — ~ = 27r<I>, 

Hence, at a point just outside the positive face of the sheet, 




PP 


1 / yp 

^ Zy'^ 27 r \Zx^dz Zy-Zz 
27r SP 

1 c-n 

27 r Zz' 

by equation (483), so that equation (486) becomes 

= 

and similarly, at the negative face of the sheet, we have the equation 


.(487), 


.(488). 


Finite Current-sheets. 

639 . Suppose that in an infinitesimal interval any pole of strength w 
moves from P to Q, This movement may be represented by the creation 
of a pole of strength — m at P and of one of strength + m at Q. Thus 
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the tno6t general motion of the inducing field may be replaced by the crea- 
tion of a series of poles. The simplest problem arises when the inducing 
field is produced by the sudden creation of a single pole, and the solution 
of the most general problem can be obtained from the solution of this simple 
problem by addition. 

d d 

From equations (487) and (488) it is clear that ^^(fl + fl') remains 


finite on both surfaces of the sheet during the sudden creation of a new 

pole, so that ^ (O -J- fl') remains unaltered in value over the whole surface 
* oz 

3 

of the sheet. Let the increment in ^ (f^ + any point in space be 

denoted by A, then A is a jx>tential of which the poles are known in the 
space outside the sheet, and of which the value is known to be zero over 
the surface of the sheet. The methods of Chapter vill are accordingly 
available for the determination of A: the required value of A is the 
electrostatic potential when the current-sheet is put to earth in the 

presence of the point charges which would give a potential if the sheet 
were absent. 


0 

Physically, the fact that (fl -{- fl') remains unaltered over the whole 

surface of the sheet means that the field of force just outside the sheet 
remains unaltered, and hence that currents are instantaneously induced in 
the sheet such that the lines of force at the surfaces of the sheet remain 
unaltered. 


The induced currents can be found for any shape of current-sheet for 
which the corresponding electrostatic problem can be solved *, but in general 
the results are too complicated to be of physical interest. 


Injimte Plane Current-sheet. 


640 . Let the current-sheet be of infinite extent, and occupy the whole 
of the plane of let the moving magnetic system be in the region 

in which z is negative. Then throughout the region for which z is positive 
the potential fl -t- O' has no poles, and hence the potential 


dtdz 


(O-hft')- 


(T 3“0 

2’jr dz‘ 


• See a paper by the aothor, "Finite Corrent-aheets,” Froe. Land. UatK Soc. Vol. rxxi. 
p, 151. 
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has no poles. Moreover this potential is a solution of Laplace’s equation, 
and vanishes over the boundary of the region, namely at infinity and over 
the plane ^ = 0 (cf. equation (487)). Hence it vanishes throughout the 
whole region (cf. § 186), so that equation (487) must be true at every point 
in the region for which z is positive. We may accordingly integrate with 
respect to z and obtain tin* equation in tbe form 


^(n + a')=r-^ 

dC ' 27r ()z 


(489), 


no arbitrary function of x, y being added because the equation must be 
satisfied at infinity. 

The motion of the system of magnets on the negative side of the sheet 
may be replaced, as in § 539, by the instantaneous creation of a number of 
poles. At the creation of a single pole currents are set up in the sheet such 
that £l4-H' remains unaltered (cf equation (489)) on tbe p{)sitive side of 
the sheet. Thus these currents form a magnetic screen and shield the space 
on the positive .side of the sheet from the effects of the magnetic changes on 
the negative side. 

To oxiimine the way in uhich those currents decay under the influence 
of resistance and self-induction, we put n' = 0 in equation (489), and find 
that ft mu.‘'t be a solution of the equation 

(m_ 

dt 27 r dz ' 


The general solution of this equation is 




and this corresponds to the initial value 

n =/(A’. ^)- 

Thus the decay of the currents can be traced by taking the field of 
potential ft at time t = 0 and moving it parallel to the axis of z with a 

velocity 


31— *2 
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EXAMPLES. 


1 . Prove that the currents induced in a solid with an infinite plane fiace, owing to 
magnetic changes near the face, circulate paiallel to it, and may be regarded os due to 
the diffusion into the solid of current-sheets induced at each instant on the surface so as 
to screen off the magnetic changes from the interior. 

Shew that for periodic changes, the current penetrates to a depth projwrtional to the 
si^uare root of the period. Give a solution for the case in which the strength of a fixed 
inducing magnet varies tvs cos pt. 

2. A magnetic sj'stom is moving towards an infinite plane conducting sheet with 
velocity v>. Shew that the magnetic potential on tho other side of the sheet is the same 
as it would be if the sheet were away, and the strengths of all the elements of the magnetic 
system were changed in. the ratio UKR+te), where inR is the si.)ecific resistance of tho 
sheet per unit area. Shew that the result is unaltered if the system is moving away from 
the sheet, and examine the cJisc of ir= -.R, 

If the system is a magnetic particle of mass M and moment »it, with its axis perpen- 
dicular to the sheet, prove that if the particle has been projected at right angles to the 
sheet, then when it is at a distance 2 from the sheet, its velocity i is given by 


3. A small magnet horizontally magnetised is moving with a velocity « parallel to a 
thin horizontal plate of metal. Shew that the retai-ding force ou the magnet due to the 
currents induced in the plate is 

nfl vR 

where m is the moment of the magnet, c its distance above the plate, 2irR the resistaaoe 
of a sq. cm. of the plate, and Q^ = u^ + R?. 


4 . A slowly alternating current / 00 s pt is traversing a small circular coil whose 
magnetic moment for a unit cuiTCut is 3f. A thin spherical shell, of radius a and specific 
resistance tr, has its centre on the axis of the coil at a distance / from the centre of the 
coil. Shew that the currents in the shell form circles round the axis of the coil, and that 
the strength of tho current in any circle whoso radiu.s subtends an angle cos'* p at tho 
centre is 


K. 

a 




'•'Pj, 

dfi 


COB r, cos (/><-»„), 


where 


tan«,= 


(2»-H)o- 

inpa 


5. An infinite iron plate is bounded by the parallel planes r^k, jr=-A; wire is 
wound uniformly round the plate, the layers of wire being parallel to the of y. If an 
alternating current is sent through the wire producing outside the plate a magnetic force 
cos pt parallel to z, prove that H, the magnetic force in the plate at a distance x from 
the centre, will be given by 


„ „ /cosh cos 2nia;\l 


where 


tan S = m(k+x) sin m(h~x)- sinh m{h-x ) sin m(h+x) 
cosh m (4 -(- x) 008 m (4 - a:) -I- cosh »n (4 — a ) cos »« (4 Tiv) ’ 

W* = 2>r pp/<r. 


Diaoum the special cases of (i) mA small, (ii) m4 large. 



CHAPTER XVI 


DYNAMICAL THEORY OF CURRENTS 


General Theory of Dynamical Systems. 

641 . We have so far developed the theory oi electromagnetism by 
starting from a number of simjile data which are furnished or confirmed by 
experiment, and examining the mathematical and physical consequences 
which can be deduced from the.se data. 

There are always two directions in which it is possible for a theoretical 
.science to proceed. It is po.s.sible to start from the simple experimental data 
and from these to deduce the theory of more complex phenomena. And it 
may also be possible to stai-t from the experimental data and'to analy.se these 
into something still more simple and fundamental. We may, in fact, either 
advance from simple phenonnma to complex, or we may pass backwards from 
simple phenomena to phenomena which are still simpler, in the sense of 
being more fundamental. 

As an example of a theoretical science of which the development is almost 
entirely of the second kind may be mentioned the Dynamical Theory of 
Gasixs. The theory starts with certain simple experimental data, such a.s 
the existence of pressure in a gas, and the relation of this pressure to the 
temperature and density of a gas. And the theory is developed by shewing 
that these phenomena may be regarded tvs consequences of still more funda- 
mental phenomen.a, namely the motion of the molecules of the gas. 

In our development of electromagnetic theory there has so far been but 
little progress in this second direction. It is true that we have seen that the 
phenomena from which we started — such as the attractions and repulsions 
of electric charges, or the induction of electric currents — may be interpreted 
as the consequences of other and more fundamental phenomena taking place 
in the ether by which the material systems are suiTounded. We have even 
obtained formulae for the stresses and the energj’’ in the ether. But it has 
not been jxjssible to proceed any further and to explain the existence of these 
stresses and energy in terms of the ultimate mechanism of the ether. 
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The reason why we have been brought to a halt in the development of 
electromagnetic theory will become clear as soon as we contrast this theory 
with the theory of gases. The ultin>ate mechanism with which the theory of 
gases is concerned is that of molecules in motion, and we know (or at least 
can provisionally assume that we know) the ultimate laws by which this 
motion is governed. On the other hand the ultimate mechanism with which 
•electromagnetic theory is concerned is that of action in the ether, and we are 
in utter ignorance of the ultimate laws which govern action in the ether. 
We do not know how the ether behaves, and so can make no progress towards 
explaining electromagnetic phenomena in terms of the behaviour of the ether. 

642. There is a- branch of dynamics which attempts to explain the 
relation between the motions of certain known parts of a mechanism, even 
when the nature of the remaining parts is completely unknown. We turn to 
this branch of dynamics for assistance in the present problem. The whole 
mechanism before us consists of a system of charged conductors, magnets, 
currents, etc., and of the ether by which all these are connected. Of this 
mechanism one part (the motion of the material bodie.s) is known to us, while 
the remainder (the flow of electric currents, the transmission of action by the 
ether, etc.) is unknown to us, except indirectly by its effect on the first part 
of the mechanism. 

643. An analogy, first suggested by Professor Clerk Maxwell, will ex- 
plain the way in which we are now attacking the problem. 

Imagine that we have a complicated machine in a closed room, the only 
connection between this machine and the exterior of the room being by 
means of a number of ropes which hang through holes in the floor into the 
room beneath. A man who cannot get into the room which contains the 
machine will have no opportunity of actually inspecting the mechanism, but 
he can manipulate it to a certain extent by pulling the different ropes. If, 
on pulling one rope, he finds that others are set into motion, he will under- 
stand that the ropes must be connected by some kind of mechanism above, 
although he may be unable to discover the exact nature of this mechanism. 

In this analogy, the concealed mechanism is supposed to represent those parts of the 
universe which do not directly affect our senses — e.g. the ether — while the ropes represent 
those parts of which we can observe the motion — e.g. material bodies. In nature, there 
are certain acts which we can perform (analogous to the pulling of certain ropes), and thoso 
are invariably followed by certain consequences (analogous to the motion of other ropes), 
but the tdtimate mechanism by which the cause produces the effect is unknown. For 
instance we can close an electric circuit by preesing a key, and the needle of a distant 
galvanometer may be set into motion. We infer that there must be some mechonisut 
connecting the two, but the nature of this mechanism is almost completely unknown. 

Suppose now that an observer may handle the ropes, but may not pene- 
trate into the room above to examine the mechanism to which they are 
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attached. He will know that whatever this mechanism may be, certain laws 
must govern the manipulation of the ropes, provided that the mechanism is 
itself subject to the ordinary laws of mechanics. 

To take the sinipleut illustration, suppose that there are two ropes only, A and B, and 
that when rof)e A is pulled down a distance of one inch, it is found that rope B rises 
through two inches. The mechanism connecting A and B may be a lever or an arrange- 
ment of pulleys or of clwkwork, or something different from any of these. But whatever 
it is, provided that it is subject to the laws of dynamics, the exi>erimenter will know, 
from the mechanical principle of “ virtual work,” that the downward motion of rope A 
can be re-strained on applying to 71 a force equal to half of that applied to A. 

644 . The branch of dynamics of which we are now going to make use 
enables us to predict what relation there ought to be between the motions of 
the accessible parts of the mechanism. If these predictions are borne out by 
experiment, then there will be a presumption that the concealed mechanism 
is subject to the laws of dynamics. If the predictions are not confirmed by 
experiment, we shall know that the concealed mechanism is not governed by 
the laws of dynamics. 


Hamilton’s Principle. 

646. Suppose, finst, that we have a dynamical system comjw.sed of dis- 
crete {wrticle.s, each of which moves in accordance with Newton’s Laws of 
Motion. Let any typical particle of mass jx, have at any instant t coordi- 
i^tes Xi, y,, Zi and components of velocity tq, t»i, and let it be acted on by 
forces of which the resultant has components 2',, F,, Z^. Then, since the 
motion of the {wrtielo is assumed to be governed by Newton’s Laws, we have 

(4[10>, 

m, ^ = r. (491), 



Let us compare this motion with a slightly different motion, in which 
Newton’s Law's arc not obeyed. At the instant t let the coordinates of this 
same paiticle be + + and let its components of velocity 

be iq-bSH., t’l-l-Sr,, w. -b Sitq. Let us multiply equations (490), (491) and 
(492) by 8x,. Sy,, fiz, iviqiectively, and add. We obtain 

(w 

= ^ (u,Sx^)-v^Suy. 


Now 
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If we sum equation (493) for all the particles of the ^tem. replacing the 
terms on the left by their values as just obtained, we arrive at the equation 

(thSx, + {uxtu, + vM 



Let T denote the kinetic energy of the actual motion, and T+ST that of 
the slightly varied motion, then 

T = iSm, (u,* + 1 ),* + w,‘), 

so that ST = Swi, («, Sw, + », ^ », + w, S?e,), 

and this is the value of the second term in equation (494), 

If IT and 17+ SIT are the potential energies of the two configurations 
(assuming the forces to form a conservative system), we have 

W=-'Z p'''"'‘(X,clx, + y,dy, + Z,dz,). 

and S IF = — S (X^Bxi + y\Byi + Z,Szi), 

and so the value of the right-hand member of equation (494) is — SIF, 

We may now rewrite equation (494) in the form 

B{T— IF) = ^ Smj (w^SiCj + v^By, + w,8r,). 

This equation is true at every instant of the motion. Let us integrate it 
throughout the whole of the motion, say from t = 0 to ( = t. We obtain 

S [ (T—W)dt= Im, (MjSxj + VjSyi + w,8c, ) (495). 

-'0 L Jf^o 

The displaced motion hiis been supposed to be any motion which 
differs only slightly from the actual motion. Let us now limit it by the 
restriction that the configunitions at the beginning and end of the motion 
are to coincide with those of the actual motion, so that the displaced motion 
is now to be one in which the system starts from the same configuration as in 
the actual motion at time t = 0, and, aftc-r passing through a series of con- 
figurations slightly different from those of the actual motion, finally ends in 
the same configm-ation at time < = t as that of the actual motion. Mathe- 
matically this new restriction is expressed by saying that at times 4 = 0 and 
4 = T we must have Sx = 8y = 8z = 0 for each particle. Equation (496) now 
becomes 

B j\T-W)dt^0 (496). 

J 0 

646 . Speaking of the two parts of the mechanism under discuasion 
as the “accessible" and “concealed" parts, let us suppose that the kinetic 
and potential energies T and TF depend only on the configuration of the 
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accessible parts of the tDOchanistn. Then throughout any imaginary motion 
of the accessible parts of the system we shall have a knowledge of Tand W 
at eveiy instant, and hence shall be able to calculate the value of 

1\T- W)dt (497). 

/o 

We can imagine an infinite number of motions which bring the system 
from one configuration A at time t = 0 to a second configuration B at time 1 = t, 
and we can calculate the value of the integral for each. Equation (496) shews 
that those motions for which the value of the integral is stationary would be 
the motions actually possible for the system. Having found which these 
motions were, we should have a knowledge of the changes in the accessible 
parts of the system, although the concealerl parts remained unknown to us, 
both as regards their nature and their motion. 

647. B/juation (496) has been proved to be true only for a system con- 
sisting of discrete material particles. At the same time the equation itself 
contains, in its form, no reference to the e.xistence of discrete particles. It 
is at least possible that the equation may be the expression of a general 
dynamical princijtle which is true for all systems whether they consist of 
discrete particles or not. We cannot of course know whether or not this 
is so. What we have to do in the present chapter is to examine whether 
the phenomena of electric currents are in accordance with this equation. 
We shall find that they are, but w’e shall of course have no right to deduce 
■ from tliis fact that the ultimate mechanism of electric currents is to be found 
in the motion of discrete particles. Before setting to w'ork on this problem, 
however, we shall express expiation (.496) in a different form. 


Lagrange s Equatiims for Conservative Systems of Forces. 

648. Ijt't Oi, 8 ^, ... 8,1 he a set of quantities itssociated with a mechanical 
system such that when their value is known, the configuration of the system 
is fully determined. Then 8 ^, 8 ,, ... 8 ^ are known as the generalised coordi- 
nates of the system. 

The velocity of any moving particle of the system will depend on the values 

„f , etc. Let us denote these quantities by ft, ft, etc. Let a; be a 

dt ’ dt ’ 

Cartesian coordinate of any moving particle. Then by hypothesis a: is a 
function of ft, ft say 

a;=/(ft, ft, ...), 

so that by differentiation, 

dx df A . A 
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Thus each componeat of velocity of each moving particle will be a linear 
function of from which it follows that the kinetic energy of motion 

of the system must be a quadratic function of ^i, 61 the coefficients in this 

function being of course functions ol 6 ^, 6 ,, — 

IjCt us denote T — TV by L, so that i is a function of » Ogt ■ • ■ On? 
and of 61 , Oi, ... say 

£ = <^(^ 1 , Oi, ... On, ^nY 

If L + SL is the value oi £ in the displaced configuration O-^ + iO,, 
••• ^o + Sd„, we have 


8 £=|^Sd. + .. 

dOi 




so that equation (496), which may be put in the form 


now assumes the form 


/: 


8 £ = 0 , 


We have 


8^1 = (^i + S^i) ~ ^1 

-|(W. 


.(498). 


so that r^S4, d(= (SO,) dt 

JodO, Jo80,dt 

d fdLs 




= _ rd 
Jodt 

The last term vanishes since, by hypothesis, SO, vanishes at the beginning 
and end of the motion, and equation (498) now assumes the form 

80.d£ = O. 

Jo 1 [dO, dt^dj) 

Let us denote the integrand, namely . 


1 (30, dt \d6j) 


by I, 80 that the equation becomes 

r/d£ = 0. 

J 0 
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The varied motion is entirely at our disposal, except that it must be 
continuous and must be such that the configurations in the varied motion 
coincide with those in the actual motion at the instants # = 0 and t = t. 
Thus the values of 8di, 8da, ... at every instant may be any we please which 
are permitted by the mechanism of the system, except that they must be 
(yntinuous functions of t and must vanish when < = 0 and when t = t. Whatever 
series of values we assign to fid, , fid^, ..., we have seen that the equation 

[ Idt = 0 
Jo 


is true, 
have 


Hence the value of / must vanish at every instant, and we must 


n 

V 

1 



dt V 04 


fid, = 0 


.. ..(499). 


649 . At this stage there are two alternatives to be considered. It may 
be that whatever values arc assigned to fid,, fid,, ... fid„, the new configura- 
tion d, 4- fid,, dj 4- fid,, . . d „ 4 fid„ will be a possible configuration — that is to 
say, will be one 111 which the system can be placed without \iolating the 
constraints imposed by the mechanism of the system. In this case equation 
(499) must be tiue for all values of fid,, fid„ . Sd„, so that each term must 
xanibh separately, and we have the system of equations 


dL ^ /97)\ _ 
0d, dt \d^J 


(s = 1, 2, .. w) 


...(500) 


There arc n equations between the n variables d,, d., ... d„ and the time. 
Hence these equations enable us to trace the changes in d,, d,, ... d„ and to 
express their values as tuiictions of the time and of the initial values of 
d„ d„ ... d„, d. d„. 


560 . N evt, suppose that cerUiin constraints are imposed on the values of 
d,, d,, ... d„ by the mechanism of the system. Let these be m in number, 
and let them be such that the small mcrements fid,, fid,, ... fid,, are connected 
by equations of the hum 

ci,fid,4-ffjfidi4- .4-anfid„ = 0 ..(501), 

fijfid, 4" fi,fid_ 4" .. 4“ bnfid,, = 0 .. . ,.(o02) 

etc. 

Then equation (499) must be trae for all values of fid,, fid,, ... which are 
such as also to satisfy etjuations (501), (502), etc. Let us multiply equations 
(501), (502), ... by X, /i, ... and add to equation (499). 

Wc obtain an equation of the form 

^ (dL d /dL 
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Letrus assign arbitraTy values to S^m+«. ••• and then assign to 

the m quantities S0i, S0a , ... the values given by the m equations (601), 
(502), etc. In this way we obtain a system of values for SO^, Sff„ ... Sff„ 
which is permitted by the constraints of the 8)^tem. 

The m multipliers X, /i, ... are at our disposal : let these be supposed to 
be chosen so that the m equations * 

^~y(^) + >ia. + ^l>,-h...=0, («-l,2,...m) (504) . 

vVji (it 'VWf' 


are satisfied. Then equation (503) reduces to 




and since arbitrary values have been assigned to it follows that 

each coefficient in tliis equation must vanish separately. Combining the 
s}'.stem of equations so obtained with equations (604), we obtain the complete 
system of equations 


ei 

c6. 




(s=l, 2, ... n) (506). 


Lagrange's Equations for General (including Non-conservative) Forces. 

551. If the system of forces is not a conservative system, we cannot 
replace the expression 

2 (Zj&Ej + F)Syj + Z,Sz,) 

in § .545 by — S IF where W is the potential energy. We may, however, still 
denote this expression for brevity by — {81F}, no interpretation being assigned 
to this symbol, and equation (496) will assume the form 


"(5r-{SWj)d< = 0 


(507). 


By the tran.sformation used in § 548, we may replace j STdt by 

rij3| 

Jv 1 (0^, dt\0^i/j 


Now — (STF) is, by definition, the work done in moving the system from 
the configuration , . . . to the configuration . . . tfn + ■ 

It is therefore a linear function of 80i, 80^, ... S0n, and we may write 


— (61F) =0,8dj + 0,5^, + ... + 0n8^Bf 


where 0„ 03 , ... 0» are functions of 0 ^, ... 



560 - 562 ] lAgrange's Eqtiatiom 493 

We now have equation (607) in the form 

As before each integrand must vanish. We have therefore at every instant 




= 0 . 


^ If the coordinates d,, 0^, ... are all capable of independent variation, 
this leads at once to the system of equations 




.(508), 


d<W,/ de, 

while if the variations in 0i, 0,, ... are connected by the constraints implied 
in equations (501). (502), ... we obtain, as before, the system of equations 

^(|£)-^ = ®. + Xa, + ya6,+ ..., (s=l, 2, ...a) ...(509). 

The quantities 0,, 0.^, ... are called the “generalised forces” correspond- 
ing to the coordinates 0i, 


Lagrange’s Equations for Impulsive Forces. 

662 . Let us now suppose that the system is acted on by a series of 
impulsive forces, these lasting through the infinitesimal interval from i = 0 
to t = T. If we multiply equations (508) by dt and integrate throughout this 
interval we obtain 



The interval t is to be considered as infinitesimal, and is finite. 

Cu, 

Thus the second term may be neglected and the equation becomes 

change in f ^,dt (510). 

j dus J 0 

We call f Sfdt the generalised impulse corresponding to the generalised 
Jo 

force 0 „ and then, from the analogy^ between equation (510) and the equation 
change in momentum = impulse, 

wo call -r the generalised momentum corresponding to the generalised 

3d, 

coordinate 0,. 
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Appucation to Electbomaonetic Phenomena. 

663 . We have already obtained expressions for the energy of an electro- 
static system, a system of magnets, of currents, etc., and in every case this 
energy can be expressed in terms of coordinates associated with “ accessible ” 
parts of the mechanism. We can also find the work done in any small change 
in the system, so that we can obtain the values of the quantities denoted in 

the last section by 0i, 0i All that remains to be done before we can 

apply Lagrange’s equations provisionally (cf. § 547) to the interpretation of 
electromagnetic phenomena is to determine whether the different kinds of 
energy are to be regarded as kinetic energy or potential energy. 


Kinetic and Potential Energy. 


654 At first sight it might be thought obvious that the energy of 
electric charges at rest and of magnets at rest ought to be treated as 
potential energ}', while that of electric charges or magnets in motion ought 
to be treated as kinetic. On this view the energy of a steady electric 
current, being the energj’ of a series of charges in motion, ought to be 
regarded as kinetic energy. We have also seen that this energj' is to be 
regarded as being spread throughout the medium surrounding the circuit in 
which the current flows, and not as concentrated in the circuit itself. Thus 
we must regard the medium as possessing kinetic energy at every jwint, the 


amount of this energy being, as we have seen. 


Btt 


per 


unit volume. 


But we have also been led to suppose that the medium is in just the 
same condition whether the magnetic force is produced by steady currents or 
by magnetic shells at rest. Thus, on the simple view which we are now 
considering, we are driven to treat the energy of magnets at rest as kinetic — 
a result which is inconsistent with the simple conceptions from which we 
started. Having arrived at this contradictory result, there is no justification 
left for treating electrostatic energy, any more than magnetostatic energy, 
as potential rather than kinetic. 


666. Abandoning this simple but unsatisfactory hypothesis, let us turn 
our attention in the first place to the definite discussion of the nature of the 
energy of a steady electric current. 

Let us suppose that we have two currents i, i' flowing in small circuits at 
a distance r apart. As a matter of experiment we know that these circuits 
exert mechanical forces upon one another as if they were magnetic shells of 
strengths t, i'. Let us suppose that a force R is required to keep them apart, 
so that initially the circuits attracted one another with a force R, but are 
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now in equilibrium under the action of their mutual attraction and this force 
jR acting in the direction of r increasing. 

If Jlf is the quantity JJ dads', we know that the value of R is 


R = -n' 


m 

dr 


(511), 


this value being found directly from the experimental fact that the circuits 
attract like their equivalent magnetic shell (cf. § 499). 

The energy of the two currents is known to be 

£■ = i (it* + 2Mn + Ni'^) (512). 

Let us suppose, for tlie sjike of generality, that this consists of kinetic 
energy T and potential energy W. Then, assuming for the moment that the 
mechanism of these currents is dynamical, in the sense that Lagrange’s 
equations may be applied, we shall have a dynamical system of energy 
T + IV, and one of the coorflinates may be taken to be r, the distance apart 
of the circuits. 


The Lagiangian ecjuation corresponding to the coordinate r is found to 
be (cf. equation (508)), 


d fdT\ a(y-iv) „ 

dt\dr) dr 


(513). 


and since we know that, in the equilibrium configuration, 


d 

dt 



R= — ii 


..,dM 


we obtain on .substitution in equation (513), 

d{T-W) ..,dM 

dr “ ” dr' 


From equation (512) we see that the right-hand member is the value of 
dF d(T+ IF) 5 IF 

^ , or of ^ . Hence our equation shews that = 0, from which we 

deduce that IF = 0. In other words, assuming that a system of steady 
currents forms a dynamical system, the energy of this system must be 
wholly kinetic. 

This result compels us also to accept that the energy of a system of 
magnets at rest must also be wholly kinetic. We shall discuss this result 
later. For the present we confine our -attention to the case of electric 
phenomena only. We have found that if the mechanism of these pheno- 
mena is dymainical (the hypothesis upon which we arc going to work), then 
the energy of electric currents must be kinetic. 



£ob. xn 


Dymmkai Thmy tMrrmts 


Induciitm of Ourrentt. 


5S6. Let us consider a number of currents flowing in closed circuits. 
Xjet the strengths of the currents be and let the number of tubes of 

induction which cross these circuits at any instant be Nt, ..., so that if 
the magnetic field arises entirely from the currents, we hare (cf § 502) 


= Lii ii + Liiii + • • • 
jV^ I ™ Ljiti 4" Ljjij 4“ . . • , etc. 


(614). 


The energy of the currents is wholly kinetic so that we may take 
“ i (Lu^i* 4- 4- . . . ) 

as before (§ 503). 

In the general dynamical problem, it will be remembered that T was a 
quadratic function of the velocitiea Thus ... must now be treated as 
relocities and we must take as coordinates quantities Xi, x^, ..., defined by 


»i = 


dx^ 

It' 


■ d®, 

t, = -j- , etc. 
at 


Clearly Xi measures the quantity of electricity which has flowed past any 
point in circuit 1 since a given instant, and so on. Thus in terms of the 
ooordinares Xj, ... we have 

T=i<Z„4’+2Z^®.ai4-...) (515). 

There is no potential energy in the present system, but the system is 
acted on by external forces, namely the electromotive forces in the batteries 
and the reaction between the currents and the material of the circuits which 
shews itself in the resistance of the circuits We have therefore to evaluate 
the generalised forces 0,, 0,, .... 

Consider a small change in the system in which x, is increased by &r,, so 
that the current t'l flows for a time dt given by ijdt<^Sxi. The work per- 
formed by the battery is the work performed by the reaction with the 

matter of the circuit, being equal and opposite to the heat generated in the 
circuit, is — Jiih’di. Thus if Xi is the generalised force corresponding to the 
coordinate x^, we have 

Xi&Cj =■ SiSX] — Riiidt, 
so that Xi » El — Jilt,. 


The Lagrangian equation corresponding to the coordinate iti is 


or 




( 616 ). 


Si- 


dt ' 




or agmn 
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The equations corresponding to the coordinates 


E,- 


dN, 

~dt 


= etc. 


are 


Thus the Lagrangian equations are found to be exactly identical with the 
equations of current-induction already obtained, shewing not only that the 
phenomenon of induction is consistent with the hypothesis that the whole 
mechanism is a dynamical system, but also that this phenomenon follows as 
a direct consequence of this hypothesis. In this system the accessible parts 
of the mechanism arc the currents flowing in the wires ; the inaccessible 
parts consist of the ether which tran.smits the action from one circuit to 
another. 


666 a. On the electron theory', the kinetic energy must be supposed made 
up pjirtly of magnetic energy, as before, and partly of the kinetic energy of 
the motion of the electrons by which the current is produced. 

Let the average forward velocity of the electrons at any point be tq (cf. 
§345 a), and let U + be the actual velocity of any single electron, so that 
the average value of U is nil. The kinetic energy of motion of the electrons, 
say Te, is then 

L’of 

= + iN7nc\\ 

The first term represents part of the heat-energy of the matter, and this 

dotjs not dep('nd on the values of the currents i-,, To evaluate the 

second term we u.se eijuation {(>) of § 345 a, 

Xei\, = t = jc. 

and obtain the kinetic energy of the electrons m the complete system of 
currents in the form 

I + ■■■)• 

Thus the total kinetic energy may still be expressed in the form (515) if 
we take 

l„=L\,+l~ds. etc (517), 

and in this the first term is the contribution from the magnetic energy 
(cf. § 503), and the second term is the contribution from the kinetic energy of 
the electrons. 

Equation (516) assumes the form 

+ ...) = E, -R,i, (517 a). 


J, 


32 
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If the induction terms on the left are omitted, we have as the equation of 
a circuit in which induction is negligible 

E, ([ 2^, ds) = 0. 

This, with the help of the formulae of § 345 a, may be expressed in the 


form 


jxds-i,j 


Ne 


ds 


m 


di, f 

~ dtj AV 


ds = 0, 


which in turn is seen to bo exactly identical with e(piation (c) of § 345 a, 
integrated round the circuit. 

Thus we see that the analysis of § 556 applies perfectly to the electron 
theory of matter, provided L^, f,.,, ... are supposed to have the values given 
by equation (517), and equation (517 </) is then the general equation of 
induction of currents, when the inertia of the electrons is taken into account. 


Elect rohi tietic M omentum. 

667 . The generalised momentum corresponding to the coordinate j", is 
or A’j. Thus the generalised momenta eories]x>nding to the currents 

0*3/ j 

in the dift’orent circuits are A’’, , N.^ the numbers of tubes of induction 

which cross the circuits. The (juantily is ucconlingly sometimes called the 

electrokinetic momentum of circuit 1, and so on. 

If we give to L^^ the value obtained in eejuation (517) of § Sofia, the 
value of the electrokinetic momentum is (cf. e(juatiotis (514>) 

{L'n I'l + LvA- +•••) + »■/ ,,T:, ds, 

J i\e- 

in which clearly the last term comes from the momentum of th(“ elc'ctrons, 
and the remaining terms from the momentum of the magmdic field. 


EXAMri,E.S. 

I. Discharge of a (Jondeuser. 

568 . As a further illustration of the dynamical theory, let us consider 
the discharge of a condenser. Let Q be the charge on the {X)sitive plate 
at any imstant, .and lot this be taken as a I/agrang/an coordinate. The 
... . BQ ■ 

current i is given by notation already employed 

(§ 616) we have 
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and Lagrange’s equation is 


d /dT\ 
dt [sq) 


dT 

dQ 


djv 

dQ 


= Ri, 


or 




which is the equation already obtained in § 516, and loads to the solution 
already found. 


II. OsciUatiotis in a network of conductors. 


669. The equations governing the currents flowing in any network of 
conductons when induction is taken into account can be obtained from the 
general dynamical theoiy. 


Let u.H suppose that the currents in the different conductors are 
h> b) ••• '<> 1 . let the corresponding coordinates be x^, x^, ... Xn, these 

being given by I'l = , etc. If any conductor, say 1, terminates on a 


condenser plate, let a', denote the actual charge on the plate, and let the 

dfX 

current be measureil towards the plate, so that the relations f] = -j-*, etc. 

at 


will .still hold. Let conductor 1 contain an electromotive force and be 
of resistance Ry. 


The quantities .r,, .i\, ... ma}' bo taken as Lagrangian coordinates, but 
they are not, in general, independent coordinates. If any number of the 
conductors, .say 2, d, ... s meet in a jxiint, the condition for no accumulation 
of electricity at the jxiiiit is, by Kirchhotf’s first law, 

± *3 ± • • • ± b- = 6, 


from which we find that variations in x., a-,, ... are connected by the 
relations 

hx.j + bjj + ■ . . + dXf = 0. 

Let us suppose that there are w junctions. The corresponding con- 
straints on the values of ^.r,, &(•,, ... can be e.vpressed by m equations of 
the form 

U,Sji + (Ij&la-t- ... -1-U„6x„ = 0) /j-io\ 

(■ folOg 

6, Sa.j -I- -f- . . . -t- bnSxn = 0 ' 

etc., in which each of the coefficients a,. Ua, ... a„, 6i, ... has for its value 
either 0, -f- 1 or — 1. 

The kinetic energy T will be a quadratic function of etc., while the 
potential energy IT (arising from the charges, if any, on the condensers) will 

32—2 
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be a quadratic function of .... The dynamical equations are now n in 

number, these beidg of the form (cf. equations (.509)) 


d 

dt 



-5-;- = Eg — Itgig + A,tt, + fjhg + . . . (s «= 1 , 2, 




These equations, together with the m equations obtained by applying 
Kirchhoff's first law to the different junctions, form a system of m + n equa- 
tions, from which we can eliminate the vi multipliers X, /i, .... and then 
determine the n variables .rj, x^, ... a„. 


660 . As an example of the use of these e<juations, let us imagine that a 
current / arrives at A and divides into two parts i,, which flow along arms 



o 

Fio. 134. 


ACB, ADB and reunite at B. Neglecting induction between these fvrms 
and the leads to A and B, we may suppose that the part of the kinetic energy 
which involves t, and is 

i At,- + Miiij -f- ^ Ni./. 

There are no batteries and no condenser in the arms in which the 
currents i, and flow. The currents are, however, connected by the 
relation 

i, + 12= I 

so that the corresponding coordinates x, and T 2 are connected by 

Sa:, + Bxi = 0. 

The dynamical equations are now found to be (cf equations (519)) 

{Lit + Alii) = — Mil + X, 

(Mil + Ai'ij) = — Sig + X. 

If we subtract and replace 12 by I — i,, wc eliminate \ and obtain 

(L + N- 2M)j^ + {M~N)f^= SI -(R + S) i,. 

If / is given as a function of the time, this equation enables us to deter- 
mine I'l, and thence 4 . 
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For instance, suppose that the current I is an alternating current of 
frequency pj^ir. If we put I = the solution of the equation is 


while similarly 


■ _ S — {M—N)ip 

{L +lf-2M) ip + (RTS ) ^ ’ 
_ R — (M — L)ij) j 
■~{L + N - 2M) ip + {R-k- B) ^ ' 


When p = 0, the solution of course reduces to that for steady currents. 
As p increases, we notice that the three currents and I become, in 

general, in different phases, and that their amplitudes assume values 
which depend upon the coefficients of induction as well as on the resistancea 
Finally, for very great values of p, the values of i, and i, are given by 

V, _ *2 _ 

X-M~ L-M~ L + N-2M’ 


shewing that the currents are now in the same phase and are divided in a 
ratio which depends only on their coefficients of induction. For instance, 
if the artns ACB, ADR are arranged so as to have very little mutual 
induction (.1/ very small), the current will distribute itself between the two 
arms in the inverse ratio of the coefficients of self-induction. 


It is possible to arrange for values for L, M and N such that the two 
currents V, and i, shall be of opposite sign. In such a ca.se the current in one 
at least of the branches is greater thcan that in the main circuit. Let us, for 
instance, stippose that the branches consist of two coils having r and « turns 
respectively, arrangetl so ms to have very little magnetic leakage. Then 
LN — 3/’ is negligible (cf. §525) and we have approximately 

r.s 6- ' 

Th e equations become 

ii = iL= 

s —r s- r’ 

HO that the currents will How in opposite directions, and either may be greater 
than the current in the main circuit. By making « nearly equal to r and 
keeping the magnetic leakage as small as possible, we can make both 
currents largo compared with the original current. 


III. Rapidly alternating currents. 


661. This last problem illustrates an important point in the general 
theory of rapidly alternating currents. In the general equations (519), 


d ldT\ 

dt \digj 


dT dW „ ^ ^ 

-f — = A, — /ijtg -f Xa* -b /iO, -t 

ud'fi 


let us suppose that the whole .system is oscillating with frequency pl^-ir, which 
is so great that it may be treated as infinite. We may assume that every 
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variable is proportional to e'''", and may accordingly replace by the multi- 
plier ip. The equations novir become 

. (dT\ dT dW ^ ^ . 

ip J ~ a,+ K,i, = Xa, fWg 

and all the terms on the left hand may be neglected in comparison with the 
first, which contains the factor ip. The terms on the right cannot legitimately 
be neglected because X,p,... are entirely undetermined, and may be of the 
same large order of magnitude as the terms retained. If we replace X, n, ... 
by ipX', ipp, the equations become 

dT 

r-; — t X'q, -t- /t 6, 4- - - . =0, etc. 

in which X'.p',... are now undetermined mullipliers. These, however, are 
exactly the equations which express that T is a maximum or a minimum 
for values "Df Xi, x.^, ... which are consistent with the relations (cf § 5.59) 
necessar}’ to satisfy Kirchhoff’s first law. Since T can be made as large as 
we please, the solution must clearly make T a minimum. Thus we see that 
the freipiency of a .'lystem of alternatiny currents becomes very great, 
the currents tend to distribute themselves in such a way as to make the kinetic 
energy of the currents a minimum .sidiject only to the relations imposed by 
Kirchhoff’s first law. 

This result may be compired with that previously obtained (§ .‘157) for 
steady currents. We see that while the distribution of steady currents is 
determined entirely by the re.sistancu of the conductors, that of rapidly 
alternating currents is, in the limit in which the frequency is infinite, 
determined entirely by the coefficients of induction. 

It follows that, in a continuous medium of any kind, the distribution of 
rapidly alternating currents will depend oid}- on the geometrical relations of 
the medium, and not on its conducting projKjrties. In point of fact, we have 
already seen that the current tends to How entirely in the .surface of the 
conductor (§ 5.37). We now obtain the further result that it will, in the 
limit, distribute itself in the same way over the surface of this conductor, 
no matter in what way the specific resistance varies from point to point of 
the surface. 


IV. Transmission of Signals along a wire. 

662. Imagine a signal being .sent along a wire, initially free from all 
electrical disturbance. At any instant let i denote the current at a point 
distant x from the end of the wire, and let g denote the total quantity of 
electricity which has flowed past this point. Then i and g are functions of 
a and t. 
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Let q be meastired in electrostatic units, but let i be measured in electro- 
magnetic units. Then the rate of flow past any point will be iC electrostatic 
units per second, where C denote.s the number of electrostatic units in one 
electromagnetic unit (cf. § 484). Thus 



If ]j is the self-induction of the wire per unit length, the total kinetic 
energy of the currents is 

T = {L\ i- dx = ^^jq^dx, 


where the integral is taken along the wire. In any element dx of the wire 
the charge is — d.r, so that if K is the electrostatic capacity of the wire 
per unit length, the jiotential etiergy IF is given by 




1 

2.K 



Let R be the resistance of the wire per unit length in electromagnetic 
units, then the rate of generation of heat is 

R Ji'dx. 


The values of q at ditierent points of the wire may be taken as 
Lagrangian coordinate.®, for they suffice to specify the position of each 
element of current. The Lagrangian equation corresponding to the coor- 
dinate (/ at any distance .r will be (cf. § 5.')6) 


d_/dT\ 

dt \dq ) dq Cq 

, dT L . , dT ^ 

in which we have ^ q and ^ — 0 . 

To ov aluate , let us imagine q changed to q + Bq at every point of the 

dq 

wire, subject to Sq vanishing at the two ends. The increment in IF, say STF, 
is given by 


811' = 


and, on integrating by parts, this becomes 
Thus at any point x, 

dW _ 1 ^ 

dq ~ Edx^' 
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The Lagrangian equation accordingly becomes 

^ 

C* dV ~K dt' 


Since Ci — ^, it is at once seen that the current i at any point satisfies 
dt 

the same differential equation, and this is also true of the potential V, since 
ox 

namely 


^ = — KV. Thus q, i and V all satisfy the same differential equation, 
dx 






dt Bx^ 


.(520). 


This equation is the general ecjiiatitm for the transmission of electric 
signals along a wire. It is called the “ Telegraphic equation ” by Poincar^ 
and others. 


We have seen in § 505 a, how to calculate the sidf-induction p<ir unit 
length of any wire. If the wire is sufficiently thin in comparison with its 
distance from other conductors, the self-induction L per unit length becomes 
identical with the quantity denoted by L' in § 505, and we accordingly have 
the relation (cf equation (430 e)), 

KL = K/j., 


where k is the dielectric constant, and fi the magnetic permeability of the 
insulator surrounding the wire. Let us put 


a^ = 


Kfl 


BO that a depends only on the proj>erties of the insulating material, and the 
telegraphic equation becomes 


i 


+ KR 


d4> _ 

dt dx‘ ’ 


For slow signals, the first term in this equation, which ari.ses from the 
inertia of the electric current, may be neglected. The equation then reduces 
to equation (303) of Chapter IX which was obtained as the equation (»f 
transmission of signals along a subniarine cable. Under practical conditions 
signals along a submarine cable are 8<j retarded by the high electrostatic 
iSapacity of the cable that this inertia tenn may legitimately be neglected, 
bpt the tenn has to be retained when the equation is applied to telegraph 
and telephone problems. 

When the wire is far removed from other conductors, the electrostatic 
capacity K will be small. If K is neglected entirely, the equation becomes 

- 9*.^ 

9(‘ a®* ' 
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The solution of this equation is 

(f> = f(x — at) + <I> (a: 4- at), 

where f, <}> are arbitrary functions, and the solution is seen to represent the 
transmission of a signal without change of type or loss of intensity, the 
velocity of transmission being a. 

In practical telephony and telegraphy it is not usual possible to neglect 
entirely the value of K in the second term of the equation. Solutions of 
the general three-term equation have been obtained by Heaviside*, Poin- 
car^f, Picard;):, Boussinesq§, and Ricmann|l. 

It is found that the signal is still transmitted with the same velocity a, 
but that there is a change of type and loss of intensity ; there is also an 
electric field and current left trailing behind each signal ; these would of 
course tend to confuse the succeeding signal if the signals are sent without 
sufficient interval. 

Thus for rapid transmi.ssion or clear speaking it is necessary ‘to reduce 
the value of KR (cf §369); the smaller this term is made, the smaller the 
amount of bluiTing or indistinctness will be. We see at once why telephone 
wires are kept as far as p<issible from other conductors, and can understand 
the difficulty clear speaking or rapid signalling through a submarine cable. 


Mkghavic.al Force acting on a Circuit. 


663 . Lot 0 be any geometrical coordinate, and let 0 be the generalised 
force tcuuling to increase the coordinate 0, so that to keep the system of 
circuits at rest we mu.st supjwse it acted on by an external force — 0 . Then 
Liigrange's equation for the coordinate 0 is 

dt \d0 ' d0 

and therefore, when the system is in equilibrium, we must have 

oT 


0 = 


00 


.(521). 


If the energy of the system were wholly potential and of amount W, the 
force 0 would be given b)’ 

0 = 


dTP 
d0 • 


Thus the mechanical forces ixcting are just the same as they would be if 
the system had potential energy ot amount — T. 


* Phil. Mag. I88S and Cull. Paytrs. t C'- (1893), p. 1027. 

J C. R. 118 (1894), p. 16. § C- (1894), p, 162. 

II Riemann -Weber, Die partielle DiffeTentialgleichungeu det Math. Physih^ 4th edn. (1901), 
II. p. 322. 
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564 . Let us suppose that any geometrical displacement takes place, this 

resulting in increjises S^i, ... in the geometrical coordinates 6^, 6^ and 

let the currents in the circuits remain unaltered, additional energy being 
supplied by the batteries when needed. 

The increase in the kinetic energy of the system of currents is 


t 


dT 

dO 


de, 


while the work done by the electrical forces during displacement is 
which, by equation (521), is also e(jual to 



de. 


These two quantities would be ecpial and opj)o.site if the system were 
a conservative dynamicixl system acted on by no exti'rnal forces. In point of 
fact they are seen to be e(|ual and of the ssime sign. The inference is that the 
batteries supply during the motion an amount of energy ecpial to tmice the 
increase in the energy of the system. Of this supply of energy half appears 
as an increa.se in the energy of the system, while the other half is used in the 
performance of mechanical work. 

This result should be compared vvith that obtained in § 120. 


666. As an example of the use of formula (521 ), let us examine the 
force acting on an element of a circuit. L<‘t the 
components of the mechanical force acting on any 
element ci? of a circuit carrying a current i be de- 
noted by X, Y, Z. 

To find the value of X, we have to coiisitler a 
displacement in which the element ih is ilisplaced 
a distance dx parallel to itself, the remainder of the 
circuit being left unmoved. Let the component of magnetic induction 
perpendicular to the plane containing ds and dx be denoted by N, then if 
T denotes the kinetic energy of the whole system, the increase in 2’ aiuscd 
by displacement will be ecjual to i times the increase in the number of tubes 
of induction enclosed by the circuit, and therefore 

dT = iNdsd-r. 

Thus, using equation (521), 

A' = ^ = iNdn, 

dx 

and there are similar equations giving the values of the components Fund Z. 

If B is the total induction and if Bcome is the component at right angles 
to ds, then the resultant force acting on ds is seen to be a force of amount 
iB cos e ds, acting at right angles to the plane containing B and ds, and in 
such a direction as to increase the kinetic energy of the system. This is a 
generalisation of the result already obtained in §498. 
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Magnetic Energy. 


566. We have seen that the energy of the field of force set up by a 
system of electric currents must be supjjosod to be kinetic energy. We 
know also that this field is identical with that set up by a certain system of 
magnets at rest. The.se two facts can be reconciled only by supposing that 
the energy of a systetn of magnets at rest is kinetic energy — a suggestion 
originally due to Ampere. 


Weber’s theory of magnetism (§47()) has already led us to regard any 
magnetic body as a collection of permanently magnetised particles. Arapfere 
imagined the magnetism of e.ach particle to arise from an electric current 
which flowed perinamuitly round a non-resi.sting circuit in the interior of the 
particle. The phenomena of magnetism, on this hypothesis, become in all 
resjxicts identical with those of electric cuiTents, and in particular the energy 
of a magnetic IrkIv must be interpreted as the kinetic energy of systems of 
electric currents circulating in the individual molecules. Fur instance two 
magnetic piles of ujipisite sign attract because two systems of currents 
flowing in opposite directions attract. 

We have seen that the mechanical forci's in a system of energy E are 

(iJS d 

— , etc., if the energy is potential, but are + , etc., if the energy is 

kinetic. It might therefore be thought that the acceptance of the hypothesis 
that all magnetic energy is kinetic would compel us to suppose all mechanical 
forces in the magnetic system to be the c.^act opposites of what we have 
previously supjiosed them to he. This, however, is not so, because accepting 
this hypithesis compels us also to suppose the energy to be exactly opposite 
in amount to what we previously suppised it to be. Instead of supposing 


that we have potential energy E and forces — 


dE 

dx 


, etc., we now suppose that 


vve have kinetic tuiergy — E and forces + ^ . etc., so that the amounts of 

the forces are unaltered. 


To understand how it is that the amount of the magnetic energy must be 
suppised to change sign a.s .soon iis we suppose it to originate from a series of 
molecular currents, wc need only refer back to§50|. 


667. The molecular currents by which we are now supposing magnetism 
to be originated must be supposed to be acted on by no resistance and by no 
batteries, but if the assemblage of currents is to constitute a true dynamical 
system we must suppose them capible of being acted upon by induction 
whenever the number of tubes of force, or induction which crosses them 
is changed. In the general dynamical equation 


d 

di 



dT 

dx 


E — Rx, 
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we may put ^ and R each equal to zero, and is already known to vanish. 
Thus the equation expresses that ^ remains unaltered. 


Wo now see that the strengths of the molecular currents will be changed 
by induction in such a way that the electrokinetic momentum of each remains 
unaltered. If the molecule is placed in a magnetic field whose lines of force 
run in the sanm direction as those from the molecule, then the effect of induc- 
tion is to decrease the strength of the molecule until the aggregate number 
of tubes of force which croas it is equal to the number originally crossing it. 
This effect of induction is of the opposite kind irom that required to explain 
the phenomenon of induced magnetism in iron and other paramagnetic sub- 
stances. It has. how’ever, been suggested bj' Weber that it may account for 
the phenomenon of diamagnetism. 


568. Modem views rrs to the structure of matter comjrel us to abandon 
Ampere’s conception of molecular current.s, but this conception can be re- 
placed by another which is equally c.vpable of accounting for magnetic 
phenomena. On the modem view all electric currents are explained fus the 
motion of streams of electrons. The flow of Ampere’s molecular current may 
accordingly be replaced by the motion of rings of electrons. The rotation 
of one or more rings of electrons would give rise to a magnetic field exivctly 
similar to that which would be prtxluced by the flow of a current of electricity 
in a circuit of no resistance. 

It is on the.se linos that it appears probable that an explanation of 
magnetic phenomena will be found in the future. No complete explanation 
has so far been obtained, for the simple and sufficient reason that the arrange- 
ment and behaviour of the electrons in the molecule or atom is still unknown. 


EXAMPLES. 

1. Two wires are arranged in {wirallel, their re.HCstanees being ll and and their 
coefiSeients of induction being Z., Jf, N. Shew that for an sllernating current of freK^uency 
f) the i>air of wires act like a single conductor of reMistauce R iiutl w'lf-inductiou L, given by 



ns {li + , S) + + IS {L-M f 1 

L 1 

A7f‘-(-Z.y--t-2Jfy«+p2 {LN- if*) (Z-i-iV- 2if ) “ {R + Sf+p^{LJr X ' 

2. A conductor of considerable capacity S is discharged through a wire of self-induc- 
tion L. At a series of points along the wire dividing it into n wjual parts, («-l) equal 
conductors each of capacity S' arc attached. Find an equation to detenuino the periods 
of oscillations in the wire, and shew that if the resistance of the wire may lie neglected 
the equation may lio written 

2 tan {S - \S') = S' cot ruf), 

where the current varies as and 8in*^=-jS'X*Z/4n. 
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3. A Wheatstone bridge arrangement is used to compare the coefficient of mutual 
induction M of two coils wit.h the cfiefficient of self-induction X of a third coil. One of the 
coils of the pair is placed in the battery circuit AC, the other is connected to X, i) as a 
shunt to the galvanometer, and the third coil is jdaced in AD, The bridge is first balanced 
for steady currents, the resistances of AH, BC, CD, DA being then /fj, Ili, Jifi the 
resistance of the shunt is altered till there is no deflection of the galvanometer needle at 
make and break of the battery circuit, and the total resistance of the shunt is then B. 
Prove that 

4 . Two circuits each containing a comlcnser, having the same natural frequency when 
at a distance, are V)rcjught close together. Shew that, unless the mutual induction between 
the circuits is small, there will lie in each circuit two fundamental pericxis of oscillation 
given by 

’ ' 

JC,CAJL,L,±M)' 

where C,, >'■, arc the capacities, /,|, the coefficients of self-induction, and Jf the coefficient 
of mutual induction, of the circuits. 

6. Let a network be formed of conductors A, B, ... amii'gcd in any order. Pi-ove that 
when a |ieriodic electroniotivv! force P cosyit is in A Vh% tSiTTe^iA "iTi B iw tJcift ‘aiainti hi 

amplitude and phiuse as the current is in A when an electromotive force B coapt is placed 
in B. 
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DISPLACEMENT CUfiRENTS AND ELECTKOMAGNETIC WAVES 
Maxwell’s Eqil\tk)Ns. 

669 . OOR development of the theory of electromagnetism has been based 
upon the experimenbd fact that the work done in taking a unit magnetic 
polo round any closed path in the field is e(pial to 47r times the aggregate 
cuiTcnt enclosed by this jiath. But it has alreatly been seen (§ 5.‘14) that this 
development of the theory is not .sufficiently general to take account of 
phenomena in which the flow of current is not steady: “the aggregate current 
enclosed by a path” is an oxpres.sion which h;vs a definit(' meaning only when 
the flow of current is steady. Before proceeding to a more general theory, 
which is U» cover all po.ssible cases of current flow, it is neco.ssary to deU*r- 
mine in what way the experimental basis is to b(' getieralised, in order to 
provide material for the construction of a more complete theory. 

The answer to this question has been provided by Maxwell. According 
to Maxwell’s displacement theory (§171), the motion of I'leei.ric ciiarges is 
accompanied by a “displacement” of the surrounding medium. The motion 
produced by this displacement will be .sjstken of as a “di.splacement-current,” 
and we have seen that the total flow which is obtained by compounding the 
displacement-current with the current pnxlueed by the motion of electric 
charges (which will be called the conduct ioH-current), will be such that the 
total flow into any closrsi surface is, under all circumstances, zero. Thus if 
Si, »Sj are any two stirfaces Irounded by th<‘ same closed 
path s, the total flow' of curnmt across <S’, is the same ms 
the totak flow, in the .siime direction, acro.ss N,, so that 
either may be taken to be the flow through the- circtiit s. 

Maxwell’s theory pixxjeeds on the sup|K).sition that in 
any flow of current, the work done in taking a unit magnetic pole round s i.s 
equal to Arrr times the total flow of cutrent, including the displacement-current, 
through 8. I’he justification for this supjKwition is obtained as soon as it is 
seen how it brings about a cx)mplete agreement between electromagnetic theoty 
and innumerable facts of observation. 

670 . Let us first j)ut the hypothesis of the existence of displacement- 
currents into mathematical language. Let v, v, w be the components of the 


s, 

Sb 

Flu, litC. 
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ordinary current at any |X)int which is produced by the motion of electric 
charges, and let this be measured, as before, in electromagnetic units 
(cf. § 484). Let the components of the displacement, which has been shewn 
to be identical with F'araday’s j)olarisation (§ 172), be denoted as before by 
f, g, h. On Maxwell’s theory of displacement, f, g, h are the quantities of 
electricity of the second kind which have crossed unit areas perpendicular to 
the coonlinate ax(!s at any point. The corresponding rates of current-flow, or 
quantities which cross unit area per unit time, are of course 

df dg dh 
dt ’ dt ' dt ' 


These arc accordingly the components of Maxwell’s “displacement- 
current.” They are. however, measured in electrostatic units. If we suppose 
there to be (' electrostatic units of charge in one electromagnetic unit, the 
displacement current, measured in electromagnetic units, will have com- 
ponents 


1 d f 1 dg I dh 
(Ult' Vdt’ Cdi 


(522), 


and Maxwell's total current, mea.sured in electromagnetic units, will 


components 


It + 


1 df 
a dt ' 


V + 


1 dg 

r fit 


, w + 


1 dh 
(J dt ' 


have 


Maxwell’s hypothesis is that the work done in taking a unit magnetic 
jK)le round a closed circuit is ecpml to 47r times the total current flowing 
through that circuit. This hypothesi.s is, :is we have seen, self-consistent, 
because the total current behaves like "an incompressible fluid, and conse- 
quently the total flow through a circuit hits a definite meaning which is 
independent of the particular surface we select, closing up the circuit, over 
which to nu’asure the current. 


The hy}K)thcsis may bo transformed into mathematical language by 


following the 
equations 


procedure of § 538. 

■(a + 


It is found to be represented by the 


Ltt ( 


47rj^y + 
47r ( w -k 


1 

df\ 

by 

M 

IJ 

dt) 


Bz 

1 

<9 \ 

?a 

By 

V 

dt) 

Bz 

Bx 

1 

dh\ 


da 

c 

dt) 

Bx 



.(523). 


These are the equations which must replace equations (473) — (47 5) in the 
most general motion of electricity. If we differentiate the three equations 
with respect to x, y, z and add, we obtain 

Bu dv djv i^'\ 

Bx By ^ Bz 0 df \0a: By Bz)' 
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Since, by equation (63), 

df dg dh 

this may be written in the form 



Now 0 ^ ^ dydz simply expresses the rate at which currents 

of ordinary electricity, measured in electrostatic units, flow out of a small 
element of volume dxdydz, and so is necessiirily equal to — dx dydz). 

We accordingly see that equation (524) is true, quite independently of 
the truth of Maxwell’s displacement-theory. It follows that oquation.s (523) 
form a consistent scheme, independently of the truth of the hypothesis from 
’which they have been derived. The displacement-theory may be regarded 
merely as scaffolding, and Maxwell’s theory may be regarded as being simply 
the theory expressed by equations (523), independently of any physical in- 
terpretation that may be assigned to the various terms in these equations. 
Although we may, if wo please, discard Maxwell’s interpretation, it will be 
convenient to continue to use the name “ displacement-current ” to designate 
the vector whose components are given by formula (522). 

We proceed to examine the consequences implied in Maxwell’s equations 
(523). Since the truth of the equations must ultimately rest on something 
more substantial than the displacement-theory by the help of which they 
were derived, it is important to seize every opportunity of comparing the 
results of the theory with observation. 


Maxwell’s Equations for a non-coni«ucting Medium. 


671. In a non-conducting medium there can be no ordinary currents of 
electricity, so that we put u — v— ic = 0, and Maxwell’s equations assume the 
form 

4ir df _dy 3/8 1 
C di dy dz I 


47r dg da dy 
C di dz dx 


(525). 


4^ dh _ 3/8 3a 

C di dx dy ) 

We notice that the whole of the left-hand members arise entirely from the 
“ displacement-current.” If the displacement-current were omitted, we should 
have 
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so that the magnetic forces (a, 7 ) would be derivable from a potential, and 

the only magnetic field in a dielectric in which no currents flowed would be 
one arising from permanent magnetism. 

Maxwell’s hy])othesis, as expressed in cfpiations (525), implies that there 
will be a magnetic field in a dielectric whenever the electric field changes, 
and enables us to calculate the forces in this field. 


Maunktjc Field of a Moving Charge. 



Eio. 137. 


672 . As a .simple but important example of the use of Maxwell’s 
equations 152.5) let us calculate the magnetic field produced by a single 
point charge e moving with a velocity r. 

Let the direction of motion of the charge at any instant t be taken for 
axis of j', the jiosition of the charge being taken for origin. 

Ls't () (fig. 1117) be the 
position of the charge at time t, 
and O' its jxisition at time 
t — (It \ then ()'0 = ('(It. 

L('t I‘ be the point at vs hioh 
we wish to evaluate the mag- 
netic force. Draw i'(^ parallel 
and equal to 00'. Then the 
electric field at P at time f 
will 1)0 the same as the electric 
field at Q at time t — dt. so that 

the increase in the electiie field at P in time dt will be the same as the in- 
crease produced by moving a distance — cdt parallel to the axis of x. Thus 
wc have 

vf , 

a, = - a 

ct C.r 

and eipiations (525) may be put in the form 

At-rrl'df dy ?/9 
C r'.r 

Ttt C ?(! _ ?0( ('y 

C c.v os djc 

Ttt f ' dh _ ^ 

C d.r 00 - dy ' 

We have here three equations from which to determine the three com- 
ponents of magnetic force, a, f3 and y. 

A solution which obviously satisfies the last two equations is 


a-0, je = - 


47r (' 


h, y = 


iir C 

C 


9- 


j. 
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This solution is also seen to satisfy the first equation in virtue of the 
relation (cf. Ekjuation (64)), 

dx \dy dz) ’ 

it is therefore the required solution of the problem. 

For the electric field of a single jwunt charge, we have* 


A A- 

47r/ = --j, 




47r <7 = 4'jr/( = 

' /•* r 


ez 


and on substituting these values for/, g, h, the solution becomes 


a = 0, /3=-, 


r ez 


Cr^' 


rey 


.(.o26). 


These equations give the components of magnetic force at any point. 
The lines of magnetic force an- circles about the path of the electron, and 
the intensity at distance r from the electron is 

(sm 

where d is the angle between the di.stance r and the direction of motion. 


572 «, If a small element ds of a circuit in which a current i (nie,ii.snred 
in electromagnetic units) is fiowing contains Sds electrons moving with an 
average forward velocity t’,,, we have (cf. equation (6) of § 

= Ci 


The magnetic force at distance r produced by the motion of the electrons 
in the element ds of the circuit is (cf expression .'>27)) 

(J 


or 


idz- 


This is exactly identical with the force given by Ainpwre’s Law (§497). 
But Ampere’s formula was only pi»ved to be true when integrated rotind 
a closed circuit, whereas it is now seen that Maxwell's theory implies that 
the formula is true for every element of a circuit. 


Experi mental Con fi nna tiur). 

673 . The jjossibilitv that a moving electric charge might produce a 
magnetic field occurred tf) Faraday and was noted by him in his Experimental 
Researches (1837); the effect was observed by Rowland in 1876 and again by 
Rontgen in 1885. Maxwell’s equations, as we have just seen, predict the 
actual amount of this effect. The only quantity other than the measurable 
electric charge which appears in Maxwell’s formulae is C, the ratio of the 
electric units, and this can be determined in other ways (cf § 582 below), its 
value being found to be almost exactly 3 x 10'“. 

* This is not qnite accurats, for the motion of the magnetic field (a, fl, y) induces an electric 
field which ought to be taken into account in evaluating (/, g, h). Equations (S2C) are, however, 
very nearly accurate except for very rapidly moving charges. The exact solntion will be given 
later (cf. §{( 624, 647, 666). 
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Th6 first attempt to measure the effect (quantitatively was made by Rowland 
and Hutchinson in 1889. They used discs charged to a potential of 500U volts, 
which were made to rotate at 125 revolutn^ns a second. The motion of the 
charged disc.s may be regarded as the motion of a succession of electric charges, 
and the magnetic force predicted by Maxwell s theory can be calculated from 
formula (527). On comparing the obst'rved effect with that predicted by 
theory, values for C were found which varied from 2-2() x 10‘“ to 3-74 x 10“, the 
mean being .j'19 x 10“'. More exact experiments of a similar type jierformed 
by H. Pender in 1901 gave for C an average value of 3-05 x lO”; a second 
sot, with slightly modified apparatu.s, gave C = 2-9i) x 10". Those values will 
be .seen to agree very closely with the known value for C, 3'00 x 10'", so that 
the experiments not only prove the existence ((f the magnetic field produced 
by moving charges, but also eonfiriii Maxwell’s theory (quantitatively. 

It may be objected tliat the foregoing exqieriinents only test the magnetic 
field prodiicc^d by a continuous chain of ehictric charges moving in a closed 
circuit, but this objection cannot be urged against experiments performed by 
K. P. Adams in 19()1. In these oxq)criments charged brass spheres were made 
to |ja.ss a susj)ended magnetic needle at the rate* of about 800 per second and 
the apptiratus was arranged so that the effect of one sphere had almost 
disappeared before the needle came under the influence of the next. From a 
series of .such exjs'ritnents Adams determined values for C ranging from 
2'C X 10'" to 31 X 10'", the mean being 2‘8 x 10'". 

Further confirmation of the exi.stence of the displacement-current is pro- 
vided in a great number of indirect ways, piirticularly through the electro- 
magnetic theory of light and the electromagnetic mass of the electron. For 
the qjre.sent we shall a.s.sume the truth of Maxwell's hypothesis and proceed to 
examine' its consequences. 


The General Eqeation.s ok the Eleci'Romagnetic Field. 


674 . In § 529, we obtained the system of equations 

da cZ dV ^ 

- , = . etc. 

at ay dz 


in which all the (quantities were expressed in electromagnetic units. If the 
electric forees are expressed in electrostatic units. A', Y,Z must be replied ip, 
these equations by t’A, UY, L’Z, and tbe system of equations becomes 


1 da _(^Z c*y 
V dt ay di 

1 db ^ PA' _ dZ 
G dt oz dx 

1 da _aY ^ dX 
C M dx dy . 


( 528 ). 


33-2 
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These three equations together with equations (523), namely 


(ll + 

1 df\ 

dy 

d^'' 

Vdi) 


■ 02 

(^v -f- 

CdtJ 

_da 

dz 

07 

dx 


1 dh\ 

^d/3_ 

da 

ho + 

Cdi) 

dx 

~ . 


.(529), 


constitute a system of six equation.s giving the rate of changes in the electric 
and magnetic fields in terms of the field at any instant. With them may be 
associated the two equations (63) and (362), namely 


df dp d/t _ 
dp 02 ^ 

00 dh dc 
dx dp 02 


.(530), 

.(.531). 


The eight equations (.528) — (531) form the most general system of 
equations of the electromagnetic field. In these equations u, v, w, u, h, c, 
a, 7 are expressed in electromagnetic units, while f, p, h, X, V, Z are 
expressed in electrostatic units. 


Loraluatioii and Flow of Enenjy. 

576 . We have already considen-d the hyjsithe.sis that electromagnetic 
energy may not be confined to the regions occtijiied by electric charges, 
magnets and currents, but may be spreail through the whole of space. On 
this hyj)othe.si.s the kinetic (magnetic) energy 2 ’ ami the jMitcntial (electric) 
energy IV of an isotropic medium arc given by 

(®" + + 7 ’> dxdpdz, 

W = Jf(X^+ Y^ + Z>)d.vdydz. 

and the energj' is .supposed to be localis<‘d in sjiacc in the way indicated by 
these integrals. Knowing the kinetic and jxitential energies of the system, 
it ought to be possible to iletennine its eijuations of motion by the general 
djTiamical methods explained in (-hapter XVI. 

The quantities a, 7 which enter in the kinetic energy must he funda- 
mentally of the nature of velocities. Let us denote them by so that 

f, 77 , f may be treated a.s jKisitional coordinates. 

Similarly u, v, w which exprc.ss the rates of flow of c-lectricity at any 
point are of the nature of velocities. If f/x. denote the total quantity 

of electricity, measured in electrostatic units, which have crossed unit areas 
perpendicular to (Jx, Oy, Oz at any js^int since a specified instant, then 
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Maxwell’s equations (529) now assume the form 

47r / . df\ dt dij 
G dt}~dy~dz 

giving on integrating, and rejjlacing 47r/by KX, 

(632). 

This relation connects the various positional coordinates q^, X (regarded 
as a “ displacement”), f etc. 

The principle of least action can be expressed, as in equation (507), in 
the form 


(S7’-!Sirj)dt = 0, 

. (» 

where the value of '8 IF in the present problem is 

jS ir} = ^ Vr 4 - j j + Y^q„ + Z^q^) dxdydz, 

which again, on substituting for lY, can be put in the form 

\BW\ = j ) j[A' {laX + WBq^)+ Y{KhY + 4>nhq,j) 

+ Z (K5Z + 4!TTBqt)]da;dydz 

-IM-'- (-1 -t) - '-(f -f 

on using relations (592). On further transforming by Green’s Theorem, this 
becomes 

[BW] = //[A' (mS?- >t8y) + ...]dS 

similarly on varying T, we find 

BT= |'|'j'[f^3Sa + ^/3S^ + /lySy] dxdydz 


dxdydz. 


= ^ + i»8ij + c8^] dxdydz 


giving 


BTdt = , , I 

; „ Itt JJ 


(dS^ -h bBt) + cS0 dxdydz\ 


— [ dt ff: (wSf + bSy + c8f) dxdydz. 

47r_' 0 -'jJ 


As in § 545, we suppose the values of By, all to vanish at the instants 
t = 0 and t = T, so that the top line on the right hand vanishes. 
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dy 


dZ_dJF 
dz ) 




Collecting terms, we now obtain 

+ (e+ - s) + (e + 7i - %) *4 ‘**'*^* 

jJ{(nr-«iZ)S?+ ... }£/.<?. 


If our suppositions as to the localisation of the kinetic and potential 
energies are correct, then r), ^ may be regarded iis independent coordinates 
at every point of the field. Thus the variations S^, Stj, may have all 
possible values at all points of the field. It follows that their coefficients 
must vanish separately; hence at ever}' point of the field, we must have 


a ?Z 

C^dy 


dY 

dz 


= 0, etc. 


These are the equations which the princijdt' of le.ast action gives as the 
equations of motion when we assume Maxwell’s eipiations (.520). We see at 
once that they are identical with equations (.528), so that the two sets of 
equations (528) and (529) are related through the principle of lea.st action. 


Poynting's Theorem. 


676 . If we still aasurue the energy to be locjili.sed in the medium in the 
way imaginetl by Maxwell, the total energy in any closed region will be 
given by 


T+ W 


-lUi 


^ ( A'”- + + Z') + (a“ + + i‘) 


dxdydz 


whence, on differentiating, and replacing /xa by a, KX by ^irf, etc.. 


d(r+ If) 

dt 



rr 


1 

iir 




On substituting from equations (528) and (529), this becomes 

d(T+W) C 


dt 


® - a?) + - - ” Cdy-ll)- - } 

— C JJj(uX + vV + wZ) dxdydz. 


In this equation, the last line represents exactly the rate at which 
work is performed or energy diasipated by the flow of currents, so that the 
first line must represent the rate at which energy flows into the region from 
outside. 
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By Green’s Theorem (§179), the first line 

"" '4^lff{dx ~ + ly dxdydz 

= - 4 ^ \\UiZ^-Yy) + miYy~Za)+n(Y<x-X^)] dS, 


I, m, n being the direction-cosines of the normal inwards into the region. 


Thus if we ])ut 


n, = ^^(Za-A7) ■ 


(533), 


it appears that the value of + IT) is the same as if there were a flow 

of energy in the direction l.T>i,nc>f amount illj. + wiTIj, + nllj. The vector 
IT of which III, n,,, n^ are components is of amount 


n = V(ii/ + n;*) = — rh sin e, 

47r 


where R, II are the electric and magnetic intensitiiis and 9 is the angle 
between them. The direction of the veetor 13 is at right angles to both R 
and H, and the flow of energy into or out of the surfaces is the same as if 
there were a flow eipia! to II in magnitude and direction at every point of 
s{)ace. Tiiis vector 11 is called the ‘‘Poj-nting flux of energy.” 

It is to lx“ noticed that we have only found the total flux of energy over a 
closed surface; wa* have no right to assume that the flux at any single point 
is thatgivaui by Poynting’s formula. 

But if w'e are right in .supposing (cf. § 161) that the state of the medium 
at every {K>int depends luilv on the values ami directions of R and H, then 
the flow of energy at every point must be exactly that given by the Poynting 
Flux, for the integral exjiressing the total flow of energy can be distributed 
in no other way consistently with the supposition in question. 


EgU.\TIONS FOK A Ux\IFOR.H IsOTEOPlC DIELECTRIC. 

677 . We return now to the general etjuations of § 574, and proceed to 
examine the form they assume in a uniform isotropic dielectric. Since there 
can be no electric current we put m = a = w = 0. We also put 

47r/ = KX etc., a = fta etc,, 
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and the equations assume the form 

C dt dy 3* 

K dY da 
C dt 

K dZ ^d^ da 
C dt dx dy I 


V 

dz dx ' 


•(A). 


_ fi ^ _dZ _dY 
C dt dy dz 

(I d/3 _ dX dZ . 
C dt dz dx ' 

fidy _dY dX 
C dt dx dy I 


■(B). 


and on substituting the value.s of ^ and ^ from the last two equations 


^X ^X 

dxf dz- 


From the first equation of system (A), we have 

K/jl d?X _ 3 /m d7’\ 3 //i d0\ 

C* df^ ~ dy'Jjdt ) dz vC dt ) ’ 
ixdy 

C dt 

of system (B), this equation becomes 

C’ dt‘ dy Vfte dy } ^ dz\dz dx) 

d /dY dZ\ 

dx \ dy dz) ' 

Since the medium is supposed to be uncharged, we have 

a.V 31' dZ_ 
dx dy dz 

3‘-'X 

so that the last term may be replaced by + , and the equation iK'comes 

A> d-X _ „ 

(7» df-’ ^ 

By exactly similar analysis we oxn obtain the differential equation satis- 
fied by Y, Z, a, and y, and in exich case this differential etpiation is found 
to be identical with that satisfied by X. Thus the three couqwnents of 
electric force and the three components of magnetic force all sjitisfy exactly 
the same differential equation, namely 

(5-m 

where a stands for Cj^Ky.. This ecpiation, for reasons which xvill bo seen 
finm its solution, is known ;is the “equation of wave-propagation.” 


.SoLUrioN.s OK = a‘‘'^W. 

dt‘ ^ 

Solution for spherical woven. 

678. The general .solution of the equation of wave-propagation is best 
approached by considering the sjrecial form assumed when the solution 
is spherically symmetrical. If ^is a function of r only, whore r is the 
distance from any point, we have 


tt>V* 


a’ d 
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which may be transformed into 

dHrx)^dHrx) ( 535 ^^ 

d(aty dr^ 

and the solution is 

rx=f{r — at) + ‘i>{r + at) (536), 

where / and <t> are arbitrary functions. 


The form of solution shews that the value of x instant over a 

sphere of any radius r depends \ij><)n its values at a time t previous over 
two .sphere.s of radii r — at and r+at. In other words, the influence of any 
value of X j)ropagated backwards and forwards with velocity a. For 
instance, if at time t — 0 the value of x except over the surface of a 

sphere of radius r, then at time t the value of x everywhere except 

over the surface.s of the two sphere.s of radii r±at; we have therefore two 
•spherical waves, con\erging and diverging with the same velocity a. 


General .solution {Liomille). 

679 . The general solution of the equation can be obtained in the 
following manner, originally dut; to Liouville. 

Exj)ressed in spherical polars, r, 0 and (f>, the equation to be solved is 

’ ^ . ? (sin 0 0. 

(/= dt- r^cr\ or) r-'-* sin cd \ dv / 

Ut us multiply by sin 0(lOd^ and integrate this equation over the sur- 
face of a sphere of radius r surrounding the origin. If we put 

X = I j'^sin 8d0d(f) (537), 

the eouaiioii becomes 

1 1 a f 

(I- dt- /•■i'rV drJ’ 

the remaining terms vanishing on integration. The solution of this equation 
(cf. equation t’>3()>) is 

X = ^ ; ) (irt - r) + <P (at + r)} (538). 

/• ■' 


For small values of r this ivssutnes the form 

X 1 fj y^at) + d’ tool - r !/' (at) - d>' (af >1 + ^ {/" (at) + (at)} + • ••] 

'’L‘ “ (539). 

In order that \ may be finite at the origin through all time, we must 

/(aO + ^(«0 = 0 

at every instant., so that the function must be identical with -/ On 
putting r = 0, equation (539) becomes 

(X),.a=-2/'(ttt). 
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and from equation (537), putting r= 0, we have 

(X)r=o=4ir(x)r=o, 

so that 47r (x)r=o =‘ — %f (640). 

Equation (538) may now be written as 

r\ =f(at - r) -/(at + r). 

On differentiating this equation with respect to r and t respectively, 

^ (rX) = - /' (at - r) — f (at + r), 

/{«<-»*)-/'(«< + r), 

and on addition we have 

-2/(«t + r) = |,(rX) + ^|(r-X). 

This equation is true for al! values of r and t : putting t = 0, we huvi- 
— '2/' (r) = (7 X/ - o) + ^^=0 

as an equation which is true for all values of r. (living to r the SfX'cial 
value r = at, the equation becomes 

~ ^ (t^t it) + (X^_(,. 

The left hand is. by ecjuation (5^0), equal to AfTr(x)r^u. If we u.se ;j^, to 
denote the mean values of and ^ averaged over a sphen* of radius at at 
any instant, the eauation becomes 

(x);- = « = j| (txt + <^' = 0 )■ 

Thus the value of ^ at any })oint (which we select to be the origin) at 
any instant t depends only on the valuo.s of and x at time t=() over a 
sphere of radius at surrounding this jxunt. The solution is of the sfvmo 
nature as that obtained in § .578, but is no longer limited to spherical waves. 

General solution (Kirchhoff). 

680. A still more general form of .solution has been given by Kirchhoff. 
Let <I> and T' be any two indejx;n(h-nt solutions of the original equation, so 
that 

Z = 

By Green’s Theorem (equation (101)) 

- S JJ( rfS = JjJ (<I>V*'l' - 'PV” O) dxdydz 
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by equations (542). The volume integrations extend through the interior 
of any space bounded by the closed surfaces <S,, S^, and the normals to 
5], St, ... are drawn, as usual, into the spice. If we integrate the equation 
just obtained throughout the interval of time from t=-t' to t = + f", we 
obtain 




.\p 




J dx dy dz 


i" 

-r 


.(543). 


dt ' dt . 

So far has denoted any .solution of the differential equation. Let us 
now take it to be ^ F(r + at), this being a solution (cf. equation (536)) what- 
ever function is denoted by F, and let F (x) be a function of x such that it 
and all its differential coefficients vanish for all values of x except x = 0, while 


,-+OD 

I F{x)d.'c=\. 


Such a function, for iiistaiiee, is /’('.(.■) = kt — , . 

r=« ’T (-r + c*) 

Wo can choose t' so that, for all values of r considered, the value of 
r — at' is negative. The value of r + at" is positive if t" is positive. Thus 
F'{r + at) and all its differential coefficients vanish at the instants t = t" and 
t = so that the right-hand member of equation (543) vanishes, and the 
equation becomes 



Let us now suppose the surfaces over which this integral is taken to be 
two in number. Fii-st, a sphere of infinitesimal radius r-o, surrounding the 
origin, which will be denoted by S,, and second, a surface, as yet unspecified, 
which will be denoted by S- Let us first calculate the value of the contribu- 
tion to eijuation (544) from the fimt surface. We have, on this first surface, 

=^-F(r„-t- at), 

pq/ _ ^ ^ ^ ^ /r^r„ + at) -h — F (r^ -h at), 
t/i Hr la >'o 

so that when r„ is made to vanish in the limit, we have 


and therefore 


I ^ dt - 'F dSt = -i7rj' F{at) dt 


iv . 

= d>r_o, 

U (-0 


since the integrand vanishes except when t = 0. 
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Thus equation (544) becomes 

-) rfS 


[oh. XVII 


- r/zi 


■*■ *1, (;) + <">-; <M5). 

Integrating by pirts, we have, as the value of the first term under the 
time integral, 

rt" ^3,. 


/: 


-r 1' 


F' (r + at) dt 


= F)r+at)\ - - ~F(7- + ftt)dt. 

a r dn , li=-r j-fOrdn dt 

The first term vanishes at both limits, and ecjuation (545) now becomes 

^r-u=T^ dSI F{r + at)\ d>. ( ] + -^-\dt. 

t-i) •i'rrJJ } -r (ar on dt on\r,' r on ] 

We can now integrate with respect to the time, for F{r + at) exists only 
at the instant t—— rja. Thus the equation becomes 


'5t,l 


t-ii 47r ' 



1 f*rd<J> 

K ^ /I 

\ 1S4>‘ 

IJ 

(iron dt 

on \7 

•) ^ r?n _ 


<fS, 


giving the value of 4> at the time <= Oia terms of the values of «t> and 
taken at previous instJints over any .surface surrounding the jx)int. The 
solution reduces to that of Liouville on taking the surface S to be a sphere, 


so that X- = • 
an 


d 

or ’ 


As with the former solutions, the result obtiiined clearly indicates propa- 
gation in all directions with unifonn velocity a. 

Pkopaoation of Elec THOM ao.xktic Wave.s. 

681. It is now clear that the system of ecpiations 


(/•' rfP 


= V^V, 


etc., obtained in §577 indicate that, in a homogeneous isotropic dielectric, all 
electromagnetic effects ought to bt' propagated with the uniform velocity 

Q 

This may be compared with the result obtained in § 562. It wsis 

vAT/i 

there shewn that electric signals propagated along a wire would advance with 

C 

a velocity — where K, fi were the inductive capacity and magnetic 
, V Ku , 



580 - 682 ] ElectromagnHic Waves 525 

permeability of the medium surrounding the wire. It now appears that the 
velocity of siguftls along a wire is identical with the velocity of waves in the 
medium outside the wire. 

Maxwells displ.acement theory give.s a simple explanation of this. 

A current flowing in a wire is accompanied by a displacement current in 
the ether. This sets up a magnetic fiehl which is propagated with velocity 
(7/VAp. ill the dielectric and this in turn induces a further current in the wire. 
On this view the actual process of propagation takes place in the medium, 
the wire direct.s the path <>i tin* (‘lectrorn.-ignetic disturbance and absorbs 
some of the energy. 

It is to be noticed that the velocity of propagation along wires was • 
obtuMied in .5(12 before we had introduced the conception of “displacement- 
currents ” at all. That the result is not inconsistent with the velocity 
obtained on the hypothesis of displacement-currents will be understood from 
the result of § 57 5. 


A’ Kill erica I Values. 

682. Wo notice that in free air, in which A = , 0 . = 1, the velocity of pro- 
pagation of electric waves, whether along -wires or in the air, ought to be the 
same as C, the ratio of the electric units. This enables us to apply a severe 
test t-o the truth of the theory which has so tar been developed, for both the 
value of C'and the velocity of propagation of electric waves admit of direct 
ex |H'ri mental determinution. 

Till' best detei-minations of C, the ratio of the two units, are the following; 

Ito.Mi and |)or^ey ... ... i'9971 x 10*“ 

IVrot and F.ibrv ilSilH'i ... ... ^’9973 x 10'“ 

Hurtnnzoscu (1S9(J) ... ... ... 30010x10*“ 

Abraham (1890) 2-9913x10*“ ^ 

I'Tie true value is probably very clo.se to the value obtained by Rosa and 
I Kirsey, namidy C = 2-9971 x 10“'. 

Recent determinations of the veloeitv of propiigation of electromagnetic 
wave-- in air are ,-is follows: 

Miu-loan (1809) 2-901 x10*“ 

tSanndors 1^1897) ... ... ... 2-997 x 10’® 

Trowtindec and Duane (1895) ... 3003x 10*“ 

The mean of these values is 2 997 x 10'“. 

In the di‘terminatioiis of Saunders and of Trowbridge and Duane the 
wave's wore guided by copper wires, while the experiments of Maclean dealt 
with waves proixigated through air without wires. The equality of velocities 
is of coui-se a conseepience, and also a confirmation, of the results obtained 
in § 502. 
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The ratio of the units, C, is also equal, or at least very nearly equal, to the 
velocity of light in air, and this confirmed Maxwell in his suggestion that 
light projjagation is a special case of the propagation of electromagnetic 
waves. Out of this suggestion, amply borne out by the results of further 
experiments, has grown the electromagnetic theory of light of which a short 
account is given in the next chapter. Among the best determinations of the 
velocity of light in vacuo are the following; 

Michelson (1902) 2-99W)xlO'“ 

Perrotiii ^1904) 2 9988x10’" 

To reduce to the velocity of light in air, these numbers must be divided by 
1'0002D4, which is the value of \/K for air referred to free ether. Thus the 
velocity of light in air is seen to be very close to 2'998 x 10'". 

» 

This quantity is identical, except for a small difference which is well 
within the limits of ex{H*riinental error, with the (piantities already obtained. 

Thus we may say, that the ratio of units C is identical with the velocity 
of propagation of electromagnetic waves, and this again i.s identical with the 
velocit}' of light. 


Equations kor a ITnmform Isotropic CoNnucToit, 


583. In an isotro{)ic conductor the currimt (m, v , w ) is proportional at 
every point to the electric force (A”, T, Z). We are suppising u, v. w to b(^ 
measured in electromagnetic units. The values of the conqionents cd' electric 
force, measured in electromagnetic units, are CX, VZ. these being of 
course the forces acting on an electromagnetic unit of electrical charge. Thus 
by Ohm’s Law, 

VX 

II = , etc. 


where t is the specific resistance measured in electromagnetic unita 
further put 4*/ = KX, etc., equations (529) become 

I^ttC d\ Y ^7 

Vt '^Cdtj dy~dz 


If we 
(546) 


and two similar equations. 

On replacing equations (529) by these, the equations of §574 become the 
general equations of an isotropic conducting medium. 


If we differentiate the three equations of the system (54G) with respect 
to X, y, z and add, we obtain 


/47rC' Aft/x aAT dY dZ\ 
V T (7 dt) Vfij: dy dz) 
From equation (530) we have 


= 0 . 


dX ^ dZ 4wp 
dx ^ dy ^ dz K ' 
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527 


so that our equation becomes 


dp _ 4m’C‘‘ 

dt^~ Kt 


If />o is the value of p at time t—0, the solution of this equation is 


P = Poe 


4itC^ 



shewing that p falls away exponentially, no matter what electric or magnetic 
fields may be acting. This e(juation is identical with that already obtained 
in § 390, the factor C" simply corresponding to a change of units. Thus inside 
a conducting medium any initial charge will rapidly disappear, and we may 
suppose that 


dX^ dV dZ 

dx dy hz 


P = 0. 


683 a Multiply both sides of equation (54(1) by p and differentiate with 
respect to the time. We find 


Kpd'^X 4!irpCdX _ d /dc 
C dt^ ^ r dt dy Veft 




d (db\ 


dz 


\dt) ' 


The right-hand member of this e(piation may by equations (528) be 
replaced bv 

cy \cj' oy I oz dz dxj 


or 


C 


d.i'\ox oil dz 


and this is equal to C'VbV, in virtue of the relation 

?X dV dZ_ 
dx ^ dy dz 

Thus the equation becomes, on dividing through by C, 
Kpd'-X ArirpdX 
(y”-' dt^ ^ r dt 


This equation involves A' only, and so is the differential equation satisfied 
by X when electromagnetic waves are propagated in a conductor. Naturally 
Y, Z satisfy similar equations, and equations (528) shew that a, b, c or a, y 
again satisfy similar equations. Thus X, 7, Z, a, /8, y all satisfy the same 
differential equation, namely 

d-^X , ^wO^dX 

dU At dt 

where a stands for GjdKp. The complete solution of this equation has been 
given by Riemann*. 


* Die vnrliflle Differentialgleichumgen der Math. Physik, 4th edn. (1901), u. p. 399. 
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We may notice that in a dielectric, t = oo , so that the second term dis- 
appears. The equation then reduces, as it ought, to equation (534) already 
obtained in § 577. In many problems, the second term is more important 
than the first. When the first term is omitted, the equation reduces to the 
well-known equation of conduction of heat, already obtained in § 535 
(equation (480)). 

To form an estimate of the relative importance of the two terms on the 
left, let us examine the case of an alternating current in which the time- 

factor is e*'''. We may as xisual replace ^ by ip, and the equation becomes 

( 47r(^j \ 

The neglect of the first term, which is of course the same thing as 
neglecting the displacement-current, is clearly permissible if ‘i-rri^^lKTp is 
numerically largo. When thi.s ratio is not larg(', the error prodiica'd by the 
neglect of the first term will be greatest in probliuns in which t is large 
(conductors of high resistance) an<l in which p is large (rapidly charigdng 
fields). On substituting nutm-rical values it will be found that in problmns 
of conduction through metals, the neglect of the fiu'tor A' rp, ])riHluces 

a quite inappreciable error unless p is com]).'ir.able with 10'’ — i.v. unloas wi' 
are dealing w'ith oscillating fields of which the frequency is comi)arable with 
that of light-waves. Thus the effect of the disjilaciuuent -current in metals 
has been inappreciable in the problems so tiir di.scn.sseil, so th.vt the neglect 
of this eS'ect may be regarded as justifiable. The matter stands ditt'erenlly 
as regard-s the problein.s to be discu.s.-^ed in the next chapter, in which the 
oscillations of the field are identical with those of light- wav(>,s. 


Units. 

684 . We may at this stage sum uj» all that has bi'en said about the 
different systems of electriciil units. 

There are three different sy.stems of units to be considered, of which two 
are theoretical systems, the elcjctrostatic and the electromagnetic, while the 
third is the practical system. We shall begin by discus.sing the two 
theoretical .systern.s and their relation to one anotJuir. 

686. In the Electrostatic System the fundamental unit is the unit of 
electric charge, this being defined as a charge such that two such charges at 
unit distance apart in air exert unit forc»' ujion one another. There will, of 
course, be different systems of electrostotic units corresfxiriding differtuit 
units of length, mass and time, but the only system which need be considered 
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is that in- which these units are taken to be the centimetre, gramme and 
second respectively. 

In the kilectromagnetic System the fundamental unit is the unit mag- 
netic pole, this being defined to be such that two such poles at unit distance 
apart in air exert unit force upon one amither. Again the only system 
which need be considered is that in which the units of length, mass and 
time arc the centimetre, gramme and second. 

From the unit of electric charge can be derived other units — e.g. of 
electric force, of electric potential, of electric current, etc. — in which to 
measure quantities which occur in electric phenomena. These units will 
of course also be electrostatic units, being derived from the fundamental 
electro.static unit. 

So also from the unit magnetic pole can be derived other units — eg. of 
magnetic force, of magnetic potential, of strength of a magnetic shell, etc. — 
in which to mea.sure quantities which occur in magnetic phenomena. These 
units will belong to the electromagnetic system. 

If electric phenomena were entirely dissoeiatial from magnetic phenomena, 
the two entirely different sets of units would be necessary, and there could be 
no connection ludwemi them. But the discovery of the connection between 
electric curnmts and magnetic forces enables us at once to form a connection 
between the two si'ts of units. It enables us to measure electric quantities — 
e.g. the strength of a current — in electromagnetic units, and conversely we 
can measure niagiu'tic quantities in electrostatic units. 

We find, for instance, that a magnetic shell of unit strength (in electro- 
magnetic measure) produces the same field as a current of certain strength. 
We accordingly take the strength of this current to be unity in electro- 
magnetic meivsure, and so obtain an electromagnetic unit of electric current. 
We find, as a matter of experiment, that this unit i.s not the same as the 
electrostatic unit of current, and therefore denote its measure in electro- 
static units of current by V. This is the same its taking the electromagnetic 
unit of charge to be G times the electrostatic unit, for current is measured in 
either system of units as a charge of electricity per unit time. 

In the same way we can proceed to connect the other units in the two 
systems. For instance, the electromagnetic unit of electric intensity will be 
the intensity in a field in which an electromagnetic unit of charge experiences 
a force of one dyne. An electrostatic unit of charge in the same field would 
of course experience a force of \IG dynes, so that the electrostatic measure of 
the intensity in this field would be 1/(7. Thus the electromagnetic unit of 
intensity is 1/(7 times the electrostatic. The following table of the ratios of 
the units can be constructed in this way: 

j. 


34 
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Di^Iacenmit Currents 


Ratios of Units. 


Charge of Electricity. 

One electromag. unit = C electrostat. units. 

Electromotive Force. 


it 

= 1/C „ 

n 

Electric Intensity. 

M 

If 

= 1/C. .. 

if 

Potential. 

l> 

tf 

„ = 1/0 

it 

Electric Polarisation. 

U 

ft 

„ = C 

tt 

Capacity. 


>t 

,. = G‘ 

tt 

Current. 

» 

tt 

= G 

>f 

Resistance of a conductor. 

>> 

tt 

«« 

II 

»» 

Strength of magnetic pole. 


tt 

.. = 1/C 

11 

Magnetic Intensity. 

»» 

>t 

.. = G 


„ Induction. 


>♦ 

„ = 1/C „ 


Inductive Capacity. 

)* 

>1 

= C" 

>1 

Magnetic Permeability. 


tt 

.. = 1/C" 

>» 


686. The value of C, aia we have aiid, is equal to about 8 x 10'" in C.(>.s. 
units. If units other than the centimetre, gramme and second are taken, the 
value of G will be different. Since we have seen that G represents a velocity, 
it is e.asy to obtain its value in any system of units. 

For instanoe a velocity 3x10'® in c.o.s. \initH = <i'7l x 10" inilett ]x;r hour, no that if 
miles and hours arc taken as unita the value of C will l>e (>'71 xlO". 


Practical Units. 

687 . The practical system of units is derived from the clectromagnotic 
system, each practical unit differing only’ from the corresponding electro- 
magnetic unit by a certain ptnver of ten, the power being selected so as 
to make the unit of convenient size. The actual measures of the practical 
units are as follows; 

MeaMure in 


Quantity 

Name of Unit 

Measure in 
electromsg. unite 

electruBtatio units 
(Taking C’«= 3 x IC") 

Charge of Electricit; 

y Coulomb 

io-‘ 

S X 10» 

Electromotive Force] 
Electric Intensity 

[ Volt 

10" 

nh 

Potential J 

Capacity 

Farad 

10-® 

9 X 10" 


Microfarad 

10-'* 

9 X 10" 

Current 

Ampere 

10- * 

3 X 10* 

Resistance 

Ohm 

10' 

1 

9"x"i6'« 


For legal and commercial purposes, the units are defined in terms of material standards. 
Thus according to the resolutions of the International Conferonoe of 1908 the legal (Inter- 
national) ohm is defined to be the resistance offered to a steady current by a uniform 
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column of mercury of length 106-300 cms., the temperature being 0* C., and the mass 
being 14-4521 grammes, this resistance being equal, as nearly as can be determined by 
experiment, tf) 10* electromagnetic units. Similarly the legal (International) ampbre is 
defined to be the current which, when passed through a solution of silver nitrate in water, 
deposits silver at the rate of 00111800 grammes per second. 

Physical Dimensions of Units. 

688 . As explained in § 18, all the electric and magnetic units -wdll have 


apparent dimensions in mass, 
following table: 

length and time. These 

Electrostatic 

are shewn m 

Electromagnetic 

Cliargo of Electricity 

r 

if 7>-i 


Density „ „ 

P 

1 

1 

M^L-^ 

Electromotive Force 

E 

Mhlk r-i 


Electric Intensity 


ifi /.'i T-' 


Potential 

V 

T-' 


Electric Polarisation 

P{fg, h) 

j»/l i-t T-' 

U^L~^ 

Capacity 

c 

L 

l-Xfi 

Current 

t 

ifk if T-^ 


Current per unit area 

(u, V, w) 

T-'- 

iflii-l r-i 

Rosistance 

R 

L~'T 

LT-^ 

Spec-ific resistance 

r 

T 

l%rp-l 

Strength of magnetic ixile 

m 


if 4 5r-> 

Magnetic Force 

D («> A -y) 

Ijflh 7’- 2 

Lf r-i 

„ Inductuiu 

/I(a, 6,c) 



Inductive Capacity 

K 

1 

l-tTi 

Magnetic Permeability 


r-2 T'i 

1 
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CHAPTER XVIII 

THE ilLECTROMAGNETlC THEORY OF LIGHT 

Veuicity of Light in Different Media. 

689. It ha.s been seen that, on the electromagnetic theory of light, the 
propagation of waves of light in vacuo ought to take place with a velocity 
equal, within limits of experimental error, to the actual ob.servecl velocity 
of light. A further test can be applied to the theory by examining whether 
the observed and calculated veU>cities are in agreement in other media. 

According to the electromagnetic theory, if V is the velocity in any 
medium, and Fo the velocity in vacuo, we ought to have the relation 

F ^ 1 / I 

where K^, refer to free .sjMice. 

For free sjxice and all media which will be considered, we may take fi — l. 
Also if V is the refractive index for a plane wave of light pa.ssing from free 
space to any medium, we have from optical theory the relation 



so that, according to th(' electromagnetic theory, the refractive index of anj^ 
medium ought to be connected wdth its inductive cajNxcity by the relation 



One difficulty appears at once. According to this equation there ought to 
be a single definite refractive index foreiich medium, whercius the phenomenon 
of dispersion shews that the refnictivc index of any medium varies with the 
wave-length of the light. It is easy to trace this difficulty to its source. The 
phenomenon of dispersion i.s supposed to arise from the periodic motion of 
charged electrons associated with the molecules of the medium (cf. § 610, 
below), whereas the theoretical value which hivs been obtained for the velocity 
of light has been deduced on the supposition that there are no moving 
charges at any jxiint of the dielectric (cf. § .t 77), A correction to the value 
just obtained for v will be needed to represent the effect of the motion of 
charged electrons in the medium. When this motion is infinitely slow, the 
correction disappears, so that our equation ought to give the true value of u 
in the limiting case of light, or other electromagnetic waves, of infinite wave- 
length. It is impossible to deal experimentally with waves of infinite wave- 
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length, but the following tables* shew that as the wave-length increases, the 
refractive index v approximates to ^iKjKa. 

Watek. Ethyl Alcohol. 

VS). 8-94. 


Wave-length 

(cins.) 

j 

K (observed) 

Wave-length 

(cms.) 

y (observed) 

65 

8-88 

65 

4-89 

8-8 

8-89 

5-7 

3-4 

f)-7 

8-79 1 

0-8 

2-57 

3-7 

8T0 ' 

0-4 

2-24 

1 -7.5 

7-82 

•0000.589 1 

1-36 

0-8 

8-97 



0-4 I SJ-.W 

■00(J12(i+ 1-32 

<XXX)589J I 1-33 


690. F 'or g-a-ses there is quite good agreement between theory and 
experiment, in spite of the failure of the theory to take all the facts into 
account. 


In the following table, the values of 


V 


are mean values taken from 


the table already given on p. 132 of the inductive capacities of gases. The 
values of v refer to sodium light. 



1 Mean A 

> A,^ 

^ y (observed) 

1 

Authority | 

Mean r 

Hydrogen 

1 1 ■00013-2 

1 0001387 

1 

1 

! 1000135 

] 

1-000132 

2 

1 

Air 

, 1 ■000-294 

1-0002927 

1 

1-000293 



1-000293 

o 


Carl)On Mono.xide 

, l-tXK)34G 

1-0003360 

1 1 

1-000335 

Cartxui Dioxide 

i riXX)48-2 

1-000449 

^ 1 

1-000450 


t 

1-0004.')1 

2 


Nitrous Oxide ... 

1 ■0(X).->41 

10(X)5151 

' 1 1 

1-000509 



1 000503 

3 


Ethylene 

, MXK)692 

1-000720 

1-000678 

1 

2 

; 1 000699 

1 


Authorities.— 1. Masoivrt 2. (t W. Walker TVaiw. A. 201, p. 435). 

3. Pi-eston (Theory of Light, p. 137). 


* From material oollcoted by Pidduck, A Treathe on Electricity (Camb. Univ. Press, 1916), 
p. 4S1. 

t Infra-red radiation. 


Sodium light. 
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Waves of Light in non-conduoting Media. 


Solution of Differential Equation for Plane Waves. 


691 . The equation of wave-propagation 


d(‘ 




has, as a particular solution, 

^ _ jlgU (U+m)i+m-at) 


(547), 


provided P -f- jn’ + n^ = 1. This value of % is a complex quantity of which the 
real and imaginary parts separately must be solutions of the original equation. 
Thus we have the two solutions 


X = ,^ cos *; (lx + nty + n^ — at) (548), 

X = .d sin A (lx -f- my -f- ne — at). 

Either of these solutions represents the propagation of a plane wave. 
The direction-cosines of the direction of propagation are I, m, n, and the 
velocity of propagation is a. Usually it will be foiind simplest to take the 
value of X given by equation (547) as the solution of the equation and reject 
imaginary terms after the analysis is completed. This procedure will be 
followed throughout the present chapter; it will of course give the same 
result as would be obtained by taking equation (548) as the solution of the 
diflferential equation. 


Propagation of a Plane Wave. 


692 . Let us now consider in detail the propagation of a plane wave of 
light, the direction of propagation being taken, for simplicity, to be the axis 
of X. The values of X, Y, Z, a, S, 7 must all be solutions of the dilferential 
equation, each being of the form 

^ = ^ 54 , 9 ^ 

The six values of X, Y, Z, a, )3 , 7 are not independent, being connected by 
the six equations of § 577, namely 


K 

dX 

dy 

_S/8\ 

C 

dt 

~ dy 

dz 

K 

dY 

da 

^ 1 

C 

dt dz 

dx 

E 

dZ 

S/S 

da 

C 

dt dx 

dy. 


fi da _dZ 9 F ' 

C dt dy dz 

pdS^ _dZ 
C dt dz dx 

(7 dt 9a: 9yj 


<B). 
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From the form of solution (equation (549)), it is clear that all the differ- 
ential operators may bo replaced by multipliers. We may put 
d . d . 3 9,, 

dt a.*--*'"’ 

The equations now become 


II 

o 


a=0 \ 


Ka 

a ^ 

^ (A'), 


....(B'). 





Since = C“ it is clear that the second and third equations in ( A') are 


identical with the third and second equations respectively in (B'). 

Since X = 0, a = 0, it appears that both the electric and magnetic forces 
are, at every in.stant, at ri','ht angles to the axis of x, i.e. to the direction of 
propagation. From the last two eqiiation.s of system (A') we obtain 

^r+yZ=o, 

shewing that the electric A>rce aud the magnetic force are also at right angles 
to one another. 

On comparing the results obtained from the electromagnetic theory of 
light, with those obtained from physiciil optics, it is found that the wave of 
light which we ha\ e been examining is a plane-polarised ray whose plane of 
polarisation is the i)lane containing the magnetic force and the direction of 
proj)agation. Thus the magnetic force is in the plane of polarisation, while 
the electric force is at right angles to this plane. 


Crystalline Dielectric Media. 


692 a. Let u.s consiiler the propagation of light, on the electromagnetic 
theory, in a crystalline medium in which the ratio of the polarisation to the 
electric force is different in different directions. 

By equation (92), the electric energy W per unit volume in such a medium 
is given by 

W = (A'„A* -I- 2K,^X r -f . . .). 

OTT 

If we transfonn axes, taking as new axes of reference the principal axes of 


the quadric 


Ki,x‘ + 2Kj2Jr;f -t- ... = 1, 


then the energy per unit volume assumes the form 


W = - - {K,X^ + 
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The components of polarisation are now given by (cf. equations (89)) 
47r/ = Wg = if. F, inh = if.Z, 

so that the general equations (529) and (528) of § 574 assume the forms 


C dt dy dz 

C dt dz dx^ 


K, dZ 
G dt 


.(A"), 


(Z doL 

C dt 

fz d/3 
C dt ’ 


dj 

■ dy' 


0F 

dz 


dX _dZ, 

dz dx 




d8 dtt\ _ ^ I 

dx dy I G di dx dy f 

Th 6 «e may be comj>ared with equations (A) and (B) of § 592. 

If we differentiate the system of equations (A") with re.spect to the time, 

and substitute the values of ^ fro'u system (B"), we obtain 


dt' dt' di 

A'./i d’X _ d idX dY dZ\ 

G^ dt- ‘‘ 0 a-\ 0 a: dy dz)' 

On assuming a solution in which X, V, Z are each proi)ortional to 


etc. 


these equations becoine 


[ lx + my + - FO 


^ r=A’ = X-l {IX + inY+ uZ) = 0, etc. 


On eliminating X, Y and Z from these three e<juations, we obtain 


f’ m- Ji“ 

1 ^ - 1 ^ 1 
a- C’ 


If we put T>- 

Ai 




= v^, etc., and simplify, this becomes 


F’ - vr F' - 1-,’ ^ 


This equation gives the vel<x;ity of propagation V in terms of the direction- 
cosines I, m, n of the nonnal to the wave-front, Tlie equation is idontioil 
with that found by Fresnel to represent the results i>f experiment. It can be 
shewn that the corresponding wave-surface is the well-known Fresnel wave- 
surface, and all the geometrical phenomena of the propagation of light in a 
crystalline medium follow directly. For the development of this {)art of the 
theory, the reader is referred to hooks on physical optics. 

Assuming that a, /3, 7 as well as A, F, Z are proportional to the exponen- 
tial e«v«+»»r+»*- equations of system (A") become 

- ^ X = my — n/9, 

and two similar equations. 
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If we multiply these three equations by I, m, n respectively and add, we 
obtain 

IKiX + ruKiY + nK,Z=0, 

shewing that the electric polarisation is in the wave-front. 

The system (B") of equations reduce to 

V 

fi ^ a — mZ — nY, 

and two similar equations, and on again multiplying by I, m, n and adding, 
we obtain 

la mfi -f n 7 = 0, 

which shews that the magnetic force also is in the wave-front. 

We shall not discuss crystalline media in detail in the present book since 
their special peculiarities are the same on the electromagnetic as on any 
other theory of light. The di.scussion of these peculiarities is a branch of the 
science of optics rather than of electromagnetism. 


Mechanical Action. 

Energy in Light- waves. 

6926, For a wave of light propagated along the axis of Ox, and having 
the electric force parallel to Oy, we have (cf. § 592) the solution 
X —Z = 0-, F = F„ cos *: (ic — at), 
o = /3 = 0 ; 7 = 7 o cos k{x — at), 

and this satisfies all the electromagnetic equations, provided the ratio of 70 to 
Fo is given by _ 

_ 7 , ^ ^ ^ ^ Ik 

Y„^ G ~ fia V ^ ■ 

The energy ].>er unit volume at the point x is 

} (A F’ + fir ) = r - ( K F„= + /r 7 o=) cos'-’ k{x- at). 

OTT 

Since fiy^^^KY,?, it appears that the electric energy is equal to the 
magnetic at every point of the wave. The average value of cos* * (a: - a<), 
averaged with respect either to x or to t, is so that the average energy per 
unit volume 

_ A'Fo’ _ /ayo’ 

8ir Sw 

As Maxwell has pointed out*, these formulae enable us to determine the 
magnitude of the electric and magnetic forces involved in the propagation of 

* Maxwell, Electricity and Magnetiem (Third Edition), §793. 
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light. According to the determination of Langley, the mean energy of sun- 
light, after allowing^for ]^rtial absorption by the earth’s atmosphere, is 
4‘3 X 10"' ergs per unit volumeT This gives, as the maximum value of the 

i.o.s. electrostatic units = 9 9 volts per centimetre, 
and, as the maximum value of the magnetic force, 


electric intensi^. 




41 


7 o = 033 c.O.s. electromagnetic units, 

which is about one-sixth of the horizontal component of the earth’s held in 
England. 


The Pressure of Radiation. 


692 c. In virtue of the existence of the electric intensity F, there is in any 

KY^ 

medium (§ 16.5) a preasure - — per unit area at right angles to the lines of 

electric force. There is therefore a pressure of this amount per unit area 
over each wave-front. Similarly the magnetic field results (§471) in a pres- 


/* M'y* 

sure of amount ™ per unit area. 

OTT ^ 

Thus the total pressure per unit area 
_ K Yf ■i-jji'f _ K\y 


Htt 


Htt 


Cos’ K (x — at). 


This is exactly the expression just found for tin* energy per unit volume. 
Thus we see that over every wave-front there ought, on the electromagnetic 
theory, to be a pressure of amount per unit area etjual to the energy of the 
wave per unit volume at that point. The existence of this pressure has been 
demonstrated experimentally by Lebedew* and by Nichols and Hullf, and 
their results agree quantitatively with those prwlicted by Maxwell’s Theory. 


REFUAcrnos and Reflection. 

Conditions at a Boundary between two different media. 

698 . Let us next consider what happens when a wave meets a boundary 
between two different dielectric media 1, 2. I^et the suffix 1 refer to quanti- 
ties evaluated in the first medium, and the suffix 2 to quantities evaluated in 
the second medium. For simplicity let us suppose the boundary to coincide 
with the plane of yz. 


Annalen der Phytik, 8, p. 483. 


+ Phytieal Review, 18, p. 807. 
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At the boundary, the conditions to be satisfied are 137, 467) : 

(1) the tangential components of electric force must be continuous, 

(2) the normal components of electric polarisation must be continuous, 

(3) the tangential components of magnetic force must be continuous, 

(4) the normal coinponents of magnetic induction must be continuous. 
Analytically, these conditions are expressed by the equations 


K,X,^K,X„ y, = (550), 

71 = 72 (551). 


It will bo at once seen that these six equations are not independent ; if 
the last two of equations (o.'iO) are satisfied, then the first of equations (551) 
is necessarily satisfied also, as a consequence of the relation 

ixdtt dZ ffY 

('(It dy 9^ 

being satisfied in each medium, while similarly, if the last two of equations 
(551) arc satisfied, then the first of equations (550) is necessarily satisfied. 
Thus there are only four independent conditions to be satisfied at the 
boundary, and each of these must be satisfied for all values of y, z and t. 
It is most ccjnvenient to suppose the four boundary conditions to be the 
continuity' of F, Z, /9, 7. 


Refraction of a Wave polarised in plane of incidence. 


694. Let us now imagine a wave 
medium (1), and to meet the boun- 
dary, this wave being supposed polar- 
ised in the plane of incidence. Let 
the boundary', a.s before, be the plane 
of yz, and let the plane of incidence 
be supposed to be the plane of xy. 
Since the wave is supposed to be polar- 
ised in the plane of incidence, the 
magnetic force must be in the plane 
of xy, and the electric force must be 
parallel to the axis of z. Hence for 
this wave, we may take 


of light to be propagated through 



Fio. 138. 


,Y= r = o, 

2 =. Z' (Jfcos*i+V“>n*i~ 


d — d gKi (■» 00s + » Bin 9 , - ViO, 




g««, (ioo»»i+|f»m«,- 


7 = 0, 
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and it is found that the six equations (A), (B) of p. 534 are satisfied if 


^ 

sin 0, — cos $, 



(552). 


The angle 0i is seen to be the “ angle of incidence ” of the wave, namely, 
the angle between its direction of propagation and the normal (Oa:) to the 
boundary. 

Let us suppose that in the second medium there is a refracted wave, 
given by 

A'=F=0, 


yg _ gin, (xco»B, -htiam i, - T,i) 

7 = 0, 

where, in order that the equations of projjagation may be satisfied, we must 


have 


a 

sin 


0' Z" 

- cos ft. j ^3 

V X 


.(553). 


It will be found on substitution in the boundary e(jUations (.550) and 
(551) that the presence of an incident and refnvcted wave is not s>ifficient to 
enable these equations to be satisfied. The equations can, however, all be 
^tisfied if we suppose that in the first medium, in addition to the incident 
wave, there is a reflected wave given by 

x= r=o. 

Z, = Z* ' sintf,- r,f) 


7 = 0, 


where, in order that the equations of pmpagiition may be satisfied, we must 
have 


a 

sin ft. 


A'L. 

■ cos ft. 



(554). 


The boundary conditions must be satisfied for all values of y and t Since 
y and t enter only through exponentials in the different waves, thi.s requires 


that we have 

<£, sin ft, = sin ft, = /r, sin ft, (555), 

*iFi (556), 



694, 595] 


Refraction and Reflection 


541 


From (556) wo must have «, = /<:,, and hence from (555), sin d, = sin dj. 
Since d, and must not bo identical, we must have d, = tt - dj. Thus 

The angle of incidence is equal to the angle of reflection. 

We further have, from equations (555) and (556), 

sin d, F, ^ 

sind.^ '■ ” 

where v is the index of refraction on passing from medium 1 to medium 2, 
so that the sine of the angle of incidence is equal to v times the sine of the 
angle of refraction. 

Thus the geometrical laws of reflection and refraction can be deduced at 
once from the electromagnetic theor}'. These laws can, however, be deduced 
from practically any inidulaton/ theory of light. A more severe test of a 
theory is it.s ability to predict rightly the relative intensities of the incident, 
reflected and refracted waves, and this we now proceed to examine. 

696 . The only boundary* coirditions to be satisfied are the continuity, at 
the boundary, of Z and /3 (cf. § 593). Thus we must have 

Z' + Z'" ^Z" (558), 

= /?" (559). 

On substituting from equations (552), (553) and (554), the last relation 
becomes _ 

* / cos QfZ'- Z'") =J-^ cose,Z" (560), 

V Ml '' Ms 

so that all the boundary conditions are satisfied if 

1 + « 2 1 — ?t 

A", M, cos" d, 

/aj A, cos- d, 

For all media in which light can be propagated, we may take /a = 1, so 
that ^ 


where 


.(561), 

.(562). 


A' .;Cos da _ sin d, cos da _ tan d, f-a-is 

~ V A'’jCosd, sindjCos<y, taiid, 


Thus the ratio of the amplitude of the refiected to the incident ray is 
Z"' 1 - u tan d-a — tan d, _ sin (da - d,) 

^ ~ 1 -I- « ~ tan da + tan d, sin (dj d,) 


(564). 


This prediction of the theory is in good agreement with experiment. 

Z" 

This being so, the predicted ratio of is necessarily in agreement with ex- 
periment, since both in theory and experiment the energy of the incident 
wave must be equal to the sum of the energies of the reflected and refracted 


waves. 
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Total reflection. 


596. We have seen (equation (557)) that the angle 03 is given by 

sin = - sin 0), 

V 


where v is the index of refraction for light passing from medium 1 to 

medium 2. If v is less than unity, the value of - sin 0^ may be either 

greater or less than unity according as ^, > or < sin"' v. In the former case 
sin $3 is greater than unity, so that the value of 0^ is imaginary. 

This circumstance does not affect the value of the foregoing analysis in a 
case in which 0^ >sin~' n, but the geometrical interpretation no longer holds. 

Let us denote ^ sin 0i by p, and —1 bj' 9 . Then in the analysis we 

may replace sin 0^ by p, and cos 0^ by iq. both p and q being real quantities. 
The exponential which occurs in the refracterl wave is now 

- ^V) 

Thus the refracted wave is propagated parallel to the axis of y, i.e. 
the boundary, and its magnitude decreases proportionally to the 
actor At a small distance from the boundary the refracted wave 

jecomes imperceptible. 

Algebraically, the values of Z', Z"' and Z'" are still given by equations (561 ), 
but we now have 

V * K3H1 cos 0, _ . ! Aj/i, q 

Ptk I cos 03 * V p-iKi cos 03 ' 

so that M is an imaginary quantity, say u = iv, and, from equations (561), 

Z"' _ 1 — a _ 1 — ii) 

Z I + a 1 iv 

Since v is real, we have } — ^ 

1 1 + rv 

Z"' = Z' 

where X = «»¥ (f ~ ^ tan"' 

In the reflected wave, we now have 

Z as Z'" e'‘‘ 

OB Z g*«) (-*cin»,+|r»in», - r,«-2t«n'‘») 


= 1, SO that we may take 
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Comparing with the incident wave, in which 
Z gi«i(*cos«,+y8in«,-r,0 

we see that reflection is now accompanied by a change of phase — 2k tan"’ v, 
but the amplitude of the wave remains unaltered, as obviously it must from 
the principle of energy. 


Refraction of a Wave polarised perpendicular to plane of incidence. 


697. The analysis which has been already given can easily be modified 
80 as to apply to the case in which the polarisation of the incident wave is 
perpendicular to the plane of incidence. All that is necessary is to inter- 
change corresponding electric and magnetic quantities ; we then have an 
incident wave in wliich the magnetic force is perpendicular to the plane of 
incidence, and this i.s what is required. 

Clearly all the geometrical laws which have alrejidy been obtained will 
remain true without modification, and the analysis of § 596 (total reflection) 
will also hold without modification. 


Formula (568), giving the atnplitude of the reflected ray, will, however, 
require alt(!ration. We have, as in equation (564), for the ratio of the 
amplitudes of the incident and reflected rays. 


y' 1 -»-it 


(565), 


but the value of u, instead of being given by equation (563), must now be 
supjwsed to be given by 

, _ fts K, cos’ 0s 
Ks fi, cos’ ’ 

this equation being obtained by the interchange of electric and magnetic 
terms in equation (562). Taking = = 1, we obtain 


u = 




Ki cos 6s _ sin 6s cos dj _ sin 26a 
Ks cos 6, sin 6, cos 6, sin 2^, ’ 


whence, from equation (565), 

y'" _ tan {6s —6,) 

y t)m{6s + 0i) 

giving the ratio of the amplitudes of the incident and reflected waves, 
result also agrees well with experiment. 


(566), 
This 


698. We notice that if 6i + 6a = 90”, then y" = 0. Thus there is a certain 
angle of incidence such that no light is reflected. Beyond this angle y"' is 
negative, so that the reflected light will shew an abrupt change of phase 
of 180“. This angle of incidence is known as the polarising angle, because if 
a beam of non-polarised light is incident at this angle, the reflected beam will 
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consist entirely of light polarised in the plane of incidence, and will accordingly 
be plane-polarised light. 

It has been found by Jamin that formula (566) is not quite accurate 
at and near to the polarising angle. It appears from exjDeriment that a 
certain small amount' of light is reflected at all angles, and that instead of 
a sudden change of phase of 180° occurring at this angle there is a gradual 
change, beginning at a certain distance on one side of the polarising angle 
and not reaching 180° until a certain distance on the other side. Lord 
Bayleigh shewed that this discrepancy between theory and experiment 
can often be attributed largely to the presence of thin films of grease and 
other impxirities on the reflecting surface. Drude found that the out- 
standing discrepancy could be accounted for by supposing the phenomena 
of reflection and refraction to occur, not actually at the surface between the 
two media, but throughout a small transition layer of which the thickne.ss 
must be supposed finite, although small coinjMireil with the wave-length of 
the light. 


WaVE.S in METAUUC and CoNDl’CTING MeDIA. 

699. In a metallic medium of specific resistance t, eijuations (A) of § .592, 

namely x 

K</X_By 8^ 

0 dt 


etc., must be replaced (cf. equation (546)) by 

47r(7 K d\ Y _ f ^7 
\ T ^ (J dt) 01 / bz 


.(568), 


For a plane wave of light, the time may be snjq)osed to enter thnmgh the 
complex imaginary and we may replace by jp. Thus the left-hand of 

equation (567) becomes - X, while the left-hand of equation (568) becomes 

-t- It accordingly appears that the conducting power of the 

medium can be allowed for by replacing K hy K + . 

ipr 

600 . In a non-conducting medium, the equation satisfied by 

each of the quantities X, Y, Z, o, )3, 7 (cf. §577), reduces to 

- jfKfi ^ 
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when the wave is of frequency pjiir. The corresponding equation for a con- 
ducting rnediinn must, by what has just been said, be 



an equation which has already been obtained in §'583 a. 

For a plane wave projiagated in a direction which, for simplicity, we shall 
supp<J8e to be the axis of x, the solution of this equation will be 

■)(^ = Ae'^' ( 570 ), 

where {q + irf = - 4- (571). 


Clearly the solution (.570) represents the propagation of waves with a 
velocity V equal Ui p r, the amplitude of those waves falling off with a 
modulus of decay ij {xt unit length. 

On efpiating imaginary parts of equation (571) we obtain 


•so that q is giveti bv 



2vr/i. p _ 277 V p 
T r T 


.( 572 ), 

,( 573 ). 


601 . For a gofxl conductor t is small, so that q is large, shewing that 
good conductors arc necossirilv b;uj transmitters of light. For a wave of 
light in .silver or copper we may' take tus approximate values in C.G.S. units 
(remembering that t as givtui on p. 342 is meiisurcd in practical units) 

T= 1() X 10“" ohms =16 X I(>'(electron)ag.), p.= \. F = 3 x 10'", 

from which we obtain 7/= 1'2 x 10". It appeai-s that, according to this theory, 
a ray of light in a good conducb)r ought to l>e almost extinguished before 
traversing more than a small pi>rtion of a wave-length. This prediction of 
the theory is not borne out by cxixjriment, and for a long time this fact con- 
stituted a difficulty in Maxwell’s Electromagnetic Theory. 

We shall sec below (§613) that the difficulty may possibly disappear as 
soon as the simple theory of Maxwell is replaced by a more complex theory in 
which the existence of electrons is definitely taken into account. But before 
passing to this morr* compIeU’ theory, we shall examine to what extent the 
present simple theory is capable of accounting lor the phenomena of metallic 
reflection. 


j. 


35 



546 


The Electromagnetic Theory of Light [oh. xvm 


Metallic Reflection. 


Let us suppose, as in fig. 138, that we have a wave of light inci- 
dent at an angle 9x upon the. boundary betw'een two media, and let us suppose 
medium 2 to be a conducting medium of inductive capacity K^. Then (cf. 
§599) all the analysis which has been given in §§593 — 597 will still hold if 
we take if* to be a complex quantity given' by 

/f, = AV+ (574). 

ipr ^ ' 

Since Aj is complex, it follows at once that is complex, being given by 

(7’ 




K\ 




and hence that the angle 6^ i.s complex, being given (cf. equation (557)) by 
sin’ 01 


sin’ 0.J = ' 






.(575). 


The value of h is now given, from equation (562), by 

K-i fLi cos’ 02 
^2 Ki cos* 0, 


u- = ■ 


tan* 0, (576) 


_ 'sec«0i-' 2 

AH' A, 

(cf. equation (575)) for light polarised in the plane of incidence. For light 
polarised perpendicular to the plane of incidence, the value of u is found, as 
before, by interchanging electric and magnetic symbols. 

On putting w = a 4- id, we have, as before (equation (5(54)), 

Z'" _ I-M _ 1 - 0 - 
Z' 1 -t- 1 / 1 + a + 1)9 ’ 


If we put this fraction in the form pe'*, then the reflected wave is 
given by 

Z =z Z"‘ e**' (-.■■€<»», + »iin«, - r,/) _ ^ ' Fif +'X) 

Comparing this with the incident wave, for which 

Z ^ gt«T; (xro«#,+jr#in - Vit\ 


we see that there is a change of phase /<,x at reflection, and the amplitude 
is changed in the ratio 1 ; p. The electric force in the retracted wave is 
•accompanied by a system of currents, and these dissipate energj', so that 
the amplitude of the reflected wave must bv* less than that of the incident 
wave. 


pe<x = 


1 — a — id 
l + a + id’ 


We have 
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so that p' 

shewing that p < 1, as it ought to be. Also 

tan 


(l-a)* + /9“^ 4a 


X = - tan"' ■ 

1 — a 


1 + a \ — — ^ 
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.(577) 

.(578). 


603 . Experimental determinations (»f the values of p and x have been 
obtained, but only for light incident normally, the first medium being air. 
For this reason we shall only carry on the analysis for the case of 8 — 0. It 
is now a matter of indifference whether the light is polarised in or at right 
angles to the piano of incidence; indeed it i.s easily verified that the values 
given for p and x by e(piation.s (577) and (578) arc the same in either case. 

Taking for sini{tlicity the analysis appropriate to light polarised in the 
plane of incidence, and putting d = 0, p., = 1, A^, = 1, we have from equation 
(576) 

„ /r, AV 47rC’= 

II' = = h , 

P, P; ipTfU 

and, since u — a + i/3, this gives 

(579), 

a/9 = - (580). 

prp, 


604 . U‘t us consider the results as applied to light of great wave-length, 
for which p is very small. For such values of p, a8 is clearly very large 
compared with a' — /S', so that a and /8 are nearly equal numerically, and we 
may sui)jx>8e tts an appro.ximation that (cf. equation (580» 

/2w(? 

a = -8 = J (581). 

V prp, 

When a and /3 arc eijual and large, equation (577) becomes 

o’ '/S 


Let us sup{)<)se that an i?icident beam hits intensity denoted by 100, and 
that of this a beam of intensity R is retlected from the surface of the metal, 
while a beam of intensity 100 — enters the metal. Then R may be called 
the reflecting {tower of the metal. 


The intensity of the absorbed beam is 

100- K= 100(1 -pO 

=. 200 ^ 1 ^ 


AT/P 

271^* 


,(583>. 


35—2 
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We notice that for waves of very great wave-length (p very small) R 
approximates to 100, so that for waves of very great wave-length all metals 
become perfect i-eflectors. This is as it should be, for those waves of very 
long period may ultimately be treated as slowly-changing electrostatic fields, 
and the electrons at the surface of the metal screen its interior from the 
effects of the electric disturbances falling upon it (cf. § 114). 

Equation (583) predicts the way in which 100 — R ought to increase 
as p increases, ami an extremely important series of experiments have been 
conducted by Hagen and Rubens* to test the truth of the formula for 
light of great wave-length. The following table will illustrate the results 
obtained f; 



100-71 for X-ia^ 





observed 

calculated 

Silver 

116 ' 

1 .3 

Copi>er 

Gold 

!•« , 
‘2-1 

1-4 

1-6 

Platinum 

3 O 

.'V.'-) 

Nickel 

•11 

30 

Steel 

4'J 

4-7 

Bismuth 

17-s : 

1 1 3 

Patent Nickel P 

r>*7 

.■>•4 

„ „ M 

7-0 


Constantin 

ov 

7-4 

lloBse's alloy 

7 1 

7 3 

Brando’s and Sohiitiemaiin’s alloy 

01 



In the calculated values, the value of K i.s assumed to be unity, and an 
error is of course intnaiucef! fmm the fact that the wave-length dealt with, 
X,= 12p, although large is still finite. 

It will be seen that the agreement between the calculated and the 
observer] values i.s surprisingly goorl, when allowance is made for the extreme 
difficulty of the experiments and for the roughne.s.s of .some of the approxi- 
mations which have to be made. 

606 . Hagen and Rtibens also conducbsl e.xperiments for light of 
wave-length.s \ = 25‘5^, Hfi, iind 4/x. On comjxtring the whole series it is 
found that the differences between observed ami calcuilated values Iwcome 
progressively greater on passing to light of shorUr wave-length. Drude hits 
conducted a series of experiments on visible light, from which it appears that 
the simple theory so far given fails entirely to agree with observation for 
wave-lengths as short as those of visible light. 

• Annalen tUr Phyaik, 11, p. 873; Phil. Man. 7, p. I.)?, 
t Phil. Mag. 7, p. 168. 
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Electron Theory. 

606, We hav e now reached a stage in the development of electromagnetic 
theory in which it is clear that the simple conceptions which have so far been 
employed are no longer adequate to give a complete explanation of the 
phenomena. The conceptiori.s on which the preceding analysis has been based 
have been the original conceptions of Maxwell’s theory; it is natural now to 
examine in what way the theory can be modified or improved by the intro- 
duction of the more modem conceptions of the electron theory. Instead of 
reganling a current as a continuous How of electricity, we shall take definite 
account of the pri'sence of electrons. We shall have to consider two sets 
of electrons, the “free" and “bound” electrons of § 345 a, these being the 
mechanisms resiwctiveiv of conduction and of inductive capacity. 

The aj)plication of an electric force X will result in a motion of free 
electrons similar to that investigated in § 34.5 a, and in a motion of the 
bound electrons similar to that discussed in § 151. But if X is variable 
with the time, the inertia of the electrons \yill come into play and the 
resulting motion.s will be different from those given by Ohm’s law and 
Faraday's law. We shall suppo.se that at any in.«tant the current produced 
by the motion of th<^ free electrons is v/, and that that produced by the 
motion of the bound electrons is Ut,. 


607. M’e may consider first the evaluation of u/. Taking If to be the 
number of free electrons jier unit volume, and allowing for change of notation, 
equation (c) of i!34.>a may b»‘ re-written in the form 


('A' = r'uf + 


m diif 

dt 


(584), 


ill which, as throughout this chapter. A' is ex[)ressed in electrostatic units, 
while itf is ill electromagnetic units, and t' stands for 7 /AV, so that t' becomes 
itieiitieal witii tlu‘ specific resistance t when the currents are steady. 


This eipiation is apjilicable to our jiresent investigation if w'e suppose 
A’ to be p'riiKiic in the time of freijuency p 'l-jr. Taking X = the 

.solution of etiualfoii (584) is 

— (585). 


T + 


A'V 


’P 


The quantity t' here may ilejamd on p, and without a full knowledge of the 
structure of matter it is impossible to decide how important the dependence 
of t' on p may be. W’e are therefore compelled to retain it as an unknown 
quantity in our equations, remembering that it becomes identical wdth t when 
p =■ 0 , and is probably numerically comparable with t for all values of p. 
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X 


We may note that the real part of the current, corresponding to the force 
=■ X# cos is 

GX, , , . 

- cos {pi — «) COB e, 


in which tan « = > shewing that the inertia of the electrons, as repre- 

sented in the hist tenii of equation (584), results in a lag e in the phase 
of the current, accompanied by a change in aniplitude. The rate of generation 
of heat by the current u/, being equal to the average value of UfX„cospt, 


18 found to be i — cos’ e or i - , 
T ■ ’p 


where 


■ . / Mt /J 

r^ = r sec’e=T+^y,^-;^, 


(586). 


It is worth noticing that for light of short wavi'-length the last term in Tp 
may be more important than the first term t'. Thus t,, may be largest for 
good conductors, and smallest for bail conductors. 


608. We turn to the evaluation of M|„ the current produced by the small 
excursions of the bound electrons, as they oscillate under the periodic electric 
forces. 

We shall regard a molecule (or atom), as in § 151. as a cluster of electrons, 
and these electrons will be suppo.sed capjible of performing .small ('xcursions 
about their positions of equilibrium. As has already been Siiid (§182) it is 
probable that this conception of the structure of the molecule repre.sent.s only 
a half-way house towards the truth, but it provides a picture or model of the 
structure with the help of which many proja-rtios may be e.xpJiiined. 

Let di, 6,,, ... be generalised cimrdinates (cf. § 54H) determining the 
positions of the electrons in the molecule, these being chosen so as to be 
measured from the position of equilibrium. So long as we consider only 
small vibrations, the kinetic energj’ T and the potential energy W of the 
molecule can be expreaseil in the fonns 

2 W = + (587), 

2r = bJ,-‘ + 2hJA + + (.>88), 

in which the coefficient.s a,i, ..., b^, ... may bt' tre.ated as constants. 

By a known algebraic process, new variables (/>,, <^, ... c^n be found, such 
that equations (587), (588) when expressed in terms cd these variables 


assume the forms 

(.->89), 

2T = y8,^,« + )9,.^.*-(- (590). 


these equations involving only squares of the new coordinates ^j, 

The coordinates found in this way for any dynamical system are si)oken of as 
the “principal coordinates” of the system. 
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The equation of motion of the molecule, when acted on by no external 
forces, is readily found to be (cf. equations (500)) 

= (s= 1,2, ...) (591). 


These etjuations arc known to represent simply periodic changes in 
4>t> 4 * 2 ) ••• of frequencies n-ijifr, ... given by 



It is possible that we have evidence of the frequencies of molecular vibra- 
tion in certain ot the linos of the spectrum emitted by the substance under 
consideration; if so equations (592) connect the frequencies of these spectral 
lines with the coefficients of the principal coordinates of the molecule. 

609 . If the molecule is now supp<wed to vibrate under the influence of 
externally applied forces (such, for instance, as would occur during the 
{lassage of a wave of light through the medium), equation (591) must be 
replact'f] (cf equation (508)) by 

= - !>»<#>« + 'b. (593), 

where <1>, is that part of the “generalised force” corresponding to the 
coordinate ahicli originate.s in the externally applied forces. 

If A' is the electromotive force in the wave of light at any instant, each 
electron will exp-riiuice a force Xe, and there will be a contribution of the 
form S', Ac to <t>,. 

Again the electrostatic field created by the displacements of the electrons 
in the various neighbouring molecules will contribute a further term to 
The di.splacement of any electron through a distance f will produce the same 
field as the creation of a doublet of strength ef. Thus if there are M 
molecules per unit volume, the total strength of the doublets per unit 
volume, say T, may be supposed to W of the form 

r = Me ( 7 ,</), + -I- . . .) (594), 

and these will produce an electric intensity of which the average value may 
be taken to be (cf. § 145) xF, which must be arlded to the original intensity 
A' of the wave. 

The total value of is therefore f^(A' + wF), so that on replacing a, by 
its value from equation (592), equation (593) becomes 

A (^. + (A' -) *r) (595). 

If we supjioae X to deitend on the time through the factor «'»'*, then 
^ will clearly depend on the time through the same factor, and we may 
rt^place by Eejuation (595) nt>w becomes 

. _ (-Y. 


,(596), 
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whence, by equation (594), 



and if we write 

8 = - (598). 

V p, (n/-F) 

this gives, as the value of F, 

w 

The current produced by the motion of the bound electrons is % in 
electromagnetic, and therefore Cm* in electrostatic units. Its value in 

electrostatic units is also (cf §845rt) Neu ttr Se where the summation 

is taken through a unit volume, and this in turn is equal to F. Thus 

_r’_ ipB X 

1 -^e O' 

The total current, e.xjiressed in electromagnetic units, is 

1 df 

cdt + "" "'• 

In calculating / we must remember that the polarisiition prixluced by 
the motion of the bound electrons is alreaily allowi'd for in the prestmee 
of the term Mj. Wo accordingly take f tKjual simply to XjiTr, and on 
further replacing »(, and !/, by the values found for them, the total current 
becomes 

ipX ( 47rd \ {'X 

wc(' + i <“'">■ 

In place of equation (o()9), the ecpiation of propvgation is 
P hj--\ ^ I- . I . m . \{^ 

As in §600, the stdution is 

X = Ae'i’'e* (601), 




Non-conducting media. 

610. For a non-conducting medium t' = x, so that the last term in 
equation (602) vanishes, and the right-hand member Iwcomes wholly real. 
For certain values of 6, this right-hand member is negative, so that q—0, 
shewing that light is transmitted without diminution; the medium is 
perfectly transparent. 
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For transparent media we may take /» = 1, and the velocity of propagation 
V is given by 

J_ _ r® _ 1 / ifirO \ 

v-~ \-Ke)- 

If V is the refractive index of the medium, as compared with that of a 
vacuum, V=C'i>, so that 

= (603). 


I — kS 


whence 


— 1 c 

, =x3 = M^ , ‘ , 

e + u rig^ — p® 


(604). 


in which o = ~ ] Cg= " , so tliat a and c. are constants, 

'f A 


Clearly (cf. § (iOft) the value of n can be calculated if we make 
assumptions as to the arrangement of the molecules in tlic medium. On 
assuming that the molecules are regularly arranged in cubical piling, k is 
found to have the value so that a becomes equal to 2. 

Formula (tiO-t) in which (i is neglected altogether becomes exactly identical 
with the well-known Sellmeyer or Kettcler-Helmholtz fonnula for the 
disjx'rsiori of light, of which the accuracy is known to be very considerable. 
If n is put <*ijual to 2, the formula becomes identical with dispersion formulae 
which have la-en .suggested by Larmor and Lorentz. 

It has been shewn by Machuinn* that formula (604) will give results in 
almost (KU’fect agreement with exp»>rimont, at least for certain solids, if a is 
treated as an ad jiistiiblc const4mt. The agreement of the formula is so very 
go<Hl that little doubt cjtn be hdt that it is founded on a true basis. Mac- 
laurin finds for a values widely different froui 2 (for rocksalt a = 5’51, for 
fluorite a = 1041, the differences between these numbers and 2 pointing 
]x*rhaps to tile crv.stalliiie arrangement of the molecules. For liquids and 
gases we should exjx'ct to find a equal to 2. 


Since M is proportional to p. the ilen.sitj- of the substance, formula (604) 

indiftitcs that ought to vary directly as p when p varies. This law, 

with u taken equal to 2, was iuinomiced by H. A. Lorentzf of Leyden and 
L. Lorenz^ of Copenhagen in ISHO. Its truth has been verified by various 
observei's, and, in jiarticular, by Magri§ for a large range of densities of air. 


J;- — . 1 

From isiuation (604) it also follows that the values of -- for a mixture 
* ir -¥ a 

— 1 

of liquids or ga.s<'.s ought to lx* eijual to the sum of the values of it® 


• Prof. Itoy. S,>c. A, 81, p. .'Sj? (1908). 
J ll’Kil. .Inn. 11, p. 70 (1880). 


t V'ied. Ann. 9, p. 641 (1880). 

§ Phy». Zeiuchrifl, 6, p. 629 (1905). 
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mgredients, a law which is also found to agree closely with observation on 
taking a — "!. 

611. For certain other values of 6 , the right hand of equation (602) (in 
which t' is taken infinite) is found to be real and positive. We now have r = 0 
and the solution (601) becomes 

X = (605), 

shewing that there is no wave-motion proper, but simply extinction of the 
light. Thus there are certain ranges of values of p (namely those which make 
(q + iry positive in equation (601)) for which light cannot be transmittinl 
at all ; these must represent absorption bamls in the spectrum of the sub- 
stance. 

Clearly {q + try becomes positive when 0 i.s large and negative. It will 
be noticed that 6 , as given by equation (598). becomes infinite when p has 
any of the values n,, v.j, ..., changing from — ac to -)- ac as p passes through 
these values. Thus the absorption bands will occur clo.se to the frispiencies 
of the natural vibrations of the molecule. But just in these regions we have 
to consider certain new physical agencies which cannot legitimat;ely be 
neglected when p has values near to n,, .... although probably negligible 

in other regions of the spectrum. 

612. Equation (593) is not strictly true with the value we have a.ssigue<l 
to <!>,. For, in the first place the vibnitions represented by the changes in <f>„ 
are subject to dissipation on account of the radiati(m of light, and of this n<i 
account has been taken. In the second plaice there must be sudden forces 
acting in liquid.s and gases oc-oi.sioiie<l by molecular impacts .and requiring the 
addition of terms to <I>, throughout the short jieriods of thesa; imiwets. There 
must be analogous changes to bt' considered in the ca.se aaf a solid, although 
our ignorance of the processes of molecular motion in a solid makes it im- 
possible to specify them with any precision. 

The eflect of these agencies must lie to throw the ^,’b of the different 
molecules out of pha.se with one another and also out of phase with X and F. 
The analysis of § 609 has made the ratios ef X : T : (ft, wholly real (cf. equa- 
tions (696) and (597)), indicating that A', F and ff>, are exactly in the same 
phase. The considerations just brought forward shew that these ratios ought 
also to contain small imaginary jiarts. 

The process of sepanating real and imaginary pirts in equation (602) now 
becomes much more complicated, but it will be obvious that for all values of 
p, both q and r will have some value different from zero. Thus there is 
always some extinction, of light and some transmission, for all values ofp, and 
there is no longer the sudden change from total extinction to perfect trans- 
mission. The edges of the absorption band become gradual and not sharp. 
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But the molecular model now in use probably does not represent the details 
of molecular action with sufficient truthfulness to make it worth trying to 
represent the conditions now under discussion in exact analysis. 


Conducting 'media. 

613. For a conducting medium we retain t in equation (602), and on 
equating imaginary jjarts we obtain, in place of equation (572) of §600, 

(606), 

where is given by e<juatii>n (586). Thus equation (573) of §600 becomes 
rejdaced by 

^^27rFM 

For vi.sible light this gives a very much .smaller value of q than that 
discussed in § (iOO, and the value of q will obviously be still further modified 
by the consi<leration.s mentioned in § 612. 

614. < )n comparing the total current, as given by formula (600), with the 

value ^ ^ iussigned to it in the analysis of ^ 594 — 598, we see that all 

this earlier analysis will apply to the present problem if we suppose iT to be 
a complex (pianlitv given bv 

47r(’= 


v"+- 




.(608), 


where V is giien by formula (003). 
If, as in § 603, we put 


we find 


A”. 

H-= *=(a + i)3)», 

Ml 


a- -;^- = 


1 


»l 477 ( 7 “ 


L 

a/d-- 


.(609), 


t'tj, 

PTpMl 

so that the reflecting power R of a nieml may be calculated from equation 
(577) in terms of t,,. 


616. On comparing formulae (609) with experiment, the general result 
appears to emerge, that, in order to iwtcount for the optical properties of 
conductors in this way, the number of free electrons in conductors must be 
comparable with the number of atoms. According to a paper by Schuster, 
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published in 1904*, the ratio of the number of free electrons to atoms ought 
to range from 1 to 3 in various substances; Nicholson f, as the result of a more 
elaborate investigation, obtains values for this ratio ranging from 2 to 7. 

This result discloses a difficulty from which the electron theoiy, in the 
form in which we have so far considered it, has shewn little power of extri- 
cating itself. 

Specific Heats and Electrical Conductivity. 

616 . According to the well-known law of Dulong and Petit the atomic 
heats of a large number of elements have values which arc approximately all 
equal. Nernst and Lindemann have recently determinetl the specific heats of 
a large number of elements, and have fouml that, for all the elements they 
have examined, the atomic heats meivsiired for constant volume (i.e. after 
correction for expansion arising out of change of temperature) have all the 
same value 5'9.5. Now the atomic heat represents the increase jkt »init rise 
of temperature in the energy of the solid me;»sured ])er atom of its structure. 
Thi.s energy can be reganled .is the sum of two contribution.s, namely the 
energy' of the atoms and the energy of the free, electrons. The energy of the 
atoms can be calculated by the well-known methods of the Kinetic Theory of 
matter, and it is found that this eiu'rgy will provide a contribution to the 
atomic heat equal exactly to the totsi! amoutit of the. atomic heat, namely 
5'95; in other words the ciintribution from the energy of the free electrons is 
as small as the ex}K>rimental error. But the contribution from a given nuinbiT 
of free electrons also admits of th<*orctical calculation if we make the aasutiqi- 
tion that their motion conforms to the onlinarv dynamical laws. If there 
were as many free electrons as one-tenth of the numl)er of atoin.s, the contri- 
bution to the atomic heat w<nil<l bi- dO. .so that the total atomic In-at would 
be 6’25, a number much too large to be reconciled with the exju-riments of 
Nernst .and Lindemann. 

617 . The foregoing figures refer only to matU'r at comparatively high 
temperatures. The sjx.’cific heals of the elements have however been <let<‘r- 
mined by Nernst and Limlemaun through a very wide ninge of temjH'ratures, 
namely from norn^al temjieratures <lown to the lowest temperatures now 
available in the laboratory. And it hf»s recently b<;en .shewn by Debye that 
the atomic heats found by thes<! <-xjK;riments are, at all temperatures, almost 
exactly equal to tho.se to be exjiecb-d on theoretical grounds on the .supposition 
that the free electrons contribute nothing to the spiicific heat. The observed 
atomic heats agree so well with those calculated from theory, for all substances 
examined and at all temperatures available, that the conclusion seems to be 
inevitable that the number of free electrons is veiy small compared with the 
number of atoms. 


Phil. Mag. February 1904. 


t FMl. Mag. Aug. 1911. 
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618 . Thus we are led to the wmclusion that although the present electron 
theory may shew a certain power of explaining the optical properties of 
metals, ([ualitatively at least, yet this explanation demands the presence of 
a far greater number of free electrons than can be reconciled with the values 
of the specific hfiats. 

If the present electron theory were in other respects satisfactory, the 
difficulty just revealed might be thought to constitute a serious defect in the 
electromagnetic theory of light. But the present electron theory is far from 
satisfactory in other respects; indeed a diffieiilty' very similar to that just 
disclosed has been found to arise in connection with a much simpler pheno- 
menon, namely the conductivity of rnctals. We have seen (§ 845 a) that the 
electron theory retpiires th.at in a gowl conductor the number of free electrons 
should be large; approximately how large it must be is a matter which can 
also be determincsl by further analysis. The reijuisite analysis has been 
given by Drude. 


619 . We may suppose, as a rough approximation to the truth, that in a 
conductor each free electron moves freely for a certain length of time t 
between tw'o con.secutive collisions with molecules. In the notation already 
used in § 84.') a, the momentum gained in this time will be Xet. If we 
supjKise this momentum to be entirely checked at each collision (cf. ^ 355, 
873), the average forward momentum of all the electrons at any instant will 
be ^Xet. and since this is ecpial to iini in the notation of | 345 a, we have 

= (610), 

and hence (by equation (5). § .845 «) 

1 

, = — lY (611). 

2 /« 


Thus the quantity 7 of § 845 u is, as regards onler of magnitude at least. 


equal to , and the sfKjcifie resistance t of a substance will be given by 

' (612), 

T 2 tn 


where N is the number of free electrons per cubic centimetre. Now for silver 
or copjK^r T = 1 -6 X 10"® ohms = 1 8 x lO"** in electrostatic units. The value of 

,in eUx^trostatic units is 1'26 x 10®, and hence to give to t the value 

2 m 

appropriate for silver or coj)per we must have Nt~5x 10° approximately. In 
silver or copper the number of atoms per cubic centimetre is of the order of 
10“, so that if the observed values of the specific heats do not allow' of iV being 
more than one-hundredth part of this ivc must at most suppose that X is of 
the order of 10“, and this requires t to be comparable with 5 x 10“'* at least. 
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Since the average velocity of the free electrons is believed to be about 10’ cms. 
per second (§ 345 a), this would require each electron to travel an average 
distance of 5 x 10~* cnis. between consecutive violent collisions. This appears 
to be too large to be reconciled with present beliefs as to the structure of 
matter. 

The difficulty becomes much worse when we consider the phenomenon at 
low temperatures. Kaiuerlingh Onnes has found for silver at a temperature 
of 13'88° abs. a resistance only equal to 0'7 per cent of that at 0° C. Thus in 
silver at this low temperature we must have Nt of the order of 10”. so that if 
we take N *■10'-’' as above, t — 10“*. This velocity of free electrons at this low 
temperature is of the order of 2 x 10*. so that the average distance travelled 
would be about ^ cm. 

620. It is now abundantly clear that the difficulty in (juestion is not 
limited to the Electroinagnctic Theory of Light. A large accumulation of 
evidence suggests that a new electron theory is needed. So far as can Vie seen, 
the essential peculiarity of the new theory must be that the laws of interaction 
between an electron and other electrons or raj’s of ligh(|fnuist be of a nature 
quite different fixun the classical mechanical I^iiws. To develop this idea 
further we should have to enter the province of the Theory of QuanU, which 
must be regarded as outside the scope of the present book. 



CHAPTER XIX 

THE MOTION OF ELECTRONS 
General Equations. 


621. T HE motion of iin electron or other electric charge gives rise to 
a system ol displacement currents, which in turn produce a magnetic field. 
The changes in this magnetic field give rise to new electric forces, and so on. 
Thus the motion ol electron.s or other charges is accompanied bv magjnetic 
and electric fields, mutually interacting. To examine the nature and efiects 
of these fields is the object of the present chapter. 

The necessiiry equations have already Vjeen obtained in § 574, but the 
current u, v, n' will now be regiirdeiJ as prorluced by the motion of charged 
bodies. If at any point j-, y, z there is a volume density p of electricity 
moving with a velocit|^ of coriqsments r, i', iv, then the current at a:, y, z has 
comjxments pu, p\\ pir in electrostatic units. Since «, r, w in equations (629) 
are measured in electromagn<-tie units, they must be replaced by pU/C', pvfC, 
p\yjC, and the equations become 




eu- 

dy dz ’ 


(613). 


Eijuations (528), namely 


1 da ?Z 
C di 


ar 

dz 


etc. 


(614), 


remain umiltered, and the two sets of equations (613) and (614) provide the 
material for our present discussion. 

When wi- had these same equations under review' in §574, (7 w'as regarded 
merely a.s the ratio of the units. We may now regard C as being the velocity 
of light, this being al.so the velocity of any other electromagnetic disturbance 


in free sjwce. 


622. If we differentiate equations (613) with respect to x, y, z and add, 
we obtain 

f) 3 3 X d fdf dg dk\ 

d.v ^dy = " dt [dx + + ai ) • 

We have also, its an equation of continuity, expressing that the increase 
in p in any small element i.s accounU'd for by the fiow of electricity across the 
faces by which the element is bounded, 


3ir 
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By comparison with the equation just obtained, we have 

i. (^t + ^ is 

dt\dx dy dz) dt' 

of which the integral is our former equation (63), namely 


[oh. XIX 


df dg 

dx c)« ^ 


.(615). 


Similarly, on differentiating equations (614) with resjject to x, y, z and 
adding, we obtain 

d (da dh 3c\ _ ^ 
dt V^r dy dz) ' 

of which the integral is our former equation (362), namely 

da dh dc ^ 


+ = ^ 

623 . At u jioint at which there is no electric charge (^ = 0), equations 
(613) and (614) become identical with the systems of eqtiations (A) and (B) 
of § 577, and the qviantities A', K, Z, a, /3, 7 must all satisfy the differential 
equation (534), namely 

i'>17). 


.t617). 


I Fokce ok a Movis’o ELErTKox. 

624 . Consider afresh the problem of which a preliminary disons.si(»n has 
already been given in § 572, of a single electron moving with a velocity r 
parallel to Ox. Since the field necessjirily moves with the electron, the rate 
of change of any quantity % as we follow it in its motion must lx; nil. Thus 
we must have 

so that ^ may be replaced by — f , ^ throrrghout our equations. 


Etjuation (617) bt^comes 

dx^ \d.c^ dif dz*} ' 


or, since a* — G^jKfi, 


( 1 _ ^ 0 (618) 

V a* / dx* dy* ^ dz* ^ 


Also equations (61.3), (614) assume the forms 

0~V dx) dy d. 
vda dZ_dV 
Cdx dy dz " 





( 620 ). 
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626 . In most problem-s, the velocity of motion u is small compared with 
the velocity of light, so that vjC may be treated aa a small quantity. 
Ei}uatiun (619) shews that the magnetic field set up by a moving charge may 
be regarded as sntall if ujC is small. The same is of course true of the field 
set up by any number of moving ‘charges provided all their velocities are 
small compared with that of light. 

When ujC is small, equation (020) 8hew.s that 


dz _ or 

dy dz 


will be a small quantity of the second order. Let us suppwse, until the con- 
trary is stattHl, that I’/C is so small for each moving charge that may 
legitimately be neglecU-d. 'I'hen 


dZ 


ar 

CZ 


— 0, etc., 


so that the forces X , \\ Z are derivable from a piotential fi. When u^jC^ is 
neglected equation (016) reduces to = 0. This equation is satisfied by 
X, F, Z se{iarut,ely, and therefiire also by fl. Since X , F, Z also satisfy 
equation (01 T)), or 

dX dY dZ . 

OX dy dz 


it is clear that the values of X, 1”. Z are e.xactly the same as if the moving 
charge were instantaneously at re.st. 


626 . 'fh is is exactly the assumption we made in § 572 in calculating the 
magnetic force from a moving charge. The forces there calculated, namely 


0 = 0, fS= — 


(' ez 


^ Cr^ 


.( 621 ), 


arc' now seen to be accurate provided may be neglected, but not 

otherwise. 


The Force acting on a Moving Electron. 

627 . The assumption we have made that i’jC is small is the same as 
assuming to a firet approximation that C is so great that. the medium may be 
SuppostKl to adjust itself instantaneously to changes ocxurring in it, just as 
an incompres.sible fluid would do. The time taken for action to pass from 
one fK)int to another may be neglected. We may accordingly assume that at 
any instant the mechanical actions of any two parts of the field upon one 
another are such that action and reaction are equal and opposite. 

j. 


36 
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From equations (621), it appears that an electron moving with velocity 
V, 0, 0 at the origin will exert a force of components 


0. - 


re mz 
C ■ 


re niy 

C 7 *' 


upon a miignetic pole of strength m at x, y, z. It follows that a magnetic 
pole of strength m at .r, y, z will exert a force of conijKments 


0 , 


ce mz 

■“c 7^' 


re my 

r h ' 


.(622) 


upon the moving electron at the origin. 


628 . If we have a number of magnetic pole.s, the resultant force upon 
the moving electron has components 


0, («2;i) 


and the components of magnetic force at the origin are given by (cf, §‘4‘08) 


nu; 


a = — i. , , etc. 
r' 


Thus the force on the moving electron may be put in the fonn 


0. - f, y. 


re ^ 


.(624), 


Plainly the force on the electron will be given by formulae (624), whether 
the magnetic field arises from poles of permanent magnetism or not. It is 
clearly a force at right angles both to the ilirection of motion of the electron, 
and to the magnetic force a, 0,y at the jmint. If U is the resultant magnetic 
force, and 0 the angle between the directions of H and the axis of .r, then 
the resultant of the mechanical force is re H am 6;C. 


629. If the electron has coinjKuients of velocity v, i", the comjsmont 
of the mechanical force on it will be 

yair-yr), ®(/Sr-ar) (62.u). 

Since the mechanical force is aiways perpendicular to the direction of 
motion, it does no work on the moving particle; and, in particular, if a 
charged jiarticle moves freely in a magnetic field, its velocity remains con- 
stant. 

The existence of this force explains the mcchaiiiMin tiy which an induced current is set 
up in a wire moved across magnetic linos of force. The force has its direction along 
the wire and so sets each electron into motion, producing a current ])ru(N>rtional jointly to 
the velocity and strength of the field — t.e. to dNjdt. 
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The “ Hall Effect" 

630. Very direct evidence of the existence of this force is provided by 
the Hall Effect. Hall* found that when a metallic conductor conveying 
a current is })laced in <a magnetic field, the lines of flow rearrange themselves 
as they would under a superjKised electromotive force at right angles both 
to the direction of the current and of the magnetic field. The same effect 
has also been detected in electrolytes and in gases. 

The Hall Effect i.s of interest as exhibiting a definite point of divergence 
between Maxwell’s original theory and the modern electron theory. Accord- 
ing to Maxwell’s theory, a magnetic field could act only on the material 
conductor conveying a current, and not on the current itself, so that if the 
cimductor wa.s held at rest the lines of flow ought to remain unaltered f. 
The electroji theory, eontinried by the exjx.‘nincntal evidence of the Hall 
Eflect, shews that this is not so, an<l that the line.s of flow mu.st be altered 
in the presence of a trans\ erse magnetic field. 


Motion of o chargeil jMJrticle in a uniform magnetic field. 


631. I>'t a [ttirliclo of charge e move freely in a uniform magnetic field 
of intensity H. Let its velocity be resolved into a component A parallel to 
the lines of force, and a component B in the plane perjxjndicular to them. 
By what has ju.st lu't'n s.iid ()29) both A and B must remain constant 
thioughout the motion, ami there will be a force eJJBjC acting on the particle 
in a direction peifs ndictdar to that of B, and in the plane perpendicular to 
the line.s of force. Thus if ni is the mass of the particle, its acceleration must 
be elJBiiaV in this siime direction. 


Considering only the motion in a plane perpeiirlicular to the lines of force, 
we have a velocity B and an acceleration eHB;mC perj^endicular to it. This 
latter mmst be ecpial to H p, whore p is the curvature of the path. Thus 
BmC 
^ ell 


, a constiirit, shewing that the motion in question is circular. 


Combining this circular motion with the motion parallel to the lines of 
force we find that the complete orbit is a circ’ular helix, of radius BviGjeH, 
described alxuit one of the lines of magnetic force as axis. 


632. By mi'asuring the curvature of an orbit described in this manner, 
it is found possible to determine e;ni exjteriineiitally for electrons and other 
charged particles (cf. § f>().5 below^). Incidentally the fact that curvature is 
observetl at all provides experimental confirmation of the existence of the 
force acting on a moving electron. 

• I'htl. Unn. 9 (l«80), p. ^25. 
t Maxwell, Electricity and ilagnetism, § 501. 

36—2 
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The Motion of Eleetrom 


The Zeeman Effect. 

633. When a source of light emitting a line-spectrum is placed in a 
strong magnetic field, the lines of the spectrum are observed to undergo 
certain striking modifications. The simplest form assumed by the pheno- 
menon is as follows. 

If the light is examined in a direction parallel to the lines of magnetic 
force, each of the spectral lines appears split into two lines, on opjwsite sides 
of, and equidistant from, the position of the original line, and the light of 
these two lines is found to be circularly polarised, the direction of polarisation 
being different for the two. 

If the light is examined iicross the lines of force, these same tw'o lines 
app&ir, accompanied now by a line at the original position of the line, so 
that the original line now appears split into three. The side lint® are 
observed to be plane polarised in a plane through the line of sight and the 
lines of force, while the middle line is plane polarise<l in a plane pt'rj)endiculfu- 
to the line.s of force. 


634. These various phenomena w-ere observed by Zeeman in 1896, and 
an explanatitm in terms of tiie electron theory was at once suggested by 
Lorentz. 

Let us first examine a simple artificial cjise in which the sjM'ctfiim conUins 
one line only, assumed to be produced by the oscillations of a single electron 
about a position of equdibrium. 

If the fmjuency of thi.s oscillation i.s p/27r, tin* equations of motion of th<‘ 
electron must be of the fonu 

(G2f>). 

in which x, y, z are the coordinates of the electron referred to its i)o.sition of 
equilibrium. 

Next supfKJse the electron to move in a field of force of intensity E 
parallel to the axis of .r. Jn a^ldition to the force of rest itution of components 
— my‘x,— the elwtron will be acted on by a force (cf. fornmlae 

(62.i)) of components 

_ ell lU «// dy 

' c dt’ ~ c‘ at ■ 


In place of the former etpiations, the equations of motion arc now 

d^y 


m 


■ vtp^a; 


dt^ (i j 

d’r . eU dy 


(« 27 ). 
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The solutions of these equations are 
x=^A cos {pt — e), 

y = cos (fpt — 6,) + cos {q.J; — e,), 

2 - Ai sin (qit — c-,) + ^jsin (qj; - e,), 
in which A, A i, A.^, e, e, , c, are constiints, and q,, q, are the roots of 

eH 

imf = - mp‘ + -Qq (628). 


For even the strongest fields which are available in the laboratory, the 
value of the last term in this e(juation is small compared with that of the 
other terms, so that the solution of equation (628) may be taken to be 


= + p - 


eH 

2,nC ' 


The original vibrations of the electron, all of frequency p, may now be 
replaced by the three following vibrations; 

I. x= A C<m(pt — e), // = (), 2 = 0. 

II. a-^0. = ^.sin [(p *.] • 

III. ^ = 0, p = .1, cos [(p - < - e,], e = - sin [(p - t - e.J . 

Vibration I of freipiency p is a linear motion of the electron parallel 
to Ox. the direction of the lines of magnetic force. The magnetic force in 
the emitted nuiiation is accordingly always parallel to the plane of yz and 
vanishes immediately behind and in front of the electron (cf. § 618). Thus 
there is no radiation omitted in the direction of the axis of x, and the 
radiation emitted in the plane of yz will be polarised (§ 592) in this plane. 


Vibration.s II and III represent circular motions in the plane of yz of 
eH 

frequencies p ± ,, q- Clearly the radiation emitted along the axis of x will 

l)e circulitrly jsilarised, while that emitted in the plane of yz will be plane 
{Kilarised in a plane through the line Ox and the line of sight (the motion 
along the line of sight sending no radiation in this direction). Thus the 
observed appearances are accounted for. 


635. More complicated analysis leads to an explanation which is more 
true to the fircts, and also accounts for some of the more complex phenomena 
observed. 

Let the molecule (or atom) be regarded, as in § 608, as a cluster of 
electrons, capable of vibrating with frequencies n,/27r, n^j^Tr, .... and let the 
“principal coonlinates” (§608) corresponding to these vibrations be 
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With the notation of § 609, the eqtiation satisfied by any coordinate <f>, is 

«.«#>. + d>, (629), 


in -whirh the generalised force <I>, is now produced by the presence of the 
magnetic field. Clearly ‘t>, must be a linear function of the components of 

force acting on the separate elections, so that we may aes^me 

<I >5 = eH (ca , <^1 4- 4- . . .), etc. 

The rate at which work is done by these forces is 
^ 4- 4>5<^j + ...=eH 4- (c,j 4- c„) 4- . . .], 

and since this must vanish for all js)asible motions, we must have c„ = 0, 
c,j = — e,i, etc., So that equations (629) become 

J3,^, = - a,<t>, eH + c„(j>i 4- ...), etc (630). 


If light of fre<piGncy p‘'2-rr is emitted, there must bt* a solution of this .set of 
equations such that each of the ^’s involve.s the time through the factor e'p‘. 
Thus we may replace dkit by ip. ami on further replacing a,, etc., by their 
values from equation (592), eipiations (630) become 

BiW - p‘)4>, - ipf’H (CiA'i + = etc. 


The elimination of the </>’s leads to 

jj8,(i(,‘-p’), -ipeflcn, -ipelfcjs, ... 
I —ipeHcit, (Hj’ — /)’), —ipeHc^, ... 


= 0 (681). 


which gives the po.ssible valiie.s ofp. 

When H — 0, the detenninant becomes the product of the terms in its 
leading diagonal, so that the value.s for p are n,, n.,, .... as they should lie. 
If the sign of H is reversed, the di tenninant reniiiins unaltensl in value (for 
Cu = — Ca, etc.), so that the exjiansiou of the detenninant contains only even 
powers of H. 

We write 11 for the continiu*d product II ,S, («,’ — />’), 11 for the same 

# - 1 rs 

product with the r, a, ... terras omitted, and A for the detenninant 

r« 

I 6, Cii, C|j, ... 

I Cti , 0, ... I , 

* 1 

in which all terms are put equal to zero in which either suffix is not one of 
the series r, s, — Then the expansion of equation (681) is 

4- s p*e*H* n-...=o 

r,t rt r,t,t.u rtt* r*t» 


( 632 ). 
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Clearly the values of/j® will in general be of the forms 
+ dJ1\ jy‘= n/ + ej{\ etc., 
giving displacements of the spectral lines proportional to This cannot 
explain the Zeeman Effect, in which the disph'icement is proportional to ff. 

Guided by the results of § 624, let us next assume that a number « of the 
original free jxiriods coincide; for instance, let n,, n,j, Vg be each equal 
to rt, arul h‘t us search for roots of the form where f is small. As 

regards small (juai:tities, the first term of equiition (6.32) contains the sum 
in the second term contains ; the next sum contains 

and so on. The only terms of import- 
ance are tho.se coritidning 

C', 

and the equatifjn .issiimes the form 

4 a, + ...=0 (63.3), 

in which a,, o.,, ... are cfiefficients who.se ex.ict values need not concern us. 

It i.s- at once clear that then* will be s value.s of f each proportional to H. 
Moreover these values will (X'cur in pairs of equal and opposite values, except 
that when s is <Hld f=0 will be one value. This exactly explains the 
observed separations of the lines Ixrth in simple and in complex ca.ses. The 
divided line.s are found to be ulwaj’s symmetrically arranged about the 
original i>osition of the line, one of the lines coinciding with this position 
when the total number of lines is even. 

636. Accoixling to the simph* thoorj- of § 634, the frequency difference 
hp ought to Ix' gi\eii by 



so that hp H ought to be eon.stant for all lines of the spectrum. After the 
analvsis of § 63.'> it will not seem surpri.sing that this simple law id not 
altogether fulfilled. Nevertheless Sp U is found to be fairly constant for all 
lines, and tlie observixl values of 6/), // lead to values for ejm which are in 
go(xl agixxuneul with those obtained in other ways. 

It is observed that the divided lines in the Zeeman Effect are always 
comparatively sharp. Now it does not seem likely that the vibrating atoms 
can all assume the .s;vme orientation in a magnetic field no matter how feeble 
this field may bt‘, for this would be contrary to all the principles of the Kinetic 
Theory of Matter. We must therefore suppose that the vibrations of each 
atom are affected in precise!}’ the simie way, no matter w'hat its orientation 
may be. On the hypothesis that the molecule (or atom) consists of a clustJer 
of electrons capable of vibrating about {xisitions of equilibrium, the explana- 
tion we have given would seem to require that the cluster of electrons should 
be spherically symmetrical in its arrangement. 



S88 The Motion of Electron» [ch. xix 

This, however, ia quite contrary to modem experimental knowledge of the 
structure of the atom. 

Thus the explanation just given of the Zeeman Effect must be regarded > 
as only descriptive of the general type of motion; it does not express the 
whole truth. An attempt at a better explanation would cariy us into the 
Theory of Quanta, which lies outside the range of the present book. 


The Genebal Equations of Moving Eueutbons. 


637 . We now return to the general equations of §621, namely 


4ir 

C 




df\ _^y _?l9 
dy ?z ’ 


etc. 


.(636), 


Ida dZ 


.(636), 


C dt dy 

and discuss the field set up by the motion of electric charges when there is 
no restriction as to the smallness of their velocities. 

On multipl 3 ’ing both sides of equation (63.5) by /t* and differentiating with 
respect to the time, we obtain 


47r/t d / , \ d !?c _ 0l>\ 

(1 dtv^ dt) dt''(ty SzJ 


C dt V dt / dt ' dy d/J 
Using relations (636) we' readily find that the right-hand member 


._c[» 

Ypy \ Ox oy ) 


^ /dX _ ?z. 

?z dz dx / 


/dx r<r dZ 

bx \ bx by dz 




Putting 4 it/= KX and -t- 

C- dtS- C'> Kbx- 


688. This is the differential equation satisfied by X. Similar equations 
are of course satisfiiMi by Y and Z. If we divide both sides of equation (636) 
by (I and differentiate with respect to the time Ve readily find that « satisfies 
differential equation * 


V>a — 


Ky,d*a 

'WdP 


4arfb ? . 

6 ’ 


We shall shortly obtain these differential equations in another way. 
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Introduction of the Potentials. 

639 . With eqiiationH (636) we may combine the relation 

w 

(equation (616)), and it follows, as in §443, that we can find a vector-potential 
of components F. (r, H connected with a. b, c by the relations 

dG 

« = - — , etc (638), 

dy dz 

and with X, Y, Z by the relations (cf. § 530) 

„ 1 (IF 



in which ^ is a function, at present undetermined in the general case, which 
becoriK’S identical with the electrostatic potential when there is no motion. 

640 . We have seen (§ 442) that equations (638) are not adequate to 
determine F, G, H completely, and hence 'I' also (cf. equation (639)) is not 
fully determined. 

Let /'o. (?o, //j, Nl'o he any 8|K‘cial set of values satisfying equations (638) 
and (630). Then the most general values of F, G, fl are given by (cf. §442) 

F^Fo-PgJ.etc (640), 

where x arbitrary single-vahu'd function. 

To find the most general value of we have from equation (639) 

_ _ V 4. 1 4- 1 ^ 

?x C\ dt bxdt) d.v Cdxdt’ 

so that, on integration, 

1 0Y ’ 

'p = — -f + a consUmt (641 ). 

L- rt 

From (640) and (641) we obtain 

bF dQ dH 4. 

dx c>i/ or ^ 0 dt dx dy dz C dt C’ 

(642). 

The function x entirely at our disposal, so that 

may have any value we please to assign to it. Let us agree to gpve to such 
a value, for every instant of tin>e and all values of x, y, z, as shall make the 
right-hand member of equation (642) vanish. 
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The value-of ^ is now fixed, except for a set of values of ^ such that 

c>' ■ 




0 


at every instant and point, these values of x representing of course con- 
tributions that might arise from a set of disturbances propagated through 
the medium from outside. 

Except for such additional values of the vahies of F, 0, H, 'V are now 
uniquely determined by equations (640) and (641). The vector-potential 
will in future mean the special vector of which these values of F, G, H are 
the components, while the corresponding special value of 'E will be called the 
“ Electric Potential.” 


From equation (642) it follow.s that the vector- jK>tential and the electric 
potential are connected by the relation 


dF dG 

ft(/ 02 C 0f 


.(643). 


Differential Equatium satisfied by the Futentials. 


641, If we differentiate equations (639) with respect to 3\ y, z and add, 
we obtain 

dy^ dz)^ V dt\dx^ dy^ dz) 
which, on substituting from e(jUHtii>ns (643) and (63). becomes 


Kti. 4rrp 

" ('» dF““ ~K 


(644). 


the differential equation satisfie<l by 'V. We notice that for a steady field it 
becomes identical with Pois.son’s e<juatiun, while in regions in which there 
are no charges it bwwmes identical with the equation of wave-propigation. 


642. To obtain the differential, equation satisfied by F, we transform 
equation (635) by the use of equations (633). We have 
ArTTfj. / ^ df \ f'c dh 

0 V ^ ^ dt) "by dz 


0 / 0 (? 




dy ' cix dy 
d /?F do dl{\ _ 
0x \0x ^ dy ^ dz ) 


F\ _ 0 IdF _dH\ 
y) iz\cz bx ) 


whence, from equations (643) and (G39g 


V’F - 


C’> dt* 


C 


pr . 


.(645), 


the differential equation satisfied by F. Similar equations are of course 
satisfied by Q and H. 
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Differential Equations satisfied by the Forces. 


57l 


Ky. 


643. Operating on equation (639) with the operator ^ ~ 


have 


h-‘F - - - ('v^'P - ^ 

(D df‘ Cdt\ C* £?(*/ SxV C'“ dt^) 


.(646). 


47ra d , , ^rrdp 

C‘ K d^r 

This i.s the diffei-enlial eqa.-ition satisfied by X, and similar equations are 
satisfied by V and Z. The.se same equations were obtained by a more direct 
naethod in § 637. 

644. For the tliffi rontial equation siitisfied by o, fi, y we have, from 
equations ((i38) and (64,')), 


.(647), 



/iH 

dG\ 

V (W) 

\ by ■ 

" dzj 


4Tr {d{p»') 9(/5r)| 

~ (’ ( ry dz ] 

and similar ecpiatujii.s for and y. These equations agree with those already 
obtiiined in § 638. 

' i^olution of the Differ entud Equations. 

646. It will be seen that all the dirt’erential equations are of the same 
genemi form, nanudy 

^^ = _47ra.. (648). 




a- dt^ 


where <r arises from electric charges, at rest or in motion. 

(?learlv the value of y; may be regarded as the sum of contributions from 
tlu- values of <r in the difi’erenl small elements of volume. The simplest 
solution for x that arising from a distribution of a at and close to the 
origin, <r being zero everywhere else. 

For this .six‘cial solution x function of r only, which must satisfy 

^ u- dt‘ 

everywhere except at the origin. Proceeding as in § 578, and rejecting the 
term which reprcsents convergent waves, as having no physical importance, 
w'e obtain the solution (ci. equation (536)) 

(649), 


X = ^/(r-a«) 

where /is so far a jierfectly arbitrary function. 
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Close to the origin, this reduces to 




.(650), 


and it now appears that in equation (648) the middle term becomes insig* 
nihcont near the origin in comparison with the first term V’;^. Thus close 
to the origin the equation becomes identical with Poisson’s equation, and the 
integral is 


X = 


adxdydz 


( 651 ), 


r r 

where the integral is taken only through the clement of volume at the origin 
in which a exists, and t repres€>nte the integral of a taken through this 
element of volume. 


On comparing solutions (650) and (651), both of which are true near the 
origin, we find that 

= T (6.>2), 

and this determines the function / completely. The general solution (640) 
is now fully known, and by summation of such solutions the general .solution 
of equation (648) is obtained. 

Let P, Q be any points di8ta.nt r a])art : let t be any instant of time, and 
let f, denote the instant of time rja previous to it, so that 
Clearly is the instant of departure from P of a disturbance reaching Q at t. 
We may speak o( t, a» the “ retarded time ” at P eom'sponding to the time 
t at Q. 

With this meaning assigned to we have 

/(r-at)=/|- rt )r =/(-at.) = T, 

where t is evaluated at time t, (cf. expiation (6.52)). If we agree to denote 
by [^] the value of <f> estimated at the retarded time at the jwint at which 
occurs, then this value of t will Ihj expres.sed by [t], and solution (649) 
becomes 



The most general solutiim of t'quation (648), obtained by the suiiimatioii 
of solutions such as (65.8), is 



the last form applying when the distribution of tr octmrs only at points or in 
sMall regions so small that the variations of the retardation of time through 
each region are negligible. 

The analogy of Poisson’s equation and its solution in electrostatics (cf. 
§§ 49, 40, 41) is obvious. 
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646 . From equatioiiH (644) and (645) it follows that the potentials are 
given by 


F If etc. 


These pjtentials are commonly s[M>kcn of as “ Retarded Potentials.” They 
differ from the ordinary jxjtcntials, in which the finite velocity of propagation 
is not taken into account, only in that the quantities in the numerators must 
be evaluatt'd at the retarded tirne.s appropriate to the point. 

The solution of equations (646) and (647) may be similarly written down, 
but it is usually oivsier to evaluate the forces by differentiation of the 
potentials. 


If the moving electrons in formula (656) are conveying currents in linear 
circuits, the formula become.s (on mking u=l) 

^ _ V I 


where the summation is over the different circuits and denotes the 

> • * 

.r-component of the current, which may also be expressed as ^ This 

formula m.ay be compartsl with (41!)), from which it differs only in that it 
takes account of the finite time required for the propagation of electro- 
magnetic action. 


77ie Fie/d set up hy Moving Electrons. 

647 . An electron is a charge of tobil amount e spread through a very 
small volume. When w'c attempt to apply the equations just obtained to the 
motion of elcH'trons, a complication ari'-cs. We must not integrate p or pO 
through the space occupied by the electron liecausc the retarded time varies 
from one part of the electron to another. And this complication does not 
disapjKuir even when we {uis.s to the limit and suppose the electron to be of 
infinitesimal size. 

Li*t the electron be moving with a velocity (not necessarily uniform) of 
which the components at any instant are {’, r, iv. Suppose we wish to 
evaluate the potentials at x , ;/, z at time i. 

Let X, y, 3 be the {Kwifion of any element of the electron at the retarded 
time («. defined by 

^ t ’ where r’ = (x + {y' - y)“ -1- (*' - s)*. 
a 

W© uifty sjKj'iik ot *c, (/, z Jis tin* fftcctivc position of the ©lorncnt of th© 
6l6ctn>n undor coiisidoi'iition, sinco tho element contributes to the potentisis 
we ai*e in search of, only when it is at jt, y, z. 
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The retarded time 4 will be different for different parts of the electron. 
Let its value at the centre of the electron be Let the position of the 
element under consideration at time be Then the element 

which is at y^, at time has moved to x, y, z by time so that 
.r = iPo + V (f, - ^„) + i V (4 - . etc., 

where i\ V, ir refer to the velocity t>f the electron at time 6„. 

Remembering that 4 is a function of x, y, z, we obtain on differentiation with 
respect to x, 

= 1 - ^ 1 f + (4 - + i <■ (4 - 

and similarly, 

Those elements of the elwtnm which have their effective positions inside 
a small element of volume d.rdydz occupy at the fi.ved time an element 
of volume dx^dy^dz^. The ratio of tho.se elements of volume is given by 
the usual Jacobian determinant 




ar„ 

ar„ 

dj'dydz 

" ar’ 


?lz 


' i’.Vo 

r.Vi. 

avo 


ox’ 


?z 



O^o 

dz. 


! Ox’ 


dz 


On inserting the \alue.s of the difi’erential coefficients ii.s jii.st calculated, 
and expanding the deUTimnant, we readilj'’ obtain 

all terms in r, v, ir of degree higher than the first lieing found to disappear. 

If the electron is small in comparison with its disUvnce from the point 
X , y , z' , local variations of x, y, z throughout the electron may be neglected, 
so that 4—^0 be neglected, and in the above expres.sion x, y, z, r may be 
supposed to refer to the centre of the electron. In this case we have 
dxdjAz . ^ ^ _ V 1 ^ 1 f f ^ _ 

dxdydz i.jr.iC'-r «\ ox dy dzJ 

or, if Vf denote the radial velocity of the electron towanls the jKiint x', y', z' 
at the instant 1 = 6^, 

diX^d y^dZf^ j 14 
dxdydz a 

* Equation (655) may now be written in the form 

fpdxf,dy,dzt 


«Tr 


U,j, 
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where all quantities are evaluated at the time t = or since 

fffp dxodyodzo = e, 
e 


becomes ’ 


K 

r^l 

’ 

a) 

signily that the 
estimated at the 

quantity 

electron. 



u '! 

V 

!r(l 

’>)! ■ 


a ) ' 


_ I*-'] m[^'] 

Kr' C r ’ 


647 It. 11 the velocities r, r, irare small, we notice that dx^dy^dz^ becomes 
the same as d.rdydz. In this case, the potentials of a single electron can at 
once be vM'itten down, from e<iuations (655) and (656), in the form 

= ^■1 
Kr 

where r is the distance from the {want y\ z' at which the forces are 
mo.'ustired to the ettective {S)sition of the electron. The forces from an 
electron tnoving with a vuJocity small cotnpsrn'd with that of light are easily 
writtt n down. We have, (,n neglecting stpiares of the velocity, 

1 ,('// 


' oy Cz I ( ■ V?y‘ 
Since [ew] is a function oft - c/a, we have 

a . . 1 


'// eCr\ 1 ( d [eir] ? [er]\^ 




[e.r] = - 
dr a 


dt 


(«“■> 


= ~~[eH 
a 


so that 

? [e n J _y' - ,'/ 9 [« "■] _ _ >/' - .V j 1 [ g»'1 _ [g '*;]1 
dy r r ?r r r r ) ’ 

and on substitution in ecjuations (657) we obtain formulae for a, y. 

These formulae ai\^ .seen to contain terms both in r~' and r~'\ At a great 
distance from the electron the fonner alone are of importance, and the com- 
ponents of force become 

1 1 *f' it • _ r 1 

.(658). 




^ [g«]-'>‘[^']h etc. 


Similarly we find for the electric forces at a great distance 

p, [ev] 


X = - 


<7> 


etc. 


.( 659 ). 


• ThCiS? formulae for 4' and F were first given by Lienard {VEclairage FUrtriqtu, 1898) and 
E. Wioohert (.IrrA. St'rrlaml. 6, 1900, p. &49). Our proof haa foUowed closely the method given 
by Lorente {Theory af Electron,, p. 254); an alternative proof is given by Schott {EUctromagtutie 
Radiation, 1912, p. 22). 
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Localisation of Energy in the Medium. 

648 For a single electron in free space moving with an acceleration 
if along the axis of x, the components of force assume the simple forms 


« = 0. y = ^c^[ev] (660), 

!" = <>. -^ = 0 (« 61 ). 


These are accurate at distances fnun the electron so great that the terms 
in 1/r* may be neglected. On referring back to §647a, we see that this 
requires that rja shall be great compared with fi'/t']. 

Let us assume that the energy is localised, as imagined by Maxwell, in 
the medium. Then the total electromagnetic energy is given by 

y) dxdydz. 

On inserting the values of the forces given by eijuations (660) and (661), 
the electromagnetic energy is at once seen to be inBnite. 

An interpretation of this is reailily found. 

Radiation of Energy. 

649 . We found in § 576 that, provided the energy was Kxvilised in the 
medium as imagined by Maxwell, there would be a dux of energy at every 
point of amount II*, O^, flj, gi\en by 

I]* = ^(r 7 - 2 ;d), etc. 

*TTr 

At a great distance from the accelerated electron, we have found that the 
ms^etic and electric •forces each fall oft' as r~‘ so that II*, 11^, 11, fall off as 
l/r*. Thus on integrating the Hux of energy over a sphere of great radius r, 
we shall obtain a finite quantity which will bei independent of r. 

The physical interpretation is that energy is flowing away from the moving 
electron at a finite rate. We notice that the tenns in 1/r in a, jd, y, X, V, Z 
all arise from the acceleration of the electron; there is no contribution from 
the steady velocity v, v, w. Thus it appears that energy is radiated away 
from an electron which is undergoing acceleration but not from one in steady 
motion. 

On integrating the flux of energy over a sphere of groat radius r, the total 
fate of loss of energy is readily found. Take the position of the electron at 
time i — f/d- as origin. Then the flow of energy over a sphere of radius r at 
the timhsl i® found to be 
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1 his is Larrnors expression for the rafli<ation from a moving charge. It 
must be noticed that the value of expression (662) at any instant t does not 
give the emission oi nwliation from the eh-ctron at time t, for it is obtained 
by summing up radiation which left the electron at an instant rjc before the 
time T. Also, expression (662) winnot be taken to give the rate of emission 
ot radiation at lime t— r/e, bceau.se this radiation depends also on the terms 
of order r~'‘ in formulae (6.58) and (6.5!)), which drop out of view on following 
the radiation out to the sjjhere of great radius r. The emission of radiation 
through a gn-at inU-rval of' time, say from 0 to t, will, however, be accurately 
given on integrating expression (662) with respect to the time through this 
interval *. 

It must be addeil that the new dynamics referred to in § 620 seems to 
throw doubt i>n thesi- formulae for emission of radiation. Many physicists 
now (piestion whether any emission of radiation is produced by the acceleration 
of an <-lectron, except iindi'r et-rtain special conflitions. Bearing this caution 
in mind, r\e may [rroceed to examine .soiuf' of the consequences of the 
formulae just obtaimsl. 

650 . If each of a cluster of electrons is .so near, to the point x, y, z 
that ditfei-ences </f retardfition of tinre may be neglected throughout the 
cluster, the held set u[) by the motion of the chi.ster in free space will be (cf. 
e<iuations (658), (65!))) 

° = - (u 'j-' ''' "-J - j . --^tc., 

-V = [See], etc., 

in which terms of order r ^ which contribute nothing to the radiation, are 
oinitUsJ. 

The radiation from the cluster is the same as from a single electron of 
charge E moving with components of acceleration (/, I , H, such that 

KU = 'Lei\ etc. 

'I'hus, taking such a chi.ster to represent a molecule, we see that the 
radiation from a molecule is the same as that from a single electron moving 
in a certain way. 

The condition that there .shall be no radiation from a molecule is 
iie r = f = = 0. 

If this condition is not satisfied, the rate of emission of radiation is 
(cf. formula (662)) 

J^.;(5:cry + (:tef)''+ (SeiiT! (663). 

* See below, § GC9. 


J. 
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661. Consider next the field produced by a j>article of charge E 

oscillating along the axis of x with simple harmonic motion, its coordinate 
at any instant being We have 

Ev = — Ep^x^ cos pt ; •= — Ep'‘T^ cos p , 

from which the field can be written down by substituting in formulae (660) 
and (661 ). 

From formula (662) the av'erage rate of emission of radiation is 
found to be 

1 p'E^Xit^ _ \67r*E‘r„'‘0 

.3 (7> “ 3A-‘ 

where X is the wave-length of the emitted light. 

A jtarticle moving in this way is spoken of as a simple Hertzian vibrator. 
Its motion was taken by Hertz to represent the oscillating flow' of current in 
an oscillatort’ di.scharge of a condenser. Such an oscillation formed the 
source of the Hertzian waves in the original exjjeriments of Hertz (1888)*, 
and forms the source of the ethereal waves usetl in m«3<Iem wireless 
telegraphy. 

662. A case of great interest is that m which the velocity of a moving 
electron undergoes a very sudden change, such as would occur during a 
collision with matter of any kind. Let us represent .such a .sudden change 
by supposing that ei'',ei',eH' vanish excejit through a very small interval 
surrounding the time i = 0, during w'hich they are very great. At a point 
at distance r, [et'], [ef] and [etc] will vanish exc(‘pt through a small interval 
of time surrounding the instant t = ?/« During this short interval, the 
electric and magnetic forces will be very great; before and after this interval 
they will have the smaller values arising from the steaily motion of the 
electron. Thus the sudden check on the motion of the electron results in 
the outward sprtiad of a thin sheet of electric and magnetic force, the force 
being very intense and of verj' short duration. Such a sheet of forct' in 
commonly s|x>k<*n of as a “pulse. ” 

It was suggested by Stokes, anil is now widely accepted, that the 
Rbn^en rays consist of thin pulses of force pnsluced soimwhat in the manner 
above described. On this view the Rontgen rays may be compaml roughly 
to isolated waves or half-waves of light of very short wave-length. They are 
known not to undergo refraction by solid matter, anil it is worthy of notice 
that formula (604) gives v = 1 for very short wave-lengths. 


* Ekclric fVavet, by H. Hertz (trsnKiated by U. E. Jvnait), liUtidon, IStfS. 
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. Mechanical Aci'ion and Stresses in the Mbdidm. 

General d)/namical equations. 

663 . Still assuminfj the localisation of the energy in the medium, the 
total energy of a sy.stoin of charges of any kind moving in free ether will 
be r + IT, when; 

V=lll ^<X'+ ¥•+ /.‘)dxdyd! ( 664 ). 


Hlh 


+ /3- + y-)dxd^dz (66.5). 

Let us supjxtse that, on account of the electromagnetic forces at work, 
each element of charge experiences a mechanical force of components S, H, Z 
per unit charge. We can find the forces H, H, Z by the methods of § 196 
and the general principle of least action. 

Let us imagine a sfiiall displacerl motion in which the coordinates of any 
point ar, y, z are displaced to y + Sy, z+ Ss, while the components of 

eltMJtric polarisation are changed from /, g,h to / + ^y + 8y, h + Bh, these 
new components of polari-sation iis well as the old satisfying relation (615). 
Thus if p is the den.sity of electxicity at any jxoint in the original motion 
and p + Bp the corresponding density in the displaced motion, we must have 


<•/ _ 
f'jj <;t 


dll 

rz 




dBf oBq dBli 

- 5 --- + = Bp. 

cj- oy cz 

Ijct us denote the total work performed by the mechanical forces in this 
.small displacement by — \BU‘, (cf. § 551), so that 


',BU] ~ j j j ft— + ZBz)dxdydz (666). 

Then the equations of motion an- coiiLiined in (cf. equation (507)) 

f\sT-BW - [BU])dt = 0 (667). 


We have 


BT 


1 

47r 


(aBa + 5S/S + cBy) 

i)- 




dxdydz 
■ dxdydz 


on applying Green’s Thei>rem; and on further using equation (635), this 
becomes 


BT 


-Mil- 
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d ly 

Let 8, refer to a point fixed in space, and let A, refer to a point 
moving with the moving material. Then we have the two formulae for A/', 

Ar;= ox= &r + + o.i;+ ir^-- tx, 

JJt at dx oy dz 

At'= "1" 

dx dy ^ dz 

so that on coinpirison 


8r = «.r + Sx + r:r Bx + iiv S.r - r'' dx + ‘fSy + dt) . 

at dx dy fz \dx dy dz ) 

We now have 


^ (p'’ + /) = r’Sp+ pdr + dj 

= rdp + (pdx+d/)- dx 

/ d d ?\^ /dt’ dr ^ dr \ 
+ plr +y 4 11'- )Sx-pi S./-4 dt/+ dz . 
\ ex Py cz! \ dx r'y ' dz 

On sul)slitnting for (ipplt and dp their values (ef. § (>22) 

dp ( o , , d ^ d , ) 


and simplifying, we obtain 
d 

'dt' 

ST = (tfJJ ^'^(h + Pf ) dxdydz 4 terms in (r, H 


S {pv + / ) — jfpSx + d / ) 4 (pvdx — prSy) — ^^(prSz — p 
whence 


C 


F -^^^^(prSx — pc dy) — ^ (p45z — pH'Sj')| dxdy<h+ — 
Transfonning by Green’s Theorem, the second line in ST becomes 

I'fjj Iff " af) * - 1 

= ^,jJJ{pSx (cy — bn ) 4 pdy(aw — c//) 4 pdz (be — a r)] dxdydz. 

On iiitegiating with respect to the time, and transforming the first tman 
on integration by parts, we have 

j Srdt=|^ dt — ^,jjj^J^(pdx + df) -e pdx(cy -bw) + ...~^ dxdydz. 
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Wc have from variation of orjuation ((>(>4), 

^ ^ ~ j S/" + Yhg + Zih) dxdydz. 

Hence, (reed from the ititegration with respect to the time, equation 
(667) becomes 




- (pBx + B/ ) + pBx(ci' —bu’) + 
Bj + Y Sg + Z8/i) dj dgdz 


dxdgdz 



B.c + H By + 7.Bz) dxdydz = 0 


( 668 ). 


We may not ecpiate coetHcients of the difterential.s, for Bf, Sg, Bh are not 
indepTuli nt, heiii'f conneclefl by 

?Bt hB'i hBli j ^ ^ ■ t ^ s \ 

= V=-, ifjBj)- (pgy>- - tpSs). 

Bi' eg vz ex ay oz 

We riitdtjply this by an undetermined multiplier 'I', a function of x, y, z, 
and inte^'rate through all space. We obtain 


[I I (h ^ 'ey ^ 'bz ^ I By + L 

p Bg + Bh + p B.r + pBy + p Bz dxdydz = 0. 
\ax ■ rii ' az ^ ax ou ^ iz } 


Of, after integration by jwirt'i, 
nVe'l' 

cr + . 

■'/ 

Adding thi-< iimgral to tin* left hand of equation (668), we may equate 
oeffieieiits, and obtain 

1 .Jt» 7 \tr 

.(669), 


I dF f'T ^ 

“ C dt dx ’ 


1,/F e'p 1 


: A' + ^\(ci'-6i»'). etc. 


.(670). 


The 6i>t equation i^ simply equation (689), of which we have now obtained 
a proof dii'ect from the principle of least .action (cf. § 575); the second gives 
us the mechanical forces acting on moving charges. It will be seen that the 
forces given by formula (670) arc identical with those obtained in § 629, but 
they have now been obtained ivithoiit an}’ limitation as to the smallness or 
steadiness of the velocities. 
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Stresses in the Medium. 


664 . We can next evaluate the atresses in the medium, following the 
rnethoil of § 193 and assuming the medium to be free ether. 

Let X be the total a;-component of foree acting on any finite region of the 
medium, so that 


X = JJJSptiedyda ”/f + '^jff^yp^' ~ djedydz. 


On substituting for pv, pw from equations (635), the last term. becomes 

- Cc®///'«^ -/>■> ■ 

On substituting for p from equation (615), ajid for dffidt, dyjdt from 
e<juations (636), and collecting terms, this becomes 


-nil 




ihX 

_dZ\ 


dic /_ 

/('a 

- 

Ve'r 

CUV 


d.rdyd: 

dxdydz 


~ V^di f 


in which Ilx as in § 576 denotes the ar-conijsment of the Poynting Flux, 

On transforming the volume integrals in the fii-st two lines into surface 
integrals, this becomes 

X = -^JJ{J/(A'’- Y^-Z’) + mXV+uXZldS 
- j (jl (a- — ^ — 7*) + waj 8 + na7) dS 



Since the last volume integral cannot be transformed into a surface integral, 
it is clear that the mechanical action is not such as can be transmitted by a 
system of stresses in a medium at re.st. 


666. On the other hand it is clear that if we suppose the medium to 
possess momentum of components 


IL ii, 

C' ’ O’ ’ (J* 


( 673 ) 
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per unit volume, then equation (672) would become exactly the equation of 

motion o this medium, if it is supposed to be acted on by a system of stresses 
denned by 


~ - Y- -Z^ + d--^'^- y'-) etc. 1 

„ I (674). 

I\ = ^_^(XY + c>^)cte. I 

Thus the mechanical action is such as can be transmitted by a medium 
m motion, th<> momentum per unit volume being given by formula (673). 
The vector whoai; components .arc given by formula (673) is commonly called 
the “el(x:tromagnctic momentum. ’ We see that it is of amount equal to l/(7« 
times the Poynting Flux, and in the same direction. 


For an electrostatic or magnetostatic field existing alone, the electro- 
magnetic momentum vani.shes, and the stresse.s reduce to those previously 
found in §§ l!):j aiid 471. 


Motiov with Unifokm V'elocity. 

666. la't us again return to the general equations, and examine the special 
form they assume for a system moving with unifonn velocity. This may for 
convenience be sujijxised to be a velocity f parallel to the axis of a;. 

As in §624 we may replace by - the general equation (648) 

becomes 


(1 - 

\ (!•/ ey* dz* 

.1 


Ijet us now write k lor (^1 — ‘ , and the equation becomes 


or, if we write x' for #c.r 


^ df dz^ ' 


d‘y d’y d'y 

- „ -f . = — 47r<r 

ex - ey Oz- 


.( 675 ). 


We may conveniently sja'ak of x', y, z as the “contracted” coordinates 
corresponding to the original coordinates x, y, z, since if two surfaces have 
the same equation, one in x , y, z and the other in j-, y, z coordinates, the 
former will be identical with the latter contracted in the ratio 1/k parallel to 
the axis of x. 

Equation (675) i.s Poisson’s equation in contracted coordinates. Its 
solution is 

j'j'|‘(7-rfx'(fyf/z _ ^ ^ t 

where r' denottis distance measured in the contracted space. 
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Hence (cf. equations (644), 645)) the values of and G, H are 
given by 


q/ = - S • 

* » r / 

A r 

C 


0= //»() 


.(076), 


so that the potentials are the same in contnicted coordinates as they would be 
in ordinary coordinates if the system were at rest, multiplied by the factor te. 


Motion of a um fonnly electrified sphere. 

667 . To illustrate the method ju.st e.^plained, we shall examine the field 
produced by a uniformly electrified sphere of nuliiis a, moving with velocity r. 

The -surface in the contracted space is a .sphere of radius a, so that that in 
the uncontraett^d space is a prolate .spheroid of semi-a.xes tea, a, a, and the.re- 
fnre of eccentricity r/0. To find the distribution of electricity, we imagine 
the charge on the .sphere to be uniformly spread bi'tween the sjthere.s r — u 
and r = a 4- e, whore e ia infinitesimal. The charge on the sjiheroid is now 
seen to be uniformly spread between the spheroid itself and another similar 
spheroid of semi-axes K{a + e), a + t.a + e. Thus the distribution of electricity 
in the .spheroid in the uncontracteil .sjiaee is just what it wouhl be if- the 
spheroid wen* a freely chargi'd conductor, and is given by the analysis of 
§§ 283, 284. 


658 . The field ha.s been discussed in di'tail by Searle* and Abruliaiw*'. 
The electric and magnetic energies Wand 7’ are found tro be given by 

e-' (df- ~ r- C+r ) 

. 8u ( < f ^ - f \ 

„ C+r ) 

tU: 

r+ )r.,f 

2o I r - r I 

while the toPil electromagnetic momeiifiirn (r in the whole of space is given by 

f/-f r 2) 

^ 4o( C'r=“ rj’ 

this direction of 0 iKiing of course that of r. 


Motion of antf system in eiiuilibrium. 

669 . When a material .system moves with any velocity r, the electric 
field produced by its charges is different from the field when at rest. The 
difference between these fields must shew itself in a system of forces which 
must act on the moving system and in some way modify its configuration. 

• Phil. Tram. A. 187 (1808), p. 1«5. 

+ Phyt. Zriitchn/t, 5 (1004), p. S76, or Theurie tier EUktrititlit (Slid 6<1.), p. 1G5. 
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Ijet us consider first a siiriple system which we shall call S in which all 
the forces are electrostatic, and all the charges are supposed concentrated in 
points {c.<j. electrons). Let us .suppose that when the system is at rest there 
is equilibrium when a charge e, is at x = x,, y = y\, ^ at x = Xi, 

y =■ y^, z~ z.i, and so on. 

Let us coiin)an' this with a w^coml system S' consisting of the same 
electrons but moving with a umforiii velocity r, and having the charges Cj 
at a; -- ^r, , y = y, , z = >, ; e, at x' = x.^, y ~ y.^, z = Zj, etc., so that each electron 
has the position in the contracU-d sjKiee which corresponds to its original 
jjosition in the original sjiace. Then if V denotes the electrostatic potential 
in the original system, the potentials in the moving system arc (cf. equations 
(fi7d)) 

q/=;cr. 0 = 0, H = 0, 

ami the forces in the moving system an' 

V = - 1 

bx ('lit 


S'!' (' oF 



ox I cix 


r = -V‘ = 


FV 

(\r 

c'l' 

'“H 


\ dV 

('■ j K ?X ’ 


rT 

- )V , etc. 


We notice that the electrostatic fomes in S’ are l//c times those in S as 
regards their ./•-I'oiuponeiits, but k times thosi- in 5' as regards their y-com- 
jKineiits. As a special ca.se we notice that if thi' system (S' was in electrical 
equilibrium, then S' will aKo be in electrical equilibrium, so that a system 
which is in equilibrium when at rest eaii regain equilibrium after being set in 
motion with vt loeiiv r hy eoiiir.icting in a ratio IIk. 


KtErTItOM .tONETlC M .\ss. 


660. Consider a charged hody, which will ultimately be identified with an 
electron, moving with a uniform velocity C parallel to the axis of x. Let us 
first consider the simple case in which (’ i.s so small that V^jC^ may be 
neglected. 

Thi' moving chargv' creates a magnetic field. If the charged body is 
supyiosed to be a sphere of radius a, who.se surface is uniformly electrified to 
u total chiuge e, then there is no field inside the sfihere, and the components 
of magnetic force outsidi' tiie sphere are given by 


« = o, S-- 


cez 

c? ■ 


7 = 


uey 

CF' 
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If we assume localisation of energy in the medium, then at a distance r 
greater than a from the centi-e of the sphere there will be magnetic energy 
per imit volume of amtjunt 


1 

8ir 


(a' + zS^ + y) 


sin*^ 
8irG‘ r* 


where 6 denotes the angle between the radius r and the axis of x. 
gration, the total energy of this magnetic field is found to be 


c’rj frrBin^e ^ 

HrrC'jJJ r* 


sin dd0d<f>dr ■ 


r* 

8a 6'* 


On inte- 
.(677). 


This result is of coiu-se only true provided wc supjKJse the energy to reside 
in the medium as imaginetl by Maxwell. In this case the energy, ladrig 
magnetic, must be aup{u)sed to bi“ kinetic eiu'rgy 

Thus if the charged body is supposed to be of mass in^, the total kinetic 
energy of its forwanl movement will be 




in which the first term ari.ses from the ordinary mass of the body and th*‘ 
second from the kinetic energy of the medium. 

An analogy from liydrodyuamica will illurttraUi the roniilt at winch wp lia\o arnviil. 
Suppose we have a tjalloon of mans rn moving in .ur with a M'liM'ity i and displacing a 
maisH m' of air. If the vehicity i is anialt coniptrcil with the veliK’ily of prop,igHti<iii of 
waves in air, the motion of the halkN>ii will set up cnrnmt* in the air surroiiiiding it. such 
that the velixoty of these lurrents will lio pro|K>rtioii il to »• at cM‘r\ jviiiit The whole 
kinetic energy of the motion will accordingly tie 


i (r« + .V ) d, 

the term |?nc* being contributed by the motion <>f the matter of the lialluon itself, and the 
term JAfr* hy the air currents outside the balloou. The value of H is coinparable «'ith m\ 
the uisss of air displaced - for instance if the hiilhsm is spherical, and if the motion of the 
air is irrotational, the salue of ,1/ la known p* be (cf. I.;imh, //yefroffynowucs, 


661. Strictly speaking, formula (678) is true only when f remains steady 
through the motion. Any change in th«' valiio of r will be .iceompanied bv 
magnetic disturbances in the ether which spretwl out with velocity V from 
the sphere. An examination of integral (677) will, however, shew that the 
energy is concentrated round the sphen* — the energy outeidc a sphere of 
radius R i.s only a fraction n/R of the whole, and if R is Uiken to be a large 
multiple of a this may be- disn-ganksl. The time requinni for the energy’ to 
readjust itself after a change of velocity is now comparable with R/C. 

Thus if we exclude sudden changes in r, and limit our attention Pi 
gradual changes extending over periods great comparwl with H/C, we may 
take expression (678) to represent the kinetic energy, both for sWady and 
variable motion. 


TTic problem gams alt its importuiicc from its application to the electron. For this 
a is of the order of 2 x 10-» eras, (see »>eIow, § 666), so that all except one per cent of the 
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magnetic energy iw cnnUined within a ephcre of radiiw 2 x IQ-" cms. Since (7=3 x 10*» 
the time of readjuetmeiit of tliis energy is (iCx 10 seconds, an interval small enough to be 
disregarded in almost all physical problems. 

662 . We shall now consider the ssimc problem in a different manner, 
and shall remove the restriction that I'jG is to be a small quantity. The 
electron will still he supposed to move with a uniform velocity u, v, w which 
may be of any amount. I'he field arising from its motion may be calculated 
as explainetl in §G47. So long as tb^- electron h;is no acceleration, the forces 
X, Y, Z, a, fi, y fall off at infinity as 1 'r-, so that the stresses defined by 
equations (f»74) fall off as 1 ;'r*. 

If wf‘ n<>w apply equation (672) to the field of the single electron, allowing 
the closed surface S to recech* to infinity, the etpiation becomes 

X = — I j Itl^dydi/ch (679), 

where the integral is taken through the whole of space. Here X will now 
represent the .r-eomponetit of the ponderomotive force on the electron from 
the field set up by its own motion through the ether. 

When the electron moves with uniform velocity, the integral on the right 
retains a constant valm;. In this ca.se X = Y = Z = 0; there is no resultant 
force acting on th(' electron from the ether. 

Now sup[)ose that the electron has not only a velocity ir, v, w but also an 
acce.lenition r, f, li'. The foi-ces X, T. Z, a, y now contain terms in 1/r, 
but these do[K'n<l only on the accelerations. When the surface S recedes to 
infijiity in equation (672), the .surface integrals will no longer vanish, but will 
contain terms diqxmdent on the squares and products of the acceldtations. 
If we supp)so th<‘ accelerations to be so small that their squares and products 
inav be m'glected, then equation (679) remains true even for an accelerated 
eh'ctron. 


We have seen that llj will depend on the values of r, V, W, u, etc., both 
at the instant t under consideration and also at preceding instants^ Thus 
we may in general su})pose that 

iJUsd-rdi/dz =/^{r. y, ir.r,... (’,... etc.). 

Eiich side of this equation represents the a:-component of electromagnetic 
momentum, and equation (679) assumes the form 



’ r + r ^ + . . . 1 . . .( 680 ). 

er dr otr oc 


It is clear tlnit tlie force X will depend on all the accelerations and their 
differential coefficients with respect to the time. 
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Consider first the case in which all the accelerations are steady and so 
small that their squares may be neglected. Then v, e etc. all vanish and 
equation (680) reduces to 

X - - r (681). 

dr dr dir ' ' 

In general d/xjdv etc. may de{)en(l on r, v, li’, but if we agree that si^uare.s 
of r, r, ir may be neglected in calculating X, then we may calculate d/x/dr 
etc. on the supposition that u, v, iV all vanish. In other worrls etc. may 
be calculated as if the motion were steady. 

When the motion is sternly the whole electromagnetic momentum 0 is 
clearly in the direction of the motion and its amount will depend otdy on e, 
where -t- r*+ ir-. Thus we may put 

where G is the whole electromagnetic momentum in tlu- whole ot space, a 
function of c only. On differentiation, w(' obtain 

dfj J}^ r- d dfx ^ rv d ^ 

dr V (•rr\r/ or roc^rj 

Now snppo.se the whole motion to lie in the direetion of 0.i\ .so that (■= r, 
r= ir=0. The thre<‘ equations such a.s (680) now assume the forms 

X - — I T - , 1 V , ^ - tv 

Oc < •' 

When r exi-sts aUme, f = tv=0, so that Y = Z = Thus the electro- 
magnetic field exerts a force on the electron in the direction oj)posite to d 
This force is the .same as woiih] he exerted if the electron jtossessed an ad- 
ditional mass equal todGI<lf. This i.s called the l<mgitiidinal electromagnetic 
ma.ss of the electron. An electron of mass will respond to a force in the 
direction of its motion in the same way les an electron, uriencumhered by an 
electromagnetic field, of mass 


dG 


.( 682 ). 


Similarly if f exi.sts, along the opjKising force of the electromagnetic field 
is — '^{Gjc). By a similar inlerpretatiiui, Gi'r i.s culled the transverse electro- 
magnetic mass. The electron will resjKUid to a fonie transverse t» it,s motion 
in the same way as an electron, uiieiicumlK-red by a magnetic field, <»f mass 


( 683 ). 
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663 . Abi’iihani snggostod in 1904 that the electron might be treated as 
a rigid sphere of radius a, unifbrndy electrified over its surface. If so, the 
longitudinal and tran.sverse masses wtj and »«( would be given, from the 
formulae of§(J58, by 


M, ^ 


0/ 

2rra 

, C'4 

•2(1 I’A 

(J- - 


O’ 1 

r‘ 

, V+v 

4(1 f‘ \ 

, t'"-' 




664 . I.>or( ■ntz brought forward an alternative conception of the electron 
according to which it is s[>herica! in hlia|K‘ only when at rest. The electricity 
is not sup})osed to be rigidly fixed in a. sjilierical configuration, so that when 
the electron is set in motion with a velocity r, it contracts, in accordance 
with the theorem of in the ratio 1 :x in its direction of motion and so 

jissuines the form of an oblate sjiheriod. Against this conception of the 
electron Abraham has brought tbc' objection that the original electron cannot 
be simply a distrilmtion of electric eharge.s acted on by their own mutual 
repulsions; there must he other forces at work to keep the charges from 
fiying ajwrt. When thesi’ other forces are taken into account, there is no 
reason for suiipo,sing that the contracted electron would be in equilibrium, 
or if it were in equilibrium, that the equilibrium would be stable. We shall 
return to this ])oiiU later 

The eiectromagiietio field of Loretitz's electron is readily calculated by 
the me.lhod of ^ (i.iti, for the coii figuration, when expressed in terms of 
contracted coordinates, is spherically symmetrical. 

If H' is the eh'ctiostal ic energy of the system c>f charges which constitute 
the electron when at rest, it is readily found that the electromagnetic 
momenliuu O' of the eoiitracteil electron moving with velocity C is 


so that the longitudinal and transverse masses are 


4 6' 


.(684). 


666. The formulae for the traiisvei-so mass can be tested experimentally. 
It was sht'wn in § (ull that an electron in a uniform magnetic field ff would 
de.scribe n jiath of constant curvature mcCieU, where f is the velocity 
ptTpendietilar to the magnetic lines of force. When electromagnetic mass 
is ritken info ac-count, in in this formula must be replaced by m„+mt, where 
is the mass of the electron a^iart from its electromagnetic mass, Experi* 
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ments to determine the variation of «!„+ nit with the velocity were first 
undertaken by Kaufmann in 1906, More recent experiments by Bucheror, 
Bestelmeyer and others shew that varies precisely as (1 — V*jO‘)~^ or *. 
This is in exact agreement with the transverse mass of the Lorentz con- 
tractile electron if is taken to be zero — i.e. if the mass of the electron is 
supposed to be wholly electromagnetic. 


666 . All experiments agree in giving a value for e/m at zero velocity 
veiy nearly equal to r767 x in Electromagnetic Units (Buchorer’s 
value). Combining this with Millikan’s value for e. namely 4774 x 10~*“ in 
Electrostatic Units, we find for the tna.s8 of the electron at rest 

m = 9 00 X 10~” grammes. 

The mas-s of the electron at rest is, from formulae (084), 

4 W 


If the charge e of the electron is supposed spread uniformly over the surface 
of a sphere of radius a, the value of the cleetro.static energy, is ^/2it, 
so that 


m = 


- -f 

3 aC- 


( 68 .>) 


in agreement with formula (678). In this expiation we know the values of 
m, e and C, so can ileduce 

« = r874 X 10 " curs. 


This must lx? the radius of the electron if its charge is spread uniformly 
over the surface of a sphere. If the charge is spread uniformly through the 
volume of a sphere, W = 3e’/^a, giving 


_ 4 e* 
^5 ciC'*’ 


a = 2 249 X 10“’^ cin.s. 


Other distributions of charge would give other values for a but always 
of the same order. We conclude that the value of a is of the order of 
2 X 10"“ cins. 


The Internal Mechanics of the Electron. 

667. Let us regard the electron as a contractile sphere of nuiius a 
whose surface is uniformly charged with electricity. Then m in given by 
formula (666), and the electromagnetic energy of the electron, when moving 
with a velocity is found to be 

^ -t a constant 




( 686 ). 
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69-1 


SuppoHp an acceleration V to operate for an instant dt. Since the longitudinal 
mass is the work done by the force producing the acceleration is 

mK^vdt 

which may be written as ^^{mC^K) dt. The increment in the electromagnetic 
energy (68li) is, however, 


Id /wiO’ 


dt. 


and this is not equal to the work done on the electron. 


To sjitisfy the conservation of eticrgy' it appt^ars that in addition to its 
electromagnetic energy T the electron must have energy U of some type 
unknown but of amount 

U= ! + **■ constant (687). 

4 K 


Then 7’+ V — luK + a con.stant, and the work done by external forces is 
equal to the increment of T+ U. 


668. If a charge* e is .spread over a conducting sphere of radius a, the 
force {K*r unit area on its conducting surface is 


ii = 27ra* 


Httu* ’ 


The electron i.s not a charged conductor, but the above formula makes it 
clear that the eleotnm at rest could be held in equilibrium by the action of a 
normal t«‘nsi(in R of amount e',>*nTa* per unit area. Poincar6* has shewn 
that the electron in its contracted state would -still be in equilibrium if 
tensions of this amount continued to act while the electron was in motion. 
Now if V i.s the volume of the electron at luiy instant, the work done on these 
tensions as the r'lectron changes shape will be Rdv. When the electron is 
moving with velocity ( , its volume is |Tr«7*, so that 

,, e> 1 niO 

hv= =2 — . 

buic 4 K 

Thus if U is tiiken to bo Rv in formula (687), the conservation of energy 
will be exactly satisfied. 

There is no evidence as to whether these tensions do or do not exist ; the 
possibility of their existence suggests a mechanism by which the electron can 
be held in equilibrium at all velocities, while its motion conforms to the 
conservation of energy. 


RtndkoNti dtl Circola Maum. di Palermo, 21 ( 1906 ), p. 199 . 
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The Reaction on an Accelerated Electron. 


669. The whole force acting on a moving electron is given by equation 
(680), in which wc have so far neglectwl all terms beyond those in v, v, H’. 
Lorente* has calculated the effect of the terms in c, t', ri’ etc., and 6nds that 
they give rise to a force acting on the electron of components Fy, F^ 
given by 

^x = -3^t‘',etc (088). 


Lorentz also gives formulae from which the remaining terms in equation (G80) 
can be calculated, but these terms are of little physical interest. 

The force given by formula (68ft) maybe regardeil jus a frietion.il resi.stance 
opposing the motion of the electron through the ether. The rate at which 
the electron does work to overemne this force is 


m that 
be 


'■F^^vFyA wF,, 

the work done bv the vlcctroii in an inUr\:il imut t = 0 U> t = T will 


•> e- f' 

On iutegi'ating by parts, this l»ecoines 

^ r O i*T 

- “ vr + I- r + If M- + “ (V, J ii"‘+ y- + ) dt. 

The last term represents tlie radiation emitted by the eleetron a.s ealculated 
by Larmor’s formula (662); the first term must repre.s<'nt ch.'uiges in the energy 
stored in the ether. 


* Thf Thtmy of LUrtronn, p. ’Jjl, 
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THK THKOUY OK RELATIVITY 

Motion THRoiTiH the Ethek. 

The Michelmn-yiorley Exjierijnent. 

670. M HEN \\'c‘ ha\t‘ s|)(jk<‘ti of ii hystoni at rest we have so far meant, for 
all practical puqsjses, a sj-stein at rest in our laboratories. But if we have been 
ri^ht in conjecturing' that all eleetroinaonetic phenomena have their seat in 
the ether, then .a .‘j_\steiii at rest would most naturally be taken to mean a 
.system at rest in the ether. We have .so far made no clear distinction 
bctwei'ii the conceptions of rest in the ether and rest relative to the walls of 
!i laboratory. > 

The view was at one time held that a moving' body drags the ether along 
with it. If this well' a true view the distinction just referred to would not 
arise; a braly at rest relative to the walls of a laboratory would also be 
at rest in tlu* ether. But in time it was found th.at this was not a true view; 
it fouhl not be reconciled .simultiiueou.sly with results of laboratory experiments 
such as Fizeau’.s water-tube experiment (cf. § 687 below), and with the astro- 
nomical tlnsirv of the aberration of light* (cf §689 below). Finally it became 
estabiishtal that the ether, if one existed at all, could not share in the motion 
of moving laslies; it must be stagnant, and moving bodies must simply move 
through it without setting up mass-motions in it. 

The earth's velocitv in its orbit is about 30 kms. a second, so that the 
vtdoeitv of the i-arth ndative to the supposed ether must at some season of the 
\ ear be at lejuit 30 kms, a secoml. If an ether exists, there must be a stream 
of ether Howing through every labomtory which must attain velocities at least 
as great as 30 km.s. a second. 

Starting in 1887. Michelson and Morley conducted experiments with a view 
to measuring the actual velocitv ot this supposes.! stream of ether relative to 
their laboratory, or, what is the same thing, the velocity of the earth through 
the ether. The principle of the experiment is easily explained. Let the 
laboratory be moving with vehicity a through the ether, then a ray of light 
travelling against the stream <>1 ether will move tvith an actual velocity G in 
the ether, and will have an app.»rent velocity C -u if measured relatively 

* For a fuller account tlic reader is referred to special treatises— Iiarmor’s Ether and MaUer 
(Camb. Dnlv. Press, HKW) or Cunningham 's lUlativity (Camb. Univ. Press, 1914). 

J. 
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to the moving laboratory. Similarly a ray of light made to travel in the 
reverse direction will have an ap^rent velocity (7 + m. If a ray travel over 
a path I and is then reflected back to its starting-jwint, the time t, taken 
will be given by 

I I 21 




G-u'^ C + u~ C 

Suppose next that a ray is made to travel a distance L across the direction 
of motion and back to its starting-point, the sjTjtem moving with velocity u 
as before. Lot the whole time be ta, then the distance travelled by the system 
is utg. The actual path of the ray through the ether consists of two equal 
parts, one before reflection and one after; each part is the hypotenuse of a 
right-angled triangle of sides L and iat,, and the time of describing each part 
is iU. Hence 


G V C*/ 


.(689>. 


whence 




-i 


.(090). 


From formulae (689) and (690) it appears that the times taken by a ray of 
light Ui travel a distance I and be reflecttnl biick, while the labomtory is in 
motion through the ether, will be different according ua the p.ath of the rays 
is along or across the direction of motion of the system. This time difference 
admits of measurement by optical means, and fram such mea-surements it 
ought to be possible to detennine u. 

When the experiment was performed no time difference could be olwerved. 
The obvious explanation would be that, at the moment of p<irfurming the 
experiment, the laboratory was at rest in the ether, but this explanation was 
not found to be tenable, since no time difference could be discovered at any 
season of the year. 


The Fitzgerald- Lor erdz Gvntraction Hypothesis. 

671 . Fitzgerald in 1893 and Lorentz in 189.o suggested independently 
that the reason why no time difference was observed might be because the 
arm / of the apparatus which moved with velocity u longitudinally through 
the ether was contracted in a ratio (1 — «®/C’)- as a result of its motion. In 
such a case the arm I would have shrunk from an initial length given by 



measured in the system when at rest. Equation (689), expressed in terms of 
la, now becomes 



and so agrees with formula (690). 



670 - 673 ] Motion through the Ether 695 

Thu8 the Fitzgerald-Ix)rentz contraction hypothesis would account com- 
pletely for the null result of the Michelson-Morley experiment. The hypothesis 
in itself is not unreasonable, for we have already seen (§ 659) that an electrostatic 
system set in motion with a velocity n would only regain its equilibrium after 
contracting longitudinally in exactly the ratio (1 - assumed by the 

hypothesis. It is true that the arms of sandstone and pine used by Michelson 
and Morley were not purely electrostatic systems. But neither is the 
electron (cf. § 664), and yet Lr)rentz’8 hypothesis that this contracts longi- 
tudinally in exactly the same ratio is found to lead to a value for the electro- 
magnetic m»W8 which is entirely confirmed by experiment (§ 665). 

672. According to the contraction hyjsithesis, the Michelson-Morley 
ex|Mfriment failed to detect the vel(x;ity of motion through the ether because 
this motion was exactly concealed by the shrinkage of the apparatus. If this 
were so, the veltK'ity ought of course to become measurable if we could in any 
way measure the amount of this shrinkage. 

It is at once obvious that the shrinkage could not be measured, or even 
dcte<.;ted, by any process of <lirect measurement, for any material measuring- 
rod would shrink in exactly the same ratio as the apparatus to be measured. 
Indirect means might, however, be expected to reveal the amount of shrinkage. 

673. I>ord Rayleigh* pointed out that an isotropic medium ought to 
become anisotropic when shrunk, so that ordinary transparent matter ought 
to Im’ doubly refracting for a ray of light crossing it in a direction oblique to 
its motion through the ether. But no trace of double refraction was found 
either by Lord Rayleigh or by Brace + who repeated the experiment with 
apparatus so sensitive that a fiftieth part of the expected effect would have 
been detected. 

Following a .similar train of thought, Trouton and Rankinej tried to 
detect changes in the resistance of a bar of metal as it w'as turned in VEirious 
directions, but found no mciusumble change. 

These experiments do not prove either that there is no motion through the 
ether, or that the Fitzgerald-Lorentz contraction does not occur. They prove 
that if there is motion through an ether, and if the contraction does occur, 
then the effect of this contraction is .somehow veiled or compensated by some 
other effwt. Thus Lorentz shewed§ that the null result of the experiments of 
Rayleigh and Brace would be exactly accounted for on his own theory of the 
constitution of the electron, on which the electrons would be contracted in 
just the sitme ratio as the transpirent matter. And Trouton and Rankine 
shewed, in their original pai>er, that the null result of their experiment is an 
inevitable consequence of the electron theory of conduction through matter 

• Phil. Hag. 4 (1902), p. 678. t lltiii. 7 (1904), p. 817. 

t Proe. n. .S’. 80 (1908). p. 420. § Thtwy of EUctront, p. 217. 

38—2 
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(c£ § 345 a), provided the electron has the transverse and longitudinal masses 
assigned to it by Lorentz (§ 664). Thus these experiments, undertaken 
originally in order to find velocity through the ether, resulted finally in 
providing confirmation of Lorentz’s theory of the constitution of the electron. 

In other experiments, the compensjitory effect is still more easily dis- 
covered. A charged body moving thnnigh the ether ought to set up a 
magnetic field, so that evtuy charged body in a laboratory ought to be sur- 
rounded by a magnetic field proportional to Every other charged body 

in the laboratory' is moving acros-s the lines of force of this magnetic field 
with velocity « and so ought to be acted on by' a mechanical force pro- 
portionid to ti’/C*-. Trouton and Noble* suspended a parallel plate eonckiiisor 
by a torsion thread and looked for a couple, proportional to temling to 

turn the plates parallel to the dii-ection of motion through thi' ether. No such 
couple was observed. 

The null result of this exjwrimont is readily e.vplained as a eim.setjuence 
of the Fitzgerald-Lorentz contraction. A shrinkage of the tlisUmce between 
the plates decreases the energy of the eonden.ser. Then' is therefore a 
mechanical couple tending to turn the sy.stem into iUs p)s)tion of minimum 
p>tential energy' — i.e. into a position in wliieh thi- plate.s are at right luigles 
to the direction of motion through the ether. It is reailily verifiisl that this 
couple exactly neutnili.se.s the couple of miignetie origin, which the original 
experiment tried to detect. Indeed, granUsl the Filzger.ild-ljorentz shrinkage, 
the theorem proved in § 05!) .shews at once that the .system would la* in etpii- 
librium in all orientations. 


The Ree-ativitv-Conditio-v. 


674 . These and similar exjH;rirnent.s have one and all failed to detect 
motion through an ether. They have not proved that there is no motion 
through an ether, but shew that if this motion exist.s, its etfi'Cts arc in every 
case veiled by some other effect, and, in every ease, it has proved possible to 
discover this veiling effect as an effi'Ct predicted by general electromagnetic 
theorv. 


The que.stiori arises whether there must always and of iiv'cesisity be a 
veiling effect in ev'ery ex|x^riment. In other viords, are the electromagnetic 
equations of .such a natnix> that it i.s inherently impissible to detect motion 
through an ether by eleetnmiagnetic tnean.s ( 


It is well known that the ordinary Newtonian equations of dynamics are 
of this nature. F'or the equations 


in 


do 


F 


’ Vhil. Iritiu. A, 202 (1903), p. 165 «nd ftw. It. S. 72 (1903), p. 132. 
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do not change their form when referred to axes moving with a uniform 
velocity xi i.e. when x is replaced by x— ut. Thus all phenomena governed 
by these efjuations are the same on an earth moving with a uniform velocity w 
as they would be on an earth at rest, so that it is necessarily futile to attempt 
to determim- the earth s velocity in space by means of such phenomena. 

Systems of equation.s or natural laws which are such as to make it im- 
pjssible t<> ilcterminc absolute motion may be said to satisfy the “Relativity- 
condition. 1 he characteristic of .such equations will be that they do not 
change their form when referred to axes moving with a uniform velocity 
relative to the axe.s to whieh they were originally referred. We have seen 
that the Newtonian equations satisfy the relativity-condition, and the con- 
tinual failure* of experiment to determine the earth’s velocitj* through the 
I'ther leads ns to coiisidiT \vh(*thi‘r the electromagnetic laws may not also 
satisfy the relativity-condition. 

If we simply change the <-lcctromagnetic laws by replacing x by x — ut, it 
i.s at fiiice .seen that a change of form resiilt.s. But the hyq>othe.sis of the 
Fitzgerald-Loreiitz contraction luis already given grounds for suspecting that 
the requiri'd change may not be so simple as this. For instance, it may be 
that on changing to moving axes, all lengths jtarallel to the .r-axis ought to 
lie contracted in the ratio ( 1 In this case the transformation would 

be from x to a new coordinate .»• defined by ./ = « (x — ut), whei’e k denotes 
(1 - The analysis of § ()59 has already shewn that all electrostatic 

phenomena corifbnu to the ndativity-coiidition when this tran.sforrnation is 
made. 

This change really amounts to a change in the mea.sureinent of the unit 
of length, as regards lengths parallel to the axis of x, when we change the 
velu’ily of motion parallel to the axis of x. Following a method originated by 
Einstein* we proceed to examine w hethcr similar changes in all the units can 
result in the eleci roinagiietic laws conforming to the relativity-condition. 


676 . ( '< insider firat the condition that the simple phenomenon of the 
transmission of a light -signal shall .sjitiaty the relativity -condition. Imagine 
an exiieriineiiter N moving with an unknown but uniform velocitj-, and using 
cixinlinates x, i/, r, t to reconi the result of his observations. If the pheno- 
menon of light-transmission satisfies the relativity-condition, a signal started 
from the origin at any instant t = 0 will after time t have reached points 
lyini: on a splu're 

^ ^ ^ j^ + xf + z^-(?t* = 0 (691), 

where (7 is the volt>oity of light determined by the observer & 

Let a second observer S' move with a different velocity, and let him use 
e<H>nliuatos x', x/', 2 ', If to recunl the result of his observations. The sphere 

• Ann. d. Phy». 17 (1908), p. 891. 
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whose equation is (691) for S will have an equation expressed in terms of 
a', y', t‘ for (S', and if the relativity-condition is satisfied, this equation 
must be 

x‘* + = 0 (692), 

where O' is the velocity of light determined by S'. 

If S’ changes his units of length or time he will change his value of O', 
which is the distance light appears to him to travel in unit time. We may 
without any loss of generality suppose S' to use units w'hich make O' equal 
to a 

We may also suppose that light will appear, both to (S and to S', to travel 
in straight lines with uniform velocity*. Thus for S the equation connecting 
the position x, y, s of a light-signal with the time t must be linear in x, y, z 
and t. The similar equation for S' w ill be linear in x', y', z and t'. Thus s', y', z 
and t' will necessarily be linear functions of s, y, z and t. Anti we have 
already supposed that the etpiations of tnvnsfonnation from x, y, z', t' to x, y, z, t 
must be such that equation (691) transforms into equation (692), C being 
equal to C. 

Let us introduce new' variables t, t' in place of t. t', these Ixnng givtui by 
T = iCt, T = iCt' where i = 1 ). Then equations (691 ) and (692) become 

•ri+/+r- + T* = 0, 
x'* -I- y'^ + z'* + t'’ = 0. 

The relativity-condition is satisfied if a linear transformation transforms 
the one equation into the other. Since the equations of transformation are 
linear this require.s that 

x'‘ + y^ + z^+r* = k {of* +• _?/• 4- r'* 4- t**) ( 699 ), 

where A- is a constant. 

Imagine a four-dimensional space con.strucled in which x, y, z, r an' 
orthogonal rectilinear coordinates. On account of the linearity of the equa- 
tions of transformation, s', y, z , r' may also be regardeil as rectilinear 
coordinate in this same space, but these have not yet l>ccn required to be 
orthogonal. Now x^ + y^ + z-‘ + T~ is the square of the distance of the point 
X, y, z, T from the origin when expressed in x, y, z, r ctsirdinates, so that, by 
equation (693), k (x'’‘ + y'* + z'’‘ + t'*) must be the square of the distance of 
x', y, z' , t' from the origin. It follows at once that x , y, z, j' must In; 
orthogonal coordinates; if they were not orthogonal, cross pnalucts x'y', x'r 

* According to EinuteiD'i generalinod theory of relativity, light doet not travel in etrnight 
lines in the pnesence of a gravitational field, and the gravitational defleotiou of light predicted by 
this theory was observed at the solar eclipse of 1919. The ossamption we have just mode marks 
the parting of the ways between the old physical theory of relativity and the new generalised 
theoiy. On the new theory the oeenraption just mode is strictly true only at an infinite distance 
from oil matter,- it may nevertheless be regarded ns a veiy accurate first approximation to tbe 
tmtb except in gravitational fields enormously more intense than any of which we have ex- 
perience. 
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etc. would enter into the expression for the square of the distance from 
> y t ^ to the origin. Thus the axes of x , y', z' , r' can be obtained from 
those of X, y, z, r by a pure rotation in the four-dimensional space. 

We have already fixed the ratio of S'’h units of length and time by making 
G' = C. If we further change the absolute values of these units, we can alter 
the value of k, and we may agree to fix these absolute values so that A; = 1. 
The change from c<xirdinate8 x, y, z, t to x, y\ z\ t' , or conversely, is now 
effected by a pun; rigid body rototion of the axe.s. 

We may notice in paH.sing that if the relativity-condition is satisfied as 
regards the transmi.s-sion of light-signal.s, no set of axes x, y, z, t in the four- 
dimensional spaci; is geometrically more fundamental than any other. A 
change of velocity of translation is merely effcctetl by turning the axes about, 
and no observer can claim on purely geometrical grounds that his system of 
axes provides a standard set from which all other positions of the axes ought 
to be meiusured. 

676 . The simjib-st e^tse of rotation of the axes occurs when every point 
moves pamllel to one of the coordinate ])lanes, say .r, x. The formulae of trans- 
formation then assume the simple fonns 

ir' = x cos 0 -s T sin d \ 

t' = T cos B — xsin B j- (694). 

y' =y\ z = z j 

To detrermine what physical meaning is to be assigned to 0,we notice that 
X = 0 when 

X = — T t.-ui B = — iCt tan 0 (695). 

Thus a |»oint which the experimenter S regards as moving along the axis 
of X with a veha'ity —iC tan B will appear to S' to be at rest. In other words 
\,he a.xes of S' move relative to those of S with a vel(x;ity — iC tan B along the 
axis of .r. Ltd us }iut 

« = — iO ten 6 (696), 

then the transformation (694) is that appropriate to the case in which the axes 
of S' have a velocity (u, 0. U) relative to those of S. 



then K = cos B, and the formulae of transformation (694) become 

y = X (x - lit), y «= y, z' = z, t' -k (^t- (697). 

677 . Following Einstein we have found that the transfonnation relations 
(697) express the necessary aJid sufficient condition that the propagation of 
light-signals shall conform to the relativity-condition. We have already 
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noticed (§674) that the firet relation *'= k{x — ut) is simply an expression of 
the Pitz;^rald-Lorentz contraction which is necessary if the Michelson- 
Morley experiment is to conform to the relativity-condition. VVc now have 
the further information that if all experiments of light transmission are to 
satisfy the relativity-condition, wo must have the further relation 



The transformation (697). although we have obtained it by a method due 
mainly to Einstein, is commonly known as Lorentz’s transformation. For 
Lorentz had shewn*, before the a{)pearance of Einstein's pa^Kfr, that precis<?ly 
the same transformation expresses the condition that the ordinary electro- 
dynamical equations shall conform to the relativity-condition. 


678 . Before proving this, let us examine some of the purely kinematical 
properties of the Lorentz transformation expressed by equations (697). 

Transforming to axes moving with a relative velocit}" u is equivalent, as 
we have seen, to turning the axes through an angle 6 in the x, r plane, where 
is given by equation (696). Transforming to axes moving with a velocity n' 
relative to these new axes is eipii valent to turning threugh a further angle 0' 
given by 

u' = — tC tan . 


But these last axo.s can be obtaiiusl from the original axes on turning 
through an angle ff + O', and wo have 

-iCttanfl-t-tan^') n 4- u' 

1 — tan Uin O' 


— iC bin (0 + O') = 


1 -t- 


C" 


Thus the velocity of the last set of moving axe.s relative to the first is 
not ’( -t- u'; it is C, given by 


H -t- «' 



(698). 


and we notice that f is neces.siirily less than « -i- «' when both it and «' are 
positive. We should only have a right to expect that r would be equal to 
u + it' if both .S' and S' measured their lengths, timcH ami velocities in similar 
ways, and this, under the Lorentz transformation, they do not do. 

As a direct conse<iuence of ispiation (698), 

,, I , “W 

j 

no that if M and u' are each le.ss than C, then r is necessarily less than 6’. 


* Pror. (1904), p. 809. 
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Thus DO possible compounding of vel(x?itie8 less than G can ever give a 
resultant velocity i; greater than G. As a special case if u = G then f/= 0, 
regardless of the value of u\ the resultant of the velocity of light and any 
other vekaiity is the v<;locity of light. 

.Similar analysis will give the result of superposing two velocities not in 
the siune dirocticju, but the required formulae can bo obtained rather more 
directly from th(' formuhu* of transformation (697), as we shall now see. 

679 . Let a point move with velocity c, r, ir relative to the axes used by 
.S', so that 

./■ = ,<■„ 4 rt, 1 / = y„ 4 I t, ^ = 2 „ + wt (699), 

and let the velocity of tli(; sjime jx.int relative to the axes used by S' be 
(■’, f', h', so that 

y - j:,; + r't' , ;/ = y„' -k- y'f, z' = + w't' (700). 

In the.se last equations, let us substitute Lorentz’s values for a', y, as 
given by etptations (697). We obtjun 

, , ' a-iA 

K {X - i,t) = a\ 4 r /c ^ t - I , 


y=2/« + ' 


n'-c-O- 


and a similar equation for z. Dift'crentiate these three equations with respect 
(h' 

to t, putting - etc., in accordance with e(piations (699), and we find 

lit 

, /, ' 
i 

i -p)] OOl). 

I 

' I'l '’"Ni 
tr = ir X j 1 - ) 1 

\ ' J 


for which follows <lirectlv 


, (■ u 

^ G^ 




In these equations f, w may be regarded as the resultant velocity 
obtained by compounding velocities u, 0, 0 and f , t' , 
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v—u 

Vu 


‘(‘-S')- 


.(703). 


These are also a necessary consequence of equations (702), for v\ v', w' 
is the velocity obtained by compounding vcU^cities r, r, w and — u, 0, 0. 

EnECTROMAtJNETlC EQUATIONS. 

680 . Following Lorentz* and Einsteinf, let us now proceed to tnmsfonn 
the general electrodynamical equations of Chap. XIX (§§ 621, 622), namely 

<’«>■ 



?/' dg dh . 

L + t,.^^=P 




dy ^ 


^ dt) 


dy" 

dz’ 

1 da 

dZ 

dY 

V dt 


dy~ 

dz ’ 



db 


ar + 


^dz 

= P 

da 

db 

cc 

=x () 

dx ^ 

dy 

dz 



.(707), 


to the new variables x, y, z , t' connected with x, y, z, t by relations (697). 

If is any function whatever of x, y, z, t we have 

dx ^ ^ ^ (f>X _ “ 

dx cx' dx dt' dx \dx' C* dt! I \ 


dt dx' dt ?i' dt \dt' dx' 


.(708). 


dy dy' ’ dz dz' f 

The three equations (704) and equation (706) accordingly assume the form 


<’*»• 

'™’>' 


t Ann, d. Phifik, 17 (190G). p. 916. 


l<c, anU* 
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and 


G \di‘ “&«')]** W ~C^^7 0y 

(712). 


fix' dy' dz C* dt' ^ ' 
If we intrcKliiec a, /S', y,f, g', h\ defined by 

«' = «. /'=/ 

■itru 


0' = ic(0 + ~h], 


•47rC' 


.(713); 




then equations (710) and (711) may be written in the form 


irr 

a 


pv + 


d£ 

dt' 


477 ' dh' 

a dt' 


da dy' 
dz' dx 

d0' _ da' 
dx dy' 


.(714), 

.(715). 


681. We still require to transform p(7, p>', pw to the new coordinates. 

The density p' in the new c(x>rdinates mu.sb be such that 
p’dx'dy'dz = pdxdydz. 

Since the coordinates .r', y', z', r are derived from x, y, t by a pure 
rotation in fonr-dimen.sionid space, we have 

> .y • j dx'dy'dz'dr' = dxdydzdr. 

d (X, y. z.T) ^ 

dxdudz dx dt' Vu\ 

q) <■'**>• 


Thus 


so that 


^' = P-(l-^ (717). 


Combiniiif7 tbj.s with e(jiiations (703), we find at once that p (u—u) — p'u', 
pi'= p'y' and p»'= p H"'. Thus equations (714) and (715) become 


■ -t 

da 

dy' 

^ dt'l 

dz' 

dx' 

.,dh'\ 

_d8' 

da.' 

^df! 

?x 



.(718), 




On multiplying throughout by tc and using relations (713), equation (709) 
l>ecoineH 


477 r 

cl 


(if 

ICpU-\- - UK 


I y I 

ray eWJ dy’ dz' 


which, by the use of equation (712), reduces further to 




k / rr j«\ a. 


df 


dy' d^ 
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Using the relation p{v—u)- p'r’ just obtained, and also the relation / — 
this becomes 

^ <{()-dy''d7 

Finally, again using relations (713), equation (712) tmnsfornis into 

dx K \dy "bz J 4-TrC Vf'y' bz') V‘ dt' " 

Using the relation (720), which ha.s just been obtained, this becomes 

tVV C‘J} K\d;/ ?z‘ 

or, multiplying throughout by k and using equation (717), 

?h 




bf dg . 

/ , + - p 

ox t)>l 02 


(721). 


682. We havt‘ now seen that if the new qiiantitie.s a\ fj' , y\ f', g\h' are 
defined by equations (71.3), then the electric equaticuis (704) and (706’), when 
transformetl to cix>rdinaU'a a', \j , z, t\ resume their original form exiictly. 
By precisely similar analysis we fintl that if 


u' = a, 


II 

b' = k\ 


11 

c = k\ 


it 

11 


•(722), 




i' ) 


then the magnetic equations (705) and (707), when transformed U* the new 
coordinates x , »/, z , t , wdl also resume their original form exactly. 

Thus it apjx'are that the relativity-condition will lx.- sati.sfiod by all 
electromagnetic phenomena, if the relation between the forces as estimated 
by S and those estimated by »V' moving with a velocity («, 0. 0) relative to S 
can be supposed to be those given by relations (713) and (722). If the.se 
relations are found, in actual fact, to Is* sati.sfiod, it will be impossible to deter- 
mine absolute motion by any electrum.igiietic means whatever. 

683. Consider first the form assuiiuHl by the ndations in free s[mce, for 
which we may take A' = /t = 1 . Here a. h, c become identical with a, /i, y, and 
d, b', c' with d, 0 , 7 '. Also /, g, h become the same ns Xfiir, i'/iw, 
and similarly for f, g', h'. The two sets of equations (713) and (722) an- now- 
seen to become identical, each reducing to 
a' = a. 




+ 1 z) , 


a 




0 ^)' 


X'^X 


( 723 ). 
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If uVO* is ncsgkicted, may be put, ecpial to unity, and the forces X', T, Z' 
are exactly those whicii we found in § 628 for the forces on a unit charge 
moving with velocity (m, 0, 0). Similarly the forces o', ;3', y' are easily shewn 
by the method of § 572 to be precisely those which would 1^ acting on a unit 
magnetic jx)le moving with a velocity (u, 0, 0). Thn.s there is direct experi- 
mental verification ot the.se ispiations when is neglected. 

When is nt)t ncglectisl, it is naturally impossible to obtain direct 

cxfKirimental evidence of the accuracy of the eipiations. A complication arises 
from the fact that S and S are using different units of length in the direction 
of Oa', and on allowing for this :ui<l treating the [jrobleni in the manner of 
§ 656, it is at once found that the jri-esence of the factors k in equations (723) 
exactly represents the eonqilication intrialuced by the finiteness of u^jC^. 

I’hus it appears, by what is n^>t far short fif absolute proof, that the 
relativity-eondition is satisfied by all electromagnetic phenomena. 

684 The probl t in presented by ]>henornena in dielectric and magnetic 
media is naturally more complex. Various hyjM)theHes have been put forward 
as to thi' relation between a , b\ c an<l a', /d', y in moving magnetic media, as 
also regarding the n-lation between y", g , /»' and X', Y\ Z' in moving 
dielectrics, Some of these hyjiotheses are in agreement with relations (713) 
and (722), while some are not. Ex|>eriments have been conducted by various 
jihysicists, and in jinrtieular by H. A. Wilson and A. Eichenwald, with a view 
to discrinunallng between thi-se rital hy[)otheses. In each case the victorious 
liyjKithe.si.s is found to be in eoiiformity with eijuations (713) and (722) 
above. 

Wilson” iiioMsl a dieleetrie biKly through a magnetic field and found that 
there was an electric polarisation ( ('. g , h ) set up of which the amount 
agreed very closely with that demanded by equations (713). And Eichenwaldf 
si't a polari.setl diel.-etric in motion and found that it produced a magnetic 
field similar to that demanded by equations (713). Thus there seems to be 
experiment.al confirmation for every term in equations (713). Experiments 
on moving magm'lie media have not bt'cn ]K'rformed, but there seems to be 
little room for doubt that they would similarly confirm equations (722). 

If, on the strength of this evidence, we assume equations (713) and (722) 
to be fiillv confirmed, then we have shewn that the electromagnetic equations 
conform to the relativity-condition. In other words, all experiments to 
dekTiiiine veloc'ity through the ether are necessarily futile. If for the moment 
We assume that we are moving through the ether with a velocity « in a 
direction which we call Os, then wo may consider that we arc playing the 
r^le of our observer .S’’, while an imaginary observer at rest in the ether may 
lie supiKised to be playing the role of our observer S. But we have seen that 

* Phil. Triim. A, 204 (1904), p. 121. + Ann. d. Phys. 11 (1904), p. 421, 
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all electromagnetic phenomena would be exactly the same for us as for 8. If 
we could deduce a velocity u through the ether for our motion, 8 would 
necessarily deduce a velocity u for his own motion, which would be contrary 
to the facts. By this argument, here put in the form of a redwstio ad 
abswrdum, we see the impossibility of determining our velocity through the 
ether. 

If at any time equations (713) and (722) are proved to be untrue — and, 
as we have seen, the remaining opportunities for proving these equations 
untrue are very few — then it will become possible, in theory at least, to 
determine our veUxiity through the ether. Bu^ for the present we shall 
assume, as a working hypothesis, that it is in no way possible to determine 
velocity through the ether. This is commonly allied the Hyptithesis of Rela- 
tivity. We proceed to examine some of the consequences of this hypothesis. 


The Rei.ativity HvpoTHi-tsis. 

686. This hypothesis commits us, generally spt'akiiig, to all the equations of 
the present chapter. It docs not commit us to any 8|xcial physical interpreta- 
tions of them. For instance, the first e<iuati<m of the Lorentz transformation, 
namely a;' == /e (x - ut), may if we please be interpri'ted in terms of the Fitz- 
gersld-Lorentz contraction-hypothesis, we may postulate a fixed ether and 
the equation is then taken to shew that any length moving with a velocity 
(«, 0, 0) through the ether will bi* contracted in the direction of the x-axis 
in the ratio l/x. Alternatively we may interpret the same equation in such 
a way as not to assume a fixed ether at all. Any observer 8 measures out a 
sphere which remains at re.st relative to him ; to a second observer S' moving 
relative to 8 with a velocity (w, 0, 0), this sphere will api)ear to be contracted 
in the ratio I/k along Ox. 

In a similar way all the other eijuations can' be interpreted so as to have 
no reference to a fixed ether : they may be taken merely as expressing relations 
between quantities as measured by one observer 5 and another observer S' 
moving with a velocity u relative to S. 

The kincmatical relations of Eimstein, namely equations (702), may, on 
this interpretation, be reganied merely as laws for the composition of velo- 
cities. It appears that the simple taws of composition of velocities and of 
vector-addition — the so-caikxl “parallelogram of velocities'’ — are no longer 
true if the hypothesis of relativity is true. The simple laws are true if u*jG* 
and u*/C* are small, but not otherwise. 

Startling though this result may appear, there is almost direct experi- 
mental confirmation of it, as we shall soon sec. 
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Ol’TlCAL CONSEQUENCES OF THE RELATIVITY HYPOTHESIS. 

686. The relativity hypothesis makes no claim to explain the nature of 
phenomena, it merely proposes, tentatively, a general law of a restrictive 
nature, which so far has appeared to dominate all known phenomena. All 
explanations of phenomena which conform to the limits of this restriction are 
equally permitted by this hypothesis, but the hy{K)the8is serves to rule out, 
tentatively, all explanations which do not conform to the condition. Conse- 
quently it is only in rare cases that the principle of relativity by itself enables 
us to obtain a full solution of a prf>l>lem. As an instance of such a case, we 
have seen that it enables us to determine the electric and magnetic forces in 
jwnderable media. Other instances occur in optical phenomena, and to these 
we now tunj. 

Fizeau’s ll'ater Tube Experiment 

687 . In Fizeau'.s water tube experiment, a stream of water was made to 
How through a tube, its velocity of flow being n relative to the earth, and a 
ray of light was passed thr<jugh the water in the direction of its motion. To 
an observer moving with the stream, the water would appear to be at rest, so 
that the light would be propagated relative to this observer with a velocity 
u connect<‘d with the refractive-index v of the water by the relation u' — Civ. 

Acconling to the cla.ssical laws of kinematics, the light ought to travel, 
relative to an observer at rest on the earth, with a velocity w-t- u' or 

^+u (724). 

Fizeau found it pos-sible to measure the actual velocity by an interference 
method and formula (724) wa.s not confirmed. The formula 

fl- (725) 

V \ ' 

was found to represent the velocity accurately both for water and other trans- 
parent media. 

As we shall now' see, formula (725) is not only consistent with the theoiy 
of relativity, but could also have been fully predicted by this theory. For the 
velocity in question is simply that which results finm compounding the 
velocities ti and Vlr, and the resultant velocity obtained by the relativity 
formula (702) is 



If «‘/Ch is neglected this reduces the formula (725). In this experiment we 
have very direct experimonUil confirmation of Einstein’s formula for the 
composition of velocities. 
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Refection of Light from a Moving Mirror and Emission from 
a Moving Source. 

688 . According to the relativity hypothesis, the velocity of light in free 
space is always equal to C, If the light is observed by an observer moving 
with a velocity m relative to the source, the velocity is still ecjual to C, for we 
have seen in § 678 that the velocity obtained by coinpuinding a velocity C 
with any other velocity a is itself equal to 

This consequence of the relativity hypUhesis has been tested by Majomna. 
He first examined the light reAwted by a moving mirror and found its velocity 
to be exactly equal to C indeptmtlently of (he velocity of the mirror*. In a 
later investig}Vtion+ he tested the velocity of light emitted by a rapidly- 
moving source and found this to be equal to € independently of the velocity 
of the source. 

These exjH'riniental results are of very great uojsvrtanee, for it will be seen 
that the Michelson-Moiiey experiment an<l the experiments of Majorana 
Uken in combination establish the Ijorentz transformation equations 
as a fact of observation. The Michelson-Morky ex(>t‘riment sheai'd that the 
average to-and-fro vehxiity of light retlected from a mirror Iwck to the source 
was the same for all directions in sjiaoe. The Majomna experiments now 
shew that the result i.s true lor the .se|»arat<- path*- before and afU-r n-tlection, 
so that the velocity of light, as mea-sunHl by any obnerver. is the same for all 
directions in space. We now havea.s.ni experinientnl fact that, indejx-ndently 
of the velocities of the source an<l observer, the Maie-siirface is a sphere /niriitg 
the obset'ver as centre. This is precisely the sujqxi.Hition from which we started 
in § 675; it was found to lead directly to the l>orenlz Imn.sformation (65>7). 


Afierration and the Dopjder effect. 

. As in § 5ttl, the equation of wave-propagation in free s{)ac<\ namely 


has a solution 


dt^ ^ 


2 ^ 


4 Jit It « . ^ » 

x = A cos (L + mg -f nz - Ct) (< 26), 


where I’ + -(-«*= 1, and this corresfsmds to t he propvgation of a plane wave 

of light of frequency r in a direction i, m, «. .Supjiose that the same ray of 
light appears to the ob.servcr S' to be of freipiency v’ and to be projiagated 
in a direction f, w', n', so that the solution of the wave-equation for S' will he 

x' = A' cos + ftty' + - Ct') (727 ). 


PhtL Mag. 86 (1916), p. 1C8. 


t I’Inl. Mag. 87 (1919), p. I4S. 
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On substituting for x’ , y\ z', if in terms of x, y, z, t from equations (697), 
this becomes 


■A'< 


27r 

' ?0 


l'K(x—ut) + my + ii'z~ Ck {t — 


Ihis expression must be identioil with (726), so that by comparison we 
obtain 



( 6 ' + I' ti) 

C 


V 

V 


(728). 


Aberratiun. Itijuating the first and fourth fractions in equations (728), 
we find 

H 


l' + 


/ = ■ 


,.(729). 


1 + /■ 


C 


Thi.s must, :u.Tording to the hyjMithesi.s of relativity, be the exact formula 
for ustronomic;il aberration. Let the observer »S' be at rest relative to any 
system of axes in uniform motion, while S' moves relative to these axes with 
a velocity it along Ox. TIk'Ii light which apjwars to <S to arrive in a direction 
t. 7)1, ri will ap{x.'ar t(' S' to arrive in a direction ?«', n', where I, I' are related 
by eijuatiori (729). I'ut / = cos<^), /' = cos<^'; then 

Cos (f)’ — eos d) = r — / = — sin* A* . 

” ^ / U .\ 

C'^l + ^eos <!> j 

If U; U is small, t hi' reduces to the ordinary formula ol' practical astronomy, 

</>'-<#> = f (^.) • 

Doppler Efi'ecf. Kquating (he last two fmctions in equations (728), we find 


:'■( 


1 + 


H COS 4) 

C 




-C.J 


.(730). 


This is the full expn-ssioii for the lX>pplcr effect. If ti'/C^ is neglected, the 
right-hand memlx'r reduces to 

1 + pCOS 

which is the Doppler factor usually assumeti. If the observer is moving 
directly towaixls the source ot light with velocity u, we have cos ^ = 1, and 
equation (730) becomes 


V 

V 


1 + 


C 


1 - 


\ 


.(731). 


j. 
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690 . In formulae (702) we obtained equations for the velocity r, v, ir 
obtained by compounding a velocity tt, 0, 0 with a velocity u', r', w'. When 
the velocity v', J'', w' is so small that its sfjuart- may be neglected in com- 
parison with C^, these formulae reduct' to 


. , » , r 

r=n+r - = u -t- 


r »' 

i' = - ; IV = 


.(732). 


K K 

Suppose that u, 0, 0 is the vclocitj' rt'lative to .S' of a moving jiarticle at 
an instant t = 0. Let it apjietir to an observer S', moving with a uniform 
velocity H, 0, 0, to have accelerations 

dc' dv' dw' 

~dt‘ ' dt' ’ dt' 

these being measured in the coonliiuites used by S. In formulae (732) let 
us put 

. , dr' ,, , dtt'' ,,, 



then r, i", iv will be the vi'liKities, jus measured by S at the end ot a small 
interval d#' as measurwl by S'. 

The times t, t' used by .SI iiml «S" are connected by isolation (1)97), namely, 




SO that on differentiation with resjiect to / tbllowmg the juirlude in itJi motion. 


df 

dt 


1 - 


H d.. 
O’ dt 




1 

K 


(734) 


Thu.s relations (7.T1) may be replaced by 

1 dr’ 




and equations (732> become 
J di 


r=u + 


1 dr 


dt 




H = . ,, dt 
#r at 


.,(73.5). 


H are the accelerations as niofusured by S, we must have 


dt' dt' dt 


dr ,, 

r = a + - dt, et<-., 
(U 


whence by couqiarison with equatioius (735), 

d/f J dr' dr 1 dr' dw 1 dw' 
dt “ d? ■ dt^ k‘ dt! ’ dt ^ k' dt' 

These formulae give the accelerations its measured by 8 in terms of thi 
accelerations as ineasurod by an observer S' moving with the particle. 


.(73(?). 
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691 . Let the accelerations be supposed to orij^nate from the action of a 
force, hince the particle is supposed to be at re.st relative to at the in- 
stant t = 0, its equations of motion, in terms of the coordinates used by S' , 
will bo 


dr' 


dV 


dw' 


where ni i.s th(‘ m.'i.ss, as cstirnatcfl by S', and Q', R' are the components 
of the force, also as estimated by S. 

From these equations and eijuations (TtlG), we obtain 






,dw 

m K- , = K 

dt 


.(7.37), 


and these will b(' the equations of motion .as f>b.served bv S. 

11 the jiartieh. is an electron of charge e, the values of P', Q, R' will be 
eV, eZ', wln-re A", 1", Z‘ are given by equations (723). Substituting 
tht»e, we find for the e(|Ualions of motion of the electron as observed by S, 

, dr 


uiK' ,, = eX 
dt 


inK‘ 


in/c- 


dt 
d H' 
dt 


fv '' \ ' 
= e/c j r - 7 ) > 


= eK(z + l,i3) 


.(738). 


The observer S wdl .MipjKise the electron moving with velocity V to have 
longitudinal and transverse masses mt and ?«, ; and his etjuations of motion 
for the electr<in vvil! he 


nil 


dr 

dt 


= eX 


m, 


lu, 





1 

V 


,(739). 


By comfiarison with equations (738) 

OI( = HOv’ ; WI( = »H»C 


(740). 


692 . 'I'hivse are preciselv Ijonuitz’s expressions for the longitudinal and 
tran.sver8»> mtus.s of a moving electron (§ 6(54), which we have seen to be fully 
confirmed by e.xjKTiment (§ 665). In deducing these expressions in § 664 
we sup[)osed the inertia to be prixluced by a magnetic field in the ether, so 
that r denoted the vehn ity relative to the ether, but the theory of relativity 
show.s that V may legitimately be supposed to mean merely the velocity 
relative to the observer by wluuu the accelerations are measured. A further 
difference between the two calculations may also be noticed. When the mass 

39—2 
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was regarded ns arising from an ethereal magnetic field, it was possible to 
estimate the radius of the electron from a knowledge of the value of m ; the 
relativity calculation does not make any such estimate possible. 


We may notice that 
.dv 








IIIK 


dv 


= {vikv'). etc. 


whence it follows that the e<iuation of motion of an electron moving with 
any velocity f. f, w i-elntive tt> any observer must be 


I 


(741), 


where k is now given by 


K 



/ - + 


» • + H- 
(H 



(742) 


To shew that these are the true equations, it is Hutticii iit to notks* that 
they are invariant as reganis transformations of the jr, y, z axes ami reduce 
to equations (fllH) for one ajK-cial ilirection of tlu'se a.ves. 


MoMENTI’M .\Nt) Enkiuiy. 

693. The e-xpivasions on the right ot equations (741) are the- coinponenUs 
of forct> on the moving electron as they would be iiiea.siinsl by S (cf. §§ 

6.53). If we denote thes*- by P, Q, It, and if vvt reganl 

niKi', miev, vtKW 

as the components of inonientum of the moving electron, then the equation.s 
of motion (741 ) assume the form 

{Farce) — {rale of chiwffe of momentioii) (743). 

The mte at which work is done on the electron will Vic 

Pr + Qv+ f{»r = (kc) + ru r '‘;V 

and after simple algebraic transformation this becomes 

Pc + Qv-i. (744). 

Thus if we suppose the energy of the electron to be maC'' + a constant 
we have the equation 

{Rate of doing work) = {rate of increase of energy). 
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In the cquatidti, 

Energy = vikO^ + cons (745), 

the additive constant is entirely at our disposal. If we take it equal to - mC'“, 
the energy is giviui by 

Energy = nt6*“(/e-l) (746), 

and this reduces to the IVewtonian kinetic energy ^r/t(r^+ r-+ when the 


velocity IS snmll compared with that of light. But it is generally more 
convenient to put the additive <-oristant equal to zero, so that the energy is 
simply wncC 1 his may he reganhd as rejiresenting kinetic energy ■wiC* (« — 1) 
and intrinsic electronic cuerg-y 


694. L<‘t ns put 

then = uikc, etc. arifl I'quations (741) become 


dtVerj <7(1 cr/'“^’ 


d ,(>T' 


'Ihese are iinalog.ais to the classical Lagrangian eijuations of motion of a 
jiarticle. Wi- tmist note, however, that T' is not the kinetic energy, but is 
equal to the kinetic cnerg) dividc'd by k. 


C’uN.SERV.XTlON OF M.A.S.S, MoMKN’TIM AND ENERGY. 

696. In defining the energy- of an electron to be wt/c6'-, we have already 
arranged, by definition, that conservation of energy shall hold. The total 
energy of a system of (dectron is i/rtitC'-', and from equation (744) it is at once 
apparent, that if no work is d<ino from outside the total energy remains 
constant 

As H system of electrons change their velocities under their mutual inter- 
actions, the vuhu s of K for thi' different electrons will he continually' changing. 
If the hiUii energy remains coii.stant, it is clear from e(|uation (745) that 
Ewiv must remain constant. Thus if in future we agiee to define the mass 
of a moving electron as iuk — the ‘‘transverse mass of § 064 — then it appears 
that conservation ^>f energy w ill imply conservation of mass. 

The full principle of conservation of energy states that as energy is 
interchanges! iM-tween clitt’eront modes of energy^ the sum total of energy 
alw'ays remains ct)nsUint. Hence m order that the sum total of masses shall 
rtimain constant — i-e. to si'curi' cojnj)lete conservation of mass — it is necessary 
that all forms of energy should )K>sse*ss mass, and energy E of any kind what- 
ever must ftosse.ss maas of amount A’/C*. 

For instance suppise that a system of electrons of energy E, and therefore 
of total mass Hvik wpial ff) EfC\ radiates away energy of amount B. The 
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final energy of the electrons is E~R, so that their final mass is EjC^ — RjC'K 
But the radiation, possessing energy R must also p<me88 mass RjC‘, so that 
the total mass of electrons and radiation remains tnjual to A'/C'*, and the total 
mass is entirely conserved. 


696 . Our tyj)ieal electron has boon .supposed to move with a velocity of 
components r, i’, w relative U> an observer jS'. Lr't ns sirjipose its velocity 
relative to a second observer S' to lx* v\ S'’, when S' moves relative to S 
with a velocity «, 0, 0. Then the two sets of velocities are ivlated by the 
kinematieal equations (702) and {70H) of § 079. 


Let lib write 





-i 



r'2+ i 





(747), 


so that Kf is identical with the k of § 079. On iihing the Milnes of r', i ', ir' 
given by iipiations (7011). we find 


1 _ 


(r-a)’ + 1 


( 1”+ W'‘) 


^ ^ - 

( r’+i-’ + 

)' 


1 1 - 

V (s) 


so that, on rai.sing each side to the power — 

' 1 ^ a , 

/£=«*„ 1 - 1 


(74S), 


or, again rising the fiiNf of etjiiations (709). 

k'c' - «). 

Multiplying both -sides by m, and summing over all the jiai'ticles in the 
field, 

'E.iuk' c' = Ku^siKl' - iiK^'^rriK. 


Let M.fii denote the totivi mass and total j-mornentum a« observed by S, 
and let denote the same quairtities a« olrserveti by S'. Then our 


equation may be writti-n 

fif ^ fCtfit — uKo M , (749). 

Similarly, since S is moving relative to S' with a velocity — w, 

-^UKtM' (750). 
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If the total (inergy oi the system remains constant throughout any motion, 
M and M must remain constant, so that and /u.*' necessarily remain 
constant. Ihn.s conservation ot energy implies conservation of momentum. 

particular ca.se, let us siipjwso the velocity of the axes of S' 
chosen so that = 0. Tims iS" moves with the centre of gravity of the 
system, and this centre of gravity iriov(;s relative to S with a velocity u along 
()if. Putting fix in eijuation.s (T-ffl) and (7.50), we find 

fj-x = i(M, 

Thus th<' .c-nioiiit‘tituui observed hy S is u times the total mass observed 
by iS'. The total mass observeil by ,S is k,, times the- total inmss observed by 
S'. And, if W(‘ take tlio I'Uergy eipud to d/6'-, the total energy observ'od by S 
is K times the total em igv obs/ iaed bv S'. 

698 Itet timing to the aiialysi- of ^ fifMi, |<>t u.s .supjtose that the system 
emits a beam of radiation tilong 6./-. Let the energy of this beam as estimated 
by S be A’, so tiisti its mass is F.'C^ and let its immientum as estimated by A’ 
be Rf along d.r. Let acceiiteil letters denote the .same Ljuantities its estimated 
by S', '[’hen in order that e(ptation (7-1-fM may 1 k' true both before and after 
the etnissioti of the radiation, both mass ati<l momentum being assumed to be 
eon.served, we mmst ha\o 

Rx = X(,/L — '</r„ A (F. 

Thi.s eijiiation is true for all value- of a. Take h equal to C, so that S' 
moves with the beam of light. Then //j' = 0, and the equation becomes 

( 751 )., 

Thus the moMUuitum of a beam of light, as measuretl by any observer 
whatever, is equal to (1 (*) times its energy. Or, again, the momentum is 
eipial Ui (' liiiH'S the mass. If 11' is the energy of the beam per unit volume, 
the momentum jmt unit \oiume will be 11 'C. and tlu' flow of momentum 
per unit art*H <d c*r<i.vs-seetion will be (' times this, and so equal to IT. Thus 
the pressure of nuliation is equal to the <.ujergy ]ier unit volume. 

This result was obtained in § 5!*2e as a consequence of the hyijothesis 
that electric action \vivs transmitted by <an ether. It now appeal's that the 
result is in accordance with the hypothesis ot relativity, and can be deduced 
as a direct conwajuence of this hypothesis. 
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The Energy and Momentum of Radiation. 


699. In free space the fundamental equations (613) and (614) of p. .559 
assume the form 






Multiply these six equations by X, Y, Z, — a, - j 8 , — 7 resiwctively and 
add corresponding sides. We obtain 

( JT r + r r + Zw) + ^ {X^ + 1'= + + a”- + /3> + 7 *) 

- - at - aV^“ - ^ I 

Multiply both sides by (’/4Tr and integrate throughout any closed sjiace 
Assuming that the distribution of electric density p arises entirely from 
electrons, we obtain 


Se (Xv + Yr + Zw) fjj'(X^ + p* + + 7 “) rfu-dyffr 

= ^|y l(Yy-Z/3) + i>t(Z2-Xy) + n(X/3~Ya) d6' ..,(7.54). 


In § 693, we put 




= P, etc. 


Multiplying these relations by r, ir and adding wo find, after a further 
use of equation (744), 

e{Xu+ Yr+ Zw) = Pu-^Qr+ liw ^^^^{iukC*). 

Thus equation (754) becomes 
^ 2w*(? + [jl ( X - + + ct* 4 /S’ + 7 ’) dxdydz 


-^j liYy-Zm-^.-. d*S'...(755). 


Now let the closed space be allowed to extend to infinity, so that the 
integration is through the whole of space. The surface integral on the right 
of equation (755) now vanishes, so that the left-hand member must also 
vanish. In other words, throughout the motion of the system of electrons, 

Sm0c(P + j j j (X’ t- F * -4 ^ + a’ + /S* + 7 *) (icrfyiiF ■» cons. ...(756). 
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If is the energy radiated away from a system of electrons, we hare 
already had the relation 

SnifcC^ + R <= cons., 

whence it appears that the volume-integral in (7.56) must represent radiated 

energy. 

If we assume the radiated energy to be localised in space according to the 
distribution of the integral, then the fltiw of energy into any closed surface 
must be repre.scnteal by the surfnee-integra! on the right hand of equation 
(7.55), and this flow is precisely that givem by the Poynting Flux of § 576. 


700 . Again, let us nniliiply the six equations (7-52) and (753) by 0, 7 , 
— y9, 0, Z, — F and add. We obtain 
/r IV ' Id,. 

Dividing throughout by Itt, and u.sing equation, s (615) and (616), this 
bt*eoiiieH 

- !:■ [si - I" - + e - ^ - r )] + 1 [4I (xr + 


+ 

dz Itt 


(XZ+ay) ...(757). 


Integniting through a clo.s.sl surtaee ,-i.s hehtre, this lieeoiiics 


j'j' P-2=+ '..•-/tf‘-7'b + 4^(A5^ + «,8) 

+ — {XZ + 07 )] dS. 

Using the first of ec, nations (7-U ). the left-hand member becomes 

lumKr + ‘ It (' ( 1-7 - rfxdy drl (758). 

at [ J 

If the inU>gral is taken tlmmgh the whole of space, this expression must 
vanish, 80 that the quantity inside square brackets must re mam constant 
The fimt tenn is the -momentum of the electrons, so that the se^nd 

term must repix<«ent the a nmmentmu «il the ™ 

identical with the formula found for the momentum m the ether m § 655, it 

39 — “O 
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has now been obtaintnl, independently of the assumption of an ether, as a 
general expression for the momeutuin of radiation. 

If we assume the momentum to be localised in sjmee according to the 
distribution of the integral, then equation (757) can be interjected as shewing 
that there is a flow of .r-momentuni per unit area at any point, whose com- 
ponents will be Pa,, Pxii, Pxz> where 

P,, = {X^ _ - y ), 

Pi„ = ^ (.A' r + a/3), etc. 

These are precisely the (juantities we obtained in § (>5,5 to represent the 
comjx>nents of stress in an jussiunod ether. On the relativity-theory, they 
apjK*ar in a much more geuenil way :».s representing the flow of momentum 
in sjiace. 


Thk Kxi.steni'E ok an Etheu. 

701. Throughout the eailitu- eliajiU-i's of this Ixvok, we treat<al the ex- 
isU'iice of an ether a.s a working hy|»othe.sis. Ma.wvell and Faraday ajijs-ar to 
have had no doubt that the ether had a real objc*ctive exi.stence, but no |)ri>or 
that it exists outside our own minds luis ever beiui obUiined, and it seems 
best to regard it merely as a working hy|sjlhesi.s, to !)>■ discaiiied if it i.s 
found to lead to cotitnidictory or impossible re.sults, and to be retained if it 
jtroves to be useful tm w<dl a.s self-consistent. 

The considerations which have scemeil ti> favour tlie hyjiothesis of an 
objective ether art; mainly the following; 

(i) That light and other forms of electrouuignetic action are jirojjagated 
with a uniform velocity C, which is most natnraliy interjireted as a velocity of 
j»roj)agation in a niediiirn of .some sort. 

(ii) That tile hypothesis of an ol>jective ether ex])laitis electrical furce.s 
with comjianvtive simplicity jib arming from systems of streases Imnsmittcd 
by the ether. 

(iii) That the hyjiothesi.s of .an objts-tive ether gives a simjde account 
of electromagnetic energy a.s being the <'nergyof a meilituii in a state of strain 
and stress- 

The force of the first considemtion is very much weakened by th*‘ dis- 
covery, resulting from the M ichelson-Morley cxja'riment, that the velocity of 
projjagation is the same for an observer moving through the supjxjwed ether as 
for one at rest. We have seen in the present chapter that this fact, whether wo 
assume an ether U.> exist or not, requires us to adopt systeuns of kinematics 
and dynamics which are different from the old clas.sical systems. The ctm- 
sequciiccs of them: new systems of kinematical and dynainica! laws are found 
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to be confirmed by experiment. If they had not been confirmed, we should 
have reached an impasse', the circumstance that they arc confirmed provides 
no definite information on the question of the existence of an ether. But the 
hypothesis of an ether is weakened to this extent, that the theory of relativity 
has shown that the results in (jue.stioj), although possibly admitting of an ex- 
planation in t<irms of an ether, are necessary consequences of the simpler 
supposition that phenomena are the saint! for all observers, no matter with 
what velocity they are moving. And tlie simplest way of all of arranging that 
phenomena shall be the same for all moving observers, is to suppose that 
there is no ether at all ; all moving observere then necessarily stand on the 
same footing, for there is no fixed framework by which their motion can 
be estimated. The hyjiothesi.s that there is an ether may give a possible 
explanation of the phenomen.'i, but the h 3 q)othesis that there is no ether 
provides an e(juali\' pissible and \ery much simpler explanation. 

If we still wish to letjiin the hypithesis of an ether through which light 
and electromagnetie phenomena are jinqiagated, we must ailjust the projiertics 
of thi.s ether to agn'e with experiment. Now ne have .seen (§ (588) that, no 
matter how an observer and a source of light move, the wave-surface formed 
b)’ the light emitted at any instant will be a sphere having the observer as 
its centre, If the ohserved eoustant velocity of light is simply the constant 
velocity of [mqiagation through an ethereal ine<liuiu, it would seem to follow 
that each observer iiiu.st carry a complete ether about with him. This at 
least robs the ether of the greater part of its reality. We cannot quite go so far 
as to assert that the ether is reibieed to a .subjective imagination, as a simple 
aiuilogj' will shew. A lumilxT of i nivellei-s ma}- all see a hat the^^ would describe 
in onlinaiT language as being the same rainbow. The angle of the rainbow 
would be tlu' sivrne for each tnueller, and no amount of travelling towards the 
rainbow would e.ause it to subtend a greater angle. If the travellers compared 
oljservalions they would have to coiicludi' that each traveller carried his own 
rainlww almut with him. This woulil not, however, prove the rainbow to be 
inerelj' a subjective illusion; when the rainbow disapp.‘aretl for one traveller 
it Would di.sap(>ear for all. Considerations such ivs we have nnuitioncd do not 
prove in strictness that light cannot be projiagatcd through an ether; what 
they prove is that if an ether exists, it must be something veiy different from 
the absolutely objv'ctive etluT imagined bj’ Ma.xwell and Faraday. 

The hyiKithosis of an ether shewed great aptitude for explaining either 
electric or magnetic forces iii sv'stems at rest ; a simple sv’stem of pressures 
and teiisi<.«i8 was found to acewint jx'rfi'Oth" for the observed forces. On the 
other hand the .same explanation cjiunot account for lx>th electric and 
magnetic forces simultaneously. If, tvs is usuallv assumed, the electric forces 
are accounte<l for by simple pressure.s and ten.sions, then some other ex- 
planation must Ik' found for magnetic forces, and the hypothesis of ether- 
stresses loses its principal advantage. Further it h:vs been found that the 
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hypothesis of an ether at rest fails entirely to account for the forces in 
systems in motion (§ 655). To account for these forces, it appears that the 
ether must be supposed endowed with momentum. On the relativity-theory 
also we have seen (§ 700) that the forces can be explained in terms of a Jlow 
of momentum. The relativity-theory has thus shewn that what is essential 
to the ethereal explanation is not the ether but the momentum with which 
it was suppose^} to be endowed. It is quite easy to imagine a flow of 
momentum without there being an ether to carry it, and the conception of 
forces and pressures arising from a flow of inotncntum is one with which we 
have become familiar in other branches of physics, jvs for example the 
Kinetic Theorj’ of Gases. 

Almost similar remarks apply to the i 2 iterpretation of electromagnetic 
energy. Stress in the ether would account quite simply for either electric 
or magnetic energy, but not for both. Usually the energy of ethereal stress 
is regarded as electrostatic energy, so that kinetic energy of the ether must 
be invoker! to account for magnetic energy. Again the ether has to be 
supposed endowed with motion, but the motion rerjuisite to account for the 
magnetic energ 3 - is something quite different from that corre.sponding to the 
momentum required to account for electromagnetic forces. So far from the 
ether providing a simple explanation of all phenomena, it is found that highly 
complex pixqjerties must bi> ascribed to it in onlor to account for electrical and 
magnetic properties simultaneously. 

If an ether existed, it would provifle a fixtsl set of axes relative to which all 
positions ami velocities could be measured. To account for the result of the 
Michelson-Morley experiment, it would be necessary to postulafr a real 
shrinkage of all bodies moving through the ether. This shrinkage could 
not be detected by mechanical means, fur a moasuring nal wouhl shrink in 
precisely the same ratio as the body to be* measured, but it could be detected 
by gravitational mejins unless every gravitational field of force shrunk in just 
such a way as to conceal the shrinkage of matter. For instanci*, if the 
gravitational field did not shrink, the geoid, or surface of mean sea-level on 
the earth, might be a gravitational e«juij)otential for some one velocity 
through the ether, but could not remain an e<iUipoteatial as the earth's 
velocity through the ether changes! on account of its description of its orbit, 
and we should expect to observe seasonal and doily tidal surgings re*sulting 
from the earth’s motion through the ether. No such events are olvservwl, 
whence it seems natural to suppose that gravitation also must conform to 
the relativity-condition. As is well known, Einstein’s relativity-theory of 
gravitation has received confirmation both from the observer! motion of the 
perihelion of Mercuiy and from the olwerved deflection of light in the sun’s 
gravitational field. There seems no longer tt) lie any room lor reasimabk* 
doubt that gravitational phenomena conform to the relativity-condition. 

If, then, we continue to believe in the existence of an ether, we have also 
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til belic've not only that all electromagnetic phenomena are in a conspiracy 
to conceal from ii.s the Hpewl ol' our motion through the ether, but also that 
gravitational phenorneiia, which so far as is known have nothing to do with 
the ether, are parties to the same conspiracy. The simpler view seems to be 
that there is no ethea-. If we accept this view, there is no conspiracy of con- 
cealment for the simple reason that there is no longer anything to conceal. 

Whether we abandon our belief in the ether or not, the function of the 
hyjKithesis of relativity is merely that of providing a general dominating 
principle to which all phenomena must contorni. The hypothesis makes no 
claim to provide a mechanical explanation of the phenomena ; it helps us to 
iliscover the laws aceonling to which events occur, but has nothing to do 
with why they occur. In this respect it stands on the same footing as the 
1WO other great dominating principles of physics, namely the Conservation of 
Energy and tlu' Second Liiw of Thermodynamics. 
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,, sourmnts, 1,7.7, ,'10,514, 528 

, , -theory of Marweii, 1 .73, .71 0. -71 1 
Delasalek electrometer. IIU 
Doppler-effect, 609 

Doublet, electric, 50, 16.S, 193, 21,7, 232, -7.71 
Omde’e theory of c<iti-!iict.'o«. 5,77 
Dynamical theory of ouirciita, (.>..7 
Dynamo, action of, 4.78, 46,7 


Eamshaw’s theorem, 167 
Elchenwald, 605 

Elnrtein, 597, 598, 699, 600, 602, 620 
Electric charges, force between, 11, 12, 13, 37 
,, eqailibriura of, 23, 167 
,, currents, nee Curienta 

intensity, 24, .31, 117, 121, .571, .775 
,, potential, 26, 31, 121, ,569, 570, 575 
,, screening, 62, 97, 548 
Electricity, measurement of quantity of. 8, 77, 
109, 437 

positive and negative, 8 
., theories of, 19, 20 
Electrification, 5 

,, at surfaces and boundaries, 18, 

21, 45, 61, 194, 347 
„ by friction, 1, 9 

,, by induction, 16, 125, 186 

.. line of zero, 88, 194 

Electrokinetie momentum, 498 
Electrolytic conduction, 307 
Electromagnetic field, gcutral equations of, 
568, 602 

,, mass. 585, 598, 611, 613 

, , momentum, .783, 615. 617, 620 

theory of light, 3, 536. 532ff. 
,, units, 427. 528 

waves, .724, 52.7 
EJectrometers, 10.7, 107 
Electromotive force, 303, 453 
Electron, chaige and mass of, 20, 590 
„ internal mechanics of, 590 

motion of. in conduction, 306, 307, 
320, 343, 496, 549, 667, 
.562, 563 

., „ ,, in free space, 559 fit. 

,. size of. 586, 590, 612 
,, structiiie of, .789, 590, 596 

theory of conduction, 306, 549, 55.7, 
.757 

.. diajiersion, 553, 554 

Electrophorua, 17 

Electropositive, eltclrouegative, 10 
Electroscope, gold-leaf, 7, 17 
Electrostrictlon, 181 
Ellipsoidal analysis, 230, 244, 251 
,, conductors, 246, 253 

„ harmonics, 251 

Elliptic cylinders, 270 
,, disc, 248 

Energy, conservation of, 28, 32 
,, flow of, 519, 617 

,, localisation of, 151, 399,415, 443, 494, 
516. 576, 617, 620 
,. mass of, 613 
,, momentum of, 015 

of cunductora and condensers, 83, 106 
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of waves, 6&7, 617 
„ ,, magnelic fielii, 396, 898, 41S, 607 

,, „ magnetised bodies. 377, 380, 881 

„ „ systems of currents, 443 

BttnUibiinia, points of, 59, 167 
Bqalpotential snilaoM, 39. 47-69, 870 
Bqnlvalent etantmin (Green’s), 189, 361, 373 
Bwtng, 499 

Expansions in harmonics, 911 

,, ,, Ijegendre's ooeffieients, 393 

,, ,, sines and oosines, 959 

Fund (unit of oapacitv), 77, 330 
Pundny. 3, 74, 115, 116, 196. 140, 165, 308, 
409, 514, 618 
Finite ovmnt sheets, 481 
Fltsgerald, 594 

FlMsn’s vrnter-tabe experiment, 393. 607 
Finae, oonduoUng power of, 6, 133 
Flu of energ}', 519, 617 
Force, lines of, 9,5, 29, 43, 47-58, 63, 870 
,, magnetic, 381 

,, mechanicnl, sec Meehan lual force 
„ tubes of, 44, 47-58, 117, 371 

Fesrler’a theorem, 359 
FrukUiL. 19 
Fresnel, 536 

Otl-*nnametu. 433 

Oases , conduction in, 311 
,, mdoctiTe capacity of, 132, 582 
,, velocity of tight in, 533 
Onnsa’ theorem, 33, 118, 161, 163, 370. 366 
Osnerelised coo r d lnat ee. 489 
,, farces, 493 

,, mooientn, 493 

Osasntlon of electricity, 9 
„ „ heat, 820. 348 

Oreen, analytical tbeoieui of, 156 

,, equivalent stratum of. 182, 361. 375 
,, reoiprccation theorem of, 93. 163 
Onazd-iingr, 78, 106 

Baesn and Bobens, 548 
Ball eoset, 563 
Bomlltos's principle. 487 
Barmanle potential, 294 
Baxmonlcs, biaxal, 341 
„ elliiisoida], 251 

„ spherical, 206-223, 283-242, 243 

,, tesseral, 237 

,, zonal, 233 

,, tables of — 

bonnomos of integral degrees, *4i68 
Legendre's coefficients, 219 
tessera] harmonics, 240 
Boot, generation of, 820, 348 


BeaTlside. 505 

Helmholts, stresses in dielectrics, 177 
Bertslas vibrator, 578 
Bolts influence machine, 18 
Bmrmnseson, 625 
ByperboUo cylinders, 267, 270 
Bysteresls, nisgnstic, 412 

Images in eli'ctrostatics, 185-201, 258, 281, 286 
Irapnlslvs forcM. 493 

Induction, coeihcieuts of (elrctrostatics), 93, 96, 
97 

„ ,, ,, (circuits), 443 

electrification by, 16, 125, 186 
magnetic, 394 
,, of cuirents, 452, 563 
Indnctivs capacity of dielectric, 74, 115, 184, 
533 

,, crystals, 136 
„ gases. l-IS, 6.83 
,. „ liquids, 75, 360 

„ ., in terms of molecular struc 

ture, 130, 134, ,5.53 

Inllnlte oondnetors, resistaiiot in, ,850 
Inflnlty, field at. 56 
Insulators and conductors. 5, 546 
Intensity (electric). 24. 32. .43, 117, 121. 571. 
575 

of magnetisation, 368 
Intersecting planes, 188, 9(8. 
spheres. 206 

InveiM square, law uf, 13, 31, 37, 168, 365 
Inversion. 202, 258, 286 
Ion, 308 

,, velocity of, 310 

tonisattoa, 311 

fomln. 544 

Joule elTeot in conductors. 320 

Komerlingh Onnes, 558 
Kanfinonn. 590 

Belvln ila.rd), 193, 199, 219, 250, S;t5. 305, Kill 

Ketteler-Belmbolti formula, 553 
Slrchhoff. J98, 287 
,. sLatrs. 311 

„ Bolntton uf wave-equation, .522 

Lagrange's equations, 489, 492, 493 

Lanri's nuetlont. 252 

lAplooe’s eqaatloii, 40, 42, 120, 243. 245 

,, ,, sulution in spherical bar 

monies, 206 

,, ,, solution in ellipsoidal hai- 

luuDics, 251 

,, „ solntioii in spheroidal har- 

monies, 206 
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Ijuraor, C99, 677 
Law of force, la, 31, .37, 1I>H, 36.7 
,, ,, bptwcen current elementa, 441 

Leaet aetton, 483, .517, 579 

Leliedew, 638 

Lagendre’i ooeffloienta. 917, 92.'), 231 
lants’i law of inluclion of curri nta, 4.53 
Leyden jar, 77, 977 
Ltenard, 575 

Light, electromagnetic tlieory of, 3, .52(1, .539 
,, velocity of, 525, 532 
., JUperaion of, .539, .5.53 

Lightning conductor, (11, 479 
Llndemann, >5(1 

Unei of force (electroxtatic), 25, 29, 43. 47, *19 

(rniiKfietic), 379 

., ,, flow, 311 

,, ,, Induction, 38(j 

UouTllle, Roliition of wave-cijuation, ,591 
LorenU (H, A.), 553, .575, 5 89, 59 9. .594, (HX), (109 

Lorens (L. 1, 553 

Haclanrln, .>.53 
Maclean, 59-5 
Magnetic field, 359 

,, ,, prodoee.l hy curreots, 495 

,, , ,, cocrir.v of, ■);((!, 41.5, 494, .507 

,, ,, of iiiouiic’i.lecti'oiia,.514,.5til..<73 

,. matter, I’omaon’.s iiiun.'iiiftr.v. 375 

' ,, particle, 3(>(i 

., ,, (lotoiitiiil of, 379 

,, .. Iioti'iiliul enerfry of, 377 

,, ,, rc'oliUiun of. 372 

,, ,, vector- fxjtenlial of, 393 

,, shell . 37(1, 123 

,, potential of, 37(1 

„ ,, (xilential eiievuy of, 3Sn 

,, ,. vfoioi -potential of, 39.5 

Magnetised body. 3t>T 

polenlial of. 379 
potential enf’rs-'.v of, 381 
,, measurement of force inside 

a, 3.81 

Magnetism, pliysnal facts of, 304, 408, 49-5 
,, terrestrial, 400 

,, li«s.ri>*.s of, 3, 418. .508 

Hagnatoetrlctlon, 417 
Magri. 653 
Majorana, OOH 

Maas, elcclroraagnetio, 585, till, 613 
Matter, strnclure of. 20, 130, 134; #ee ttUo 
Eleotrot( hhJ .Volecnle 
„ imaginary magnetic, 375 

Maxwell, 2, 3 ft 

,, displacement theory, 1-53. 610 

,, theory of induced magnetism, 421 

,, tlieory of light, 3, 626, 532 


Measurements ; 

charge of eiectrieity, 8, 77, 109, 437 
current of electricity, 314, 433 
inductive capacity, 74, 360 
potential difference, 106, 107 
resistance, 314 

Mechanical action in the ether, 3, 140, 579, 
018 

,, ,, ,, dielectrics, 172 

., ,, maguelic media, 415 

,, force on a circuit, 4.39, 505 
,, ,, conductor, 102 

,, ,, dielectric, 124, 172 

,, moving electron, 561 ff., 
.581, 611 

,. surface, 79, 178 

Medium between conductors, 140, 1*51 
Metallic media, retlection and refraction of 
light in, 546, 555 
,, absorption in, 545 
Michelscn, 526 

,, and llorley, ,593, 618 
MilUhan, 20 

Mirror galyanometer. 437 
Molecular theory of dielectric action, 126, 861 
>, magnetism, 3, 366, 409, 
418, 421, 508 

.. ,, light propagation, 551 

Molecule and Atom, structure of, 133, 168, 282, 
5.5t), 567 

radiation of light from, 577 
Moment of a magnet, 866 
Momentum, electrokiiietic, 498 

,, electroroagnetio, 583, 61.5, 617, 620 

„ generalised, 493 

MoesotU's theory of dielectric action, 127, 168 
Moving (ffiarge, held of a, 513, 573 
,, ,, force on a, 560 

Multlple-valusd potentials. 279, 429 
Muraoka, 362 

Kemst sud Lindemann, 556 

Network of conductors, steady currents in, 311, 
316, 322 

„ ,, oscillations in, 499 

Neumann’s law of current induction, 453 
Nichols and Hull, 5.38 
Nicholson, 556 

Oersted, 425 

Ohm (unit of resistance), 305, 580 
Ohm's law, 301, 307, 309, 343 
Oscillations in a network of conductors, 499 
OeolUatory discharge of a condenser, 460 

ysrahoUc cylinders, 267, 269 

Parallel plate condanaer, 77, 115, 272, 274 
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Paruna^tftism, 410, 413 
Particle, maguetic, 366, 372, 377, 893 

Pender, 615 

PermealdUty, ma(;uetic, 410 
Pwot aud I'abry, 535 
PexTotln, 536 

Phyaieal dlwtwnelone of electric quantities. 14, 
531 

Ptoaid, 505 

Plane conductors and condensers, <19, 185, 194, 

272 

,, current sheets, 480, 482 
,, eeiui-intlnite (electrihed), 206, 273, 2fi2 
„ waves of light, 534 
Pcdncard, 505, 591 
PolMOn's equation, 40, 121 

„ inia)!inar,> magnetic matter, 375, 418 
,, theory of induced magnetism, 127, 
418 

FolariBatloa (electrostatic), 117, 118, 126, 15,5, 
232, ,530 

„ of light, .535, 543, 565 
Polarlatnc: ancle of light, 543 
Polarity of molecules, 120 
Potential (electrostatic), 26, 31, 121. 345 

,, „ maxima and minima, 

43, 107 

,, (electric), 570 

„ tttiegitetic), 370. 413, 429 

,, (vector), 393 

,, coctlicients of, 93, 90, 97 

Foyatiac'i tbeorem, 518 
Practlcid units, 530 
Pressure of radiation, 538, G15 
Principal ooordtnatee, 550 

PnlM of electric uctiou, 578 

Quadrant electrometer, 107 

Quadric, stress-, 147 

Quantity of electiicity, 7, 8, 77, 109, 437 

Quincke, 181, 416, 417 

Badlant Energy, mass of, 613, 614, 016 
,, ,, momentum of, 615, 616 

Badlatlon of Ksergy, 576, 592. 617 
„ pressure of, 538, 615 

„ from electroriK, 576, 592 

l^pldly alternating currents, 477, 501 
Bayleiglt (Ixird). 358, 595 
Beealescence, 412 

Bedprocation tbeorem of Oreen, 92, I6.i 
Beflection of light, .540, 541, 542. 516, 

548 

., coelhcieoth of metals, 548 
Be&raction of light, 539, 541, 543 
„ „ lines of force, 128 

,, ,, flow, 346 


Bsfraetire index, 532, 553 
BelatlTlty, theory of, 593 ff. 

Belaxatlon, time of (for a dieleotrio), 859 
Baeldual discharge. 361 
Beaistance of a conductor, 301, 314, 355, 567 
measurement of, 314 
„ svieeific, 342 

„ -box, B14 

Resolution of a magnetic particle, 372 
Betantivaneoa (magnetic), 412, 422 
Blemaim, 527 

.. 'a Burface, 280 
ROntgen, 514 

,, rays, 311, 578 
Boss and Dnisey, 525 
Rowland, 514, 515 

,, anil Nichols, 361 

BusaoU, A., 199 

Saturation (magnetic), 411 
Baundars, 525 
Schott. 575 
Schuster, 4U3, 555 
Scbwan'a tianafonnatlon, 271 
Screening, elcoiric, 62, 97. 548 
Bearls, 584 
Self-lnductlou, 456 
SeUmeysr's dlapenlon formula, 5,>3 
Shell, magiiclie, sre Magnetic shell 
Signals, lransnim»ion of, 332, 502 
Sine galvanometer. 4.45 
Soap>babble. elcctrilicaliou uf, 81 
Bolenotd, magiii'lic, 432 
Bolenoldal vector, l,i8 
Sommerfeld. 283 
Spedfle beats. 5.'>6 

Bpeclflc Inductive oapadty, nee Inductive 
capacity 

Spherical oondnetore and condensers, 66, 71, 
!«», 100. 189. 192. 196, 226. 228, 
231, 264 
bowl, 250 

„ harmonics (theory), 206. 233, 243 
,, (applications), 224, 401 

Spheroidal conductor, 248 

harmonica, 254 , 257 
Stewart, BaUonr, 402 
Btokea. 578 
Stokes’ tbeorem. 388 
Streeee e , general theory uf, 142 
„ elcclrorliitic, 146. 169 

„ in dielectrics, 175 

,, ,, cK«trumaguctio field, 582, 618, 

619 

„ „ tnagnetic media, 416 

Submarine cable. 79, 319, 332, 351, MS 
BuperpoalUon of fields, 90, 191 
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tvirfiuM-clectililcatlon in conductor, 18, 21 , 37, 
4'., 61, 121, 191 

,1 .. „ dielectrics, I'in 

,, harmonica, 268 
BuaoepUblUty, luaK^etic, 410 

Tasfent galvanometer, 434 
Telegraph wire, capacity of, 195 

,, ,, truiiniiiisHion ol higntilh alonK, 

317, 332, .lO'i 

Telegraphic equation, 504 

Terreatrial magnetism, liKi 

Teaseral harmonics. 237 

Thomson, J J., 286 

Tims of relaxation, 359 

Torsion balance, 1 1, 36.5 

Transformer, ilniny of, 16.5 

Tronton and Ilankn.c, .59.5 

Trowbridge and Unanc, .52.5 

Tubes of force iclc(;tni.itatic), U. 46, 17. 117 

(rnaKiic(ic). 371 

,, ,. How, 311 

,, indiictiun, 386 

0nlcnrsal curves. 269 
Uniformly magnetised oody, ,373 


Uniqueness of solution, 89, 163 
Units, 14, 77, 305, 366, 427, 522, 328 
,, ratio of electrical, *525, 528, 530 

Vector-potential. .393, 438, 474 
Velocity of ckctromaKtietic waves, 506, 524, 525 
,. liKht, 526, 532 
Volt (unit of potential), 305, 530 
Volta's lav. .303 
Voltaic coll. 302 
Voltmeter. :il4 

Water-tube experiment, -593, 607 
Wave -propagation, equation of, 520, 525, 534, 
571 

,, ,. in dielectrics, 524 

,, „ metals, 527, 545 

,, ,, crystalline media, 536 

,, ., velocity of, 524, 525 

Weber’s theory of magnetism, 3, 418, 508 
Wheatstone’B bridge, 315, 316 
Wlechert, 575 
Wilson, B. A. . 605 

Zeemann effect, ,164 
Zonal harmonics, 233 
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